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MINIMAL P-SPACES
By S.P. Arya and M. P. Bhamini

Abstraect: Minimal s-Urysohn and minimal s-regular spaces are studied. An
s-Urysohn (respectively, s-regular) space (X,.9") is said to be minimal s-
Urysohn (respectively, minimal s-regular) if for no topology .9’ on X which
is strictly weaker than 9, (X,.9 ) is s-Urysohn (respectively s-regular).
Several characterizations and other related properties of these classes of spaces
have been obtained.

The present paper is a study of minimal P-spaces where P refers to the pro-
perty of being an s-Urysohn space or an s-regular space. A P-space (X,.5 )
is said to be minimal P if for no topology .’ on X such that .7’ is strictly
weaker than ., (X, ") has the property P. A space X is said to be s-
Urysohn [2] if for any two distinct points x and y of X there exist semi-open
sets U and V containing x and y respectively such that clUclV =¢, where clU/
denotes the closure of I/. A space X is said to be s-regular [6] if for any point
x and a closed set F not containing x there exist disjoint semi-open sets I/ and
V such that x&U and FEV. Throughout the paper the spaces are assumed to
be Hausdorff.

1. Minimal s-Urysohn spaces

DEFINITIONS 1.1. A set ACX is said to be semi-open [5] if there exists an
open set UCX such that UCACcIU. The complement of a semi-open set is
said to be semi-closed [3]. The semi-closure [3] of a set A is the intersection
of all semi-closed sets containing A.

DEFINITION 1.2, An s-Uryschn space (X, .9 ) is said to be minimal s-Urysohn
if for no topology % “ on X such that .9 is strictly weaker than 9, (X,5 ")
is s-Urysohn.

DEFINITION 1.3. A filter base % is said to be an s-Urysohn filter base if
whenever x is not an adherent point of .%, there exists a semi-open set U
containing x such that clUNclF=¢ for some FEF .,
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THEOREM 1.4. An s-Urysohn space(X, 9" ) is minimal s-Urysohn if and only
if every open s-Urysohn filter base with unique adherent point converges.

PROOF. Let (X,.97) be minimal s-Urysohn. Let % be an open s-Urysohn
filter base with unique adherent point p to which it does not converge. Let
# (x) be the family of all open sets containing x. Let #’(x) be the family
defined as:

U where US% (x) and x#p
UUB where Us% (x), B&%F and x=p

Let 77 be the topology generated by the neighbourhood base %’(x). Since
% does not converge to p, 7’ is strictly weaker than 7. We shall prove
that (X, 5 ") is s-Urysohn. For two distinct points x and y other than p,
there exist disjoint semi-open sets U and V containing x and y respectively
such that % "—clU .9 ’-clV=¢. Now suppose that one of the points coincides
with p. Let y=p. Since x is not an adherent point of the filter base &, There
exists an open set ¥V containing x such that V(1B=¢ for some B=%#. Since B
is open, 9 -clV[1B=¢. Also, (X,.7 ) being Hausdorff, there exist open sets
V, and U containing x and y respectively such that V. NU=¢. Again, 5 -clV,
NU=¢. Now V) V,is an open set containing x and 9 -cl(V [ Vl)ﬂ(BUU)=
¢. BUU being a 9 "-open set, 7 ~cl(VVDN(BUU)=¢. But T "~cl(VNV))
is 7 "-open. Therefore .F"—cl(VnVl)ﬂj"—cI(BUU)=¢ and y=BUU. Thus
(X, 977) is s-Urysohn. In other words, (X,.9) is not minimal s-Urysohn.
This is a contradiction. Therefore the open s-Urysohn filter base & converges
to its unique adherent point p.

Conversely, let (X,.7) be an s-Urysohn space satisfying the condition that
every open s-Urysohn filter base with unique adherent point converges. If
possible let 97" be an s-Urysohn topology on X which is weaker than 7. Let
#’(x) be the family of open sets containing x» in (X,5’). % “ being Haus-
dorff, #’(x) is an s-Urysohn filter base on (X,.%") with unique adherent

7' ()=

point x. .7’ being weaker than .97, 7/’(x) is an open s-Urysohn filter base on
(X,.7) with unique adherent point and hence in view of the assumption,
#’(x) converges to x in (X, .9 ). Therefore each J -neighbourhood of x is a
.9’ neighbourhood. Thus 9" =" and so (X, %) is minimal s-Urysohn.

THEOREM 1.5, Let (X, .9 ) be an s-Urysohn space such that every open s-
Urysohn filter base with unique adherent point converges. Then every open s-
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Urysohn filter base has non-emdty adherence.

