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ON GENERALIZED FLOQUET SYSTEMS II 

By 11. EI-O“ aidy and A. i\. Zagrout 

Abs!racl: Cons idcr thc sys!c l11 (i) x’ Ax. Lcl ø bc ils fundamcnlal malrix 

solution. If lhc rc is 10> 0 such that A (t +ω)-A(t) com l11 utcs with φ for all 1, 

lhcn \vc ca ll t his systc l11 a “ gcnerali r.ed" 1'loqucl syslcm or a “ G. 1'. systcm". \Vc 
sho“ lhal A (t l-w)-A(t )=B,= constant if and on ly if A(t)=C+BlIω +Q (t)， Q is 
pcriodic of pcriod 10> 0. 1'or lhis A (t) \VC prove lhat if 띠 I eigenva lues of B, 
have ncgative real parts, lhcn the or igin is asumptotically stablc. We f ind a 

growl h cond it ion for a cont inuous D (I) whi ch guarantees thal all solulions of 

z' = [A(I) + D(I) ] z arc boundcd if all solutions of thc G. F. system ( i) arc 

boundcd. Combin ing thc forcgoing rcsu lls y ield a c1ass of perlurbcd G. 1'. 

operator!:i all of whose solutions arc boundcd. 

1. Inlroduction 

Floquc t' s lhcorcm slatcs lhat for thc linear syslem 

x’ = A (t) x , -∞<1 <∞ (1) 

whcre x is an n-d imcnsional column veClor, A(t) is n X n rnalrL" whosc clemenls 

arc conlin uous funclions for a ll t , if therc ex ists 10> 0 slIch lhat 

A(t+ w) = A (t) (2) 

for a ll t , lhen lhere ex isls a nonsingular matrix C such that for all 1, lhe 

following equaJily is vaJid 

φ(t + 10) φ(1) (3) 

whcrc φ(1) is any fundamcntal matrix of systcm (1). Il follo\\s lhat there 

exists a malrix P(t) and a constant nonsingu lar matrix R such lhat for all 1, 
RI 

φ(1) P(t )e"' , P(t +IO)=P(1) 

The aulhors (c. r. [1]) considcred thc casc A(t +ω) f' A(1) and used lhe nota. 

tlons: 

B(t, w)=A (t + w) -A(I), [U , V] =UV-VU 

Thcy gave lhe following defi nition 

DEFI ::1ITlON. The systcm (1) with B(t, w)=A(I +α)-A(t) is ca lIcd a gcne. 
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ralized Floqllcl 5y’51elll, Or G. F. 5y51elll if thcre exisls w> O, such lhat 

[B(I , 10) , φ(I)J = 0, I~(-∞， ∞) 

They slud icd thc casc in which B(I , w) = B,’ 、\'hcrc B t is a constant malrix. 

The general form of A(t) such lhal B (I, w) = B, is 
A (t ) = C+(B/w)I+ Q(t) (4) 

whcrc C and B, are n '>( ’t constant nonsingular matrÎces and Q(t) is a pcriαli c 

malrix of pcriod llJ 

Thc fundamcnlal malrix ψ(1， w) of lhc syslcm 

y ’ = B(I, 1O)y 

lakcs lhc f orm ψ(1， w) = exp(B/) . 

They pro\'ed lhc following relalions 
φ(1 ， w) =φ(1). cxp(B,I) . <Þ(w) 

φ(I + n，") =φ(1) (φ(w)ex팬 

and 

P(I + nw) p(l)exp(B， [nl + "요판에) 
provided 

φ(I) = P(I)exp(RI) ， [R , B(I, 1O)J = 0 

2. Asymptotic properties 

(6) 

Wc shall study the propcrties of lhc solutions of thc systcm (1) wilh A(I) = 
B. 

C + 10‘ 1 + P( I), and the pcrturbed syslcm 

x(1) = [A(I ) + D(t) J x 

TII80REM 1. S"pp05e Ihal X 5ali5!ie5 

B. 、
x’ = ( C +꾀， t+ P ( t) )x, (7) 

where C and BI are constant matrices. P is periodic U1ith þeriod w and all 

eigenvallle5 O! B , have negative real parl5. I! B , and C cOIII Ill"le, Ihen lim x(I) 
，~ 

= 0. 

PROOF. Considcr the syslem 

Z’ = (C +경f-I)Z (8) 

The facl thal B, and C com mule implics lhat 
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d (CI +월，， ) (~ ， B , ， \.(CI +옳l' ) 
강re = (C+ tu t)e 

Hencc, 

C/ +용!... t ' rl 후1... t ' 
Z (t ) = e ~W =e-. . e ~Itl 

is a f undamenlal malrix of (8). Then, 

- 1,., .!C(I - ' )) j흙(1’→') } 
Z(l)Z - ~(s) = e\"''\.' ~II . el 211J ' ' } 

Lct I-s능O. Then , 

1 r _, 11 ___ 11 _C(t - 1) 폈(I'- st) 
II Z(I)Z '(s) lI~마.-v -'11 11 . 2w ' '11 

I'CII(I-.) 흙(t'- s') 
드e' .. " . -'110 2w • ' 11 
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(9) 

(10) 

Thc cigcnvalues of Bj a ll have negative real parts im ply t bat any solution “ 
of ，， ' = (B，I2w)ι satisfies 11 ，， (α) 11 = II .cB ， a/2씨l드Me-ka， for some M. k> O and all 

α르O. Put α=t2-s2〉 0， we get. 

lI e닝옳웅 (1 '‘ "꺼‘η끼게) 1이11 :5:드M . • ε-.κ“(οl'’L니-→헤’.')η) 
T끼hcnκ1，’ (8히) takes thc form 

- lr ' 11 ___ _ Cli(t - s) aI _- k(t ’ - .’) 
II Z (t )Z '(s) 1I드e 

(ll) 

(12) 

Let x bc a solution of (7) and let z be lhe solulion of (8) such that z(O) = x(O). 
Then , 

.<(1) = z(l)+ J>“”사…x서(1ω(1) 1씨삐)끼| 
rrom (9) and (ll)ι’ it fo이lIov、ws 

II z(이I<M ll z(O) lI exp (II C II I - ι꺼 . 
rrom (12) , (13) and (14) , wc get 
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+ ks치 II P(s) 1I II x(s) lIds. 

Applying thc “ ell known result , Gron\\'all - ßcllman incqualily, we have 

(13) 

(14) 
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? ( r f 
‘ II x(t)lI cxp [II CII ( - I ) +ktl 드MI' z(O) I Icx PU /(s)dsj . (15) 

Lct (1 bc thc max imum of thc pcriαlic function IIp(s):l. Thcn. 

11 x(t) l i드M”z(0)llcxp lpt + 1c lt-kt2} ( l6) 

Thus , li mll x(l) 1I = 0. This complctcs thc proof 
t→∞ 

RE :VIARK. T he on ly place that the periodicity of P was used 、，vas when in 

goi ng from (15) to (16) , we used the facl that P (t) is bounded. lIence , we 

havc thc morc gcncral rcsult: 

’ l、 IIEORE.\1 2. The slalemenl o[ III e01’e1l1 1 i s valid i[ we reþlace P by any 

contimeous bOtmded 1Jlatrix 

RE:-1ARK. In this scction wc uscd the statcment B (I, ω) = A(I +w)-A(I) is 

indepcndent of 1 implies 

A (I ) = C + ...!!....I + P( t) 
w 

where C and B are constant matrices and P is periαJic with period tU. '1'0 

prove this statement, let A(I) be any smooth matrix such that for some w, we 
have 

B (I, tU) = A (I+ tU)-A (I) (*) 

is independent of 1. Then , dB(I, w)l dl = O. Hence, dA/ dl is periα1i c with 

pcriod tU. Consider the Fourier seri es of dA/ dl . If we integrate this series, we 
get 

A (I ) = C + ÐI + P (t), 

‘vhere C and D arc conslanls, P is pcriodic 、vith pcriod tU. This and (*) imply 

B (I, ω) = Ðw， and this completes the proo f. 

Consider the system 
y' = A( t)y , 

and the corrcsponding pcrturbcd system 

x' = [A(I) + Ð(I)J x , 

(17) 

(18) 

wherc A is dcf incd by (4) and Ð is a n X η continuous matrix on 0$ 1 <∞. 

Our hypothcses are : 

(i) Thc systcm (1) is a G. F. systcm \\"ith B (I, w) = B1’ 
whcrc B 1 is a 

conslant malnx. 

( ii ) Each cigcnvaluc of Bl has ncgative real part a nd consequen tly 
B,I .. ~ ._ - k/ 

lI e ‘ II:<Me 
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lor somc M, k>O and a ll 1-"0 

(iii) Thc lundamcntal matr ix solution φ(1) 01 thc syslcm (13) and ils illl'erse 

arc bounded , i. e . . 

M ,= max 11φ(1) 1 . ， Mo = max 11φ 1 (1씨 
‘ O:::;;: /:::;;:w ‘ 0:::;;:/:::;;:1’ 

Wc will now cxp loit (5) to make our main applications 

TIIEOr<E ~1 3. 11 

v 
‘ 시

 끼
 

/ 때
 

B 

” + ” 
ν
 

」] y ” 
대
 

v / (17) 

is a G. F. system aμ( eνery sol씨ion 01 il is bounded , 111.,. every solulion 01 
x ’ = [A(t)+ D(I)J x (18) 

is bounded also provided 

∞ -('- 1)ω f D (k- 1)(k-2)J " r 
ε 11φ(w) 1I ,- " "lI expl - B ，""'"뜨-.유뜨L흐Lw川 lI exp “ ι ) J 11= 0 

-B 1(k- 1)에 II D(ν+(k- 1)wll dv <∞(19) 

ßelorc pro、r ing thc thcorem wc necd to prove the fo llowing claim: 