PROOF. Let (X, .97) be an s-Urysohn space such that every open s-Urysohn
filter base with unique adherent point converges. If possible, let & be an open
s-Urysohn filter base without any adherent point. Let p=X. Let % be the
family of all open sets containing p. Let €= [BUU where B&% and U=%).
Since X is Hausdorff and & does not have an adherent point, & is an s-Urysohn
filter base with unique adherent point p. But it does not converge to p. This
is a contradiction. Hence the proof.

DEFINITION 1.6 [1]. An s-Urysohn space is said to be s-Urysohn-closed if it
is closed in every s-Urysohn space in which it can be embedded.

COROLLARY 1.7. A minimal s-Urysohn space is s-Urysohn-closed.

PROOF. Immediate, in view of Theorems 1.4 and 1.5 above and Theorem 1.4
of [1].

THEOREM 1.8. Every clopen subset of a minimal s-Urysohn space is minimal
s-Urysohn.

PROOF. Let X be minimal s-Urysohn and Y be a clopen subset of X. Y being
open, is s-Urysohn [2]. Let & be an open s-Urysohn filter base on Y. If
possible let % have a unique adherent point p&Y to which it does not converge.
Now & is an s-Urysohn filter base on X. For, suppose x is not an adherent
point of & in X. Suppose that every semi-open subset V of X containing x is
such that clVclB#¢ for every BEZ. VY is a semi-open subset of X [3]
and hence of ¥ [5]. Since Y is a semi-closed subset of X, Y. Thus YOV
is a semi-open subset of ¥ containing ¥ and F-cl(V¥)N.F-clB#¢ for
every B&%. Also Y being open, every semi-open subset of ¥ is of the form
VY where V is a semi-open subset of X [4]. Hence every semi-open subset
U of Y containing x is such that F-clU % -clB#¢ for every B&ZF. This
is a contradiction to the fact that & is an s-Urysohn filter base on ¥. Also ¥
being clopen, p is the unique adherent point of & in X. So in view of the
given condition, # converges to p in X and hence in ¥. Thus ¥ is a minimal
s-Urysohn.

THEOREM 1.9. If X :AH X 2 and if there does not exist an s-Urysohn filter
EA

base on X wilth unique adherent point, then for at least one 1, X o does not have
an s-Urysohn filter base with unique adherent point.



30 S.P. Arya and M.P. Bhamini

PROOF. Suppose for each 1= A there exists an s-Urysohn filter base .%, on
X, with unique adherent point x. CX We now claim that H F# is an s-Ury-

sohn filter base on X with unique adherent point (x)&X. To prove that H
EA
&, is an s-Urysohn filter base, suppose y=(y;) is not an adherent point of?I-[

EA

% ,. Then ¥, is not an adherent point of % for some A=A. Hence there
exists a semi-open set U; containing y; such that clU;NclF,=¢ for some F;=
5 ;. This implies that Pfl(clUDﬂP;l(chZ) ¢. Since P; is continuous,
c]Pl @7, )ﬂcle_l(F ,)=¢. This proves that l'[ %, is an s-Urysohn filter base
on X since every semi-open subset U of X 1scof the form H V, where V,=X,
for all but finitely many 4’s and V, is a semi-open subset of X for fmltely

many 2’s [7]. It is easy to verify that x=(x,) is the unique adherent point of

I .
ASA

COROLLARY 1.10. If X= I'[X is minimal s-Urysohn vacously, then for al

least one 2, X, is minimal s U rysohn vacously.

THEOREM 1.11. Let every open s-Urysohn filter base on X XY with unique
adherent point converge and let Y be such that every open s-Urysohn filter base
on Y has a unique adherent point. Then every open s-Urysohn filter base on X
with unique adherent point converges.

PROOF. Let ¥ be an open s-Urysohn filter base on X with unique adherent
point x. Let /7 be an open s-Urysohn filter base on ¥ with unique adherent
point y. Then . .7 is an open s-Urysohn filter base on X <Y with unique
adherent point (x, y) in XXY¥. In view of the given condition, F % conver-
ges to (x, y). Hence . converges to x.

COROLLARY 1.12. If X XY is minimal s-Urysohn and Y is a space such that
every open s-Urysohn filler base on y has unique adherent point, then X is
minimal s-Urysohn, provided X is s-Urysohn.

2. Minimal s-reqular spaces

DEFINITION 2.1. An s-regular space (X,.9 ) is said to be minimal s-regular
if for no topology .9 " on X such that .9’ is strictly weaker than .7, (X,
") is s-regular.

DEFINITION 2.2. A filter base is said to be an s-regular filter base if it is
equivalent to a semi-closed filter base.



Minimal P-Spaces 31

LEMMA 2.3 [6]. A space X is s-regular if and only if for every point x and
every open set U conlaining x, there exisls a semi-open sel V containing x such
that xCVCs-clVCU.

THEOREM 2.4. An s-regular space is minimal s-regular if and only if cvery
s-regular filter base with unique adherent point converges.