CLA I ~I. I 11φ \s) 1I II D(s) lI ds <∞. 
“ O 

PROOF. Givcn 1> 0, let m bc an in tegcr such that mw는1 ， Then , 

J~ II Ø - I ’11 ,.k l/J 11φ - '(s) 1I II D(s) lI ds드 L 1, ， 11φ- l(s)| 1 |1 D(s) |1ds. (20) 
. = lJ ('- 1 )ω 

Delinc a ne\\' ,'ariable 01 integration by v=s-(k- 1)w, so that (20) lakes the 

fonn 

"' η ^W I 11φ- ‘ (s기I lIÐ (s) lI ds드 L I 11φ ‘ (v + (k - l)w) 1I 
J O k= l “ V=, O 

x II D(v+(k- 1)w씨dv， (21) 

Since equation (17) is G. f'. system, hence (5) and [φ， Bll = O lmp|y 
- l ,. " ..... '" ,. -(k- l)lu 

φ [v+(k一1)wJ =φ (v) [Ø(w)J " -'-exp{ - B1 [(k- 1)v 

(k - 1)(k-2) • " .쉰느LwJ J. (22) 

By hypothesis 11φ l(v) 1I is boundcι Ilcncc, il ‘,'e substitutc (22) into the 

righl member 01 (21), and then apply (19) thc c1aim is pro、 cd. 

PROOF 0 1" '1、 IIEOllEM 3. )\0‘\', represcnt thc solution of (18) \\'ith thc initial 
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condition x(O) = c by thc well known reJation 

:<(1) = y(1패φ(1)φ-，“(s씨ds (23) 

、vhcrc y is the solution of (17) with initial condition y(O) = C. We kno\\" that 

y is bounded , say lIy(l) 1I < a. Thus, a[ter taking the norm o[ both mcmbcrs of 

(23) and app1ying thc Gronwall-Bcllman lemma, ‘wc have: 

11삐lμ떠xκ(1ω”…1)…씨))게11$드달a e앙xp미띠떼()川11 4>φφoω때) 

T‘'0 this incquality, we apply the c1aim together with thc hypothesis that 
11 4>(1) 11 is bounded. This proves that x(l) is bounded and completes the proof 

of thc theorcm 

TIIEOREM 4. [[ all o[ Ihe eigenvalttes o[ B, have negalive real þarls, Q has 

a þeriod w> O, and (17) is a G. F. syslem , Ihen , lim y(l ) = O [or each solulion 
1_0。

y(1) o[ (17). 

PROOF. Since thc system (17) is a G. F. systcm and hcnce [φ ， B,! = 0, then 
equation (5) imp1ies 

II Ø(l+nlO) 1I드 IIØ(I) II (Ø(w) lIexpBj [1 +(η - l)tu/2! 11) ". 
Using hypothcsis (ii) we havc: 

11φ(I + nω)11드11φ (1 )11 {뼈(w씨M%xp(-k) {t +(n - 1)IU/ 2! } ”. 
Lct .1φ (I)!I드M， for all I E [0, 1띠 • Thcn , for all 1ε [0, w! , 

|1@(t + ntU) |1 < MllMlM2exp( - k)(x l)tU/ 2} ”. 

1-lcncc, given e> O, thcre exists N such that n> N implics 11φ (1 + ’“.) 1' < e for 
all 1ε [0, 씨 . Sincc w> O, the proo[ is complete. 

COROLLARY. l [ Q Iws þeriod w> O, B, = bU , b<O and (19) holds , Ihen cvery 

solttl;on o[ (18) is bottnded. 

PROOF. Whcn B, = bU , systcm (17) is a G. F. systcm , hencc, thcorcm imp lies 
every solution of (17) is bounded. We can then apply theorem 2 and the proof 
is com p1ctc. 

Occasionlly, we cncounter a system of lhe form 

x’ = A(I )x+[ (I, x ) . (2'1) 

“ hcrc f E C [J X R", R"J. J = [0, ∞). W c assumc lhal 

1)[ (1, x) lI<a(I) lI x') (25) 
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whcrc a (t) is a positive function on J. and 

J
o
= a(t)dt <∞ (26) 

TIIEOlmM 5. AsslIme tlzat the flμηdamental matrix φ sotisfies tlze lzyþothesis 

(i i i) and f (t. x) sat‘sfies (25) and (26). 

Jf y ;s a soltttion of (1) tuith y(잉 = xo s“이" tlzat 

limy( t) = O. tlzen lim x (t ) = O. 
1-∞ 1-∞ 

PROOF‘ The proof is simi lar to that o[ theorem 3 and so will be omitted . 

GENERAL REMARK . Consider the case where B(t . 10) is of the form: 
N 

B(t. w) = ε B,(t)t' ('Z7) 
; =0 ‘ 

where B;. i = 0. 1. 2. 3 ..... N are constant matrices. and such that 

[B，(ω). A(t)] = 0. ; = 0.1.2 . .. . (28) 

lt is easy to prove that. with (27) . (28) and theorcm 4. the system (1) is a 

G. F. system. 
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