PROOF. Let (X,.5") be an s-regular space which is minimal s-regular and
F be an s-regular filter base with unique adherent point p to which it does
not converge. For each x=X, Let #(x) be the family of open sets containing
x. Let us define #’(x) as:

V()= U where Us#/(x) if x#p
UlUclB where U=# (x) and BEF if x=p.

Let %" be the topology generated by the neighbourhood base #’(x). Since
# deos not converge to p, 7’ is strictly weaker than .%7. We shall prove
that (X, .9 ) is s-regular. Let =X and A be-a .9 ’-open set containing «x.

Case 1 Suppose x#p. Since (X, .7 ') is Hausdorff, there exists a 5 "-open
set U, containing x and a . "-open set U, containing p such that U, NU,=¢
and U CA. Also since (X,.7) is s-regular, there exists a .7 -semi-open set
V containing x (and hence a % "-semi-open set V containing x) such that x&V
[ =i —s-c]V_(;Ul. Therefore 7~ -s-clVNU,=¢. In other words, there exists a
7 ’-open set containing p having empty intersection with 9 -s-clV, Thus 9 -
s-clV is . '-semi-closed. Hence there exists a .7 "-semi-open set V such that
1EVET -s-clVCU CA.

Case 11 Let x=p. Hence there exists a BE% and a U=#(p) such that p=
UlUclBSA. Since U is a 9 -open set containing p there exists a .7 -semi-open
set ¥V such that p=VC.7 -sclVCU. Now there exists a % -open set G such
that GECVC.7 -clGS.S '-clG, since V is .9 -semi-open. If p£G, this proves
that V is a % "-semi-open set. If pc=G, then GUclBSV UclBCclGJclBES -
cl(GUclB)S.9 "-cl(GlJclB). Since GUclB is a .7 '-open set, this implies that
VUclB is & "-semi-open. Thus p=V UclBSs-clV UclBCSU UclBSA. We shall
prove that s-clVUclB is 9 "-semi-closed. Suppose that x(sclVl/clB). Then
x#p. Therfore there exists a .9 -semi-open set (and hence a 9 "-semi-open
set) H containing x such that H(s-clVUclB)=¢ since (s-clVUclB) is 7 -
semi-closed. Hence (s-clVllclB) is .9 ’-semi-closed. Thus p=V|JclBS.F '-s-
cl(VclB)SA. Hence (X,.7 ) is s-regular. This contradicts the fact that (X,
) is minimal s-regular. Therefore # converges to p.
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The converse can be proved as in the proof of Theorem 1.4.

THEOREM 2.5. Let (X,.9 ) be an s-regular space such that every s-regular
filter base with unique adherent point converges. Then every s-regular filter
base on X has non-emply adherence.

PROOF. Similar to the proof of Theorem 1.5

DEFINITION 2.6 [1]. An s-regular space (X,.5 ) is said to be s-regular-closed
if it is closed in every s-regular space in which it can be embedded.

COROLLARY 2.7. A minimal s-regular space is s-regular-closed.

PROOF. Immediate, in view of Theorems 2.4 and 2.5 above and Theorem 2.4
of [1].

THEOREM. 2.8. If a subset Y of s-regular space X has the properiy thal
every s-regular filter base on Y has non-empiy adherence, then Y is a closed
subset of X.

PROOF. Suppose Y is not a closed subset of X. Let pccly-y. Let % and 7
be filter bases consisting of open subsets of X containing p and semi-closures
of semi-open subsets of X containing p respectively. Let F=(YNU :U=%}
and €= NV :Ve?). F and € are filter bases on ¥ where @€ is a semi-
closed filter base. To see that € is a family of semi-closed subsets of ¥, let
V%", Then there exists a closed subset W of X such that intWCVCW [3].
Hence YNIntWCYNVEyNW. Thus int(y(\W)SyNVEyNW where y(\W is a
closed subset of y. This proves that ¥V is a semi-closed subset of ¥. Since
X is s-regular, 7 and 7” are equivalent in X and so & and @ are equivalent
in Y. In other words & is an s-regular filter base on y with unique adherent
point p and p&2Y. This is a contradiction. Hence y is a closed subset of X.

THEOREM 2.9. Ewery clopen subsel of a minimal s-regular space is minimal
s-regular.

PROOF. Let X be minimal s-regular and let ¥ be a clopen subset of X. Let
Z be an s-regular filter base on Y. If possible let & have a unique adherent
point pin ¥ to which it does not converge. Since ¥ is clopen, & is an s-regular
filter base on X with unique adherent point p. Hence & converges to p. But
PEY. So converges in Y. Hence (¥, %) is minimal s-regular.
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THEOREM 2.10. If X= HX;, is minimal s-regular then each X, is minimal

s-regular provided each X z.s s-regular.
PROOF. Let X:;{ IT X,, with the product topology .7, be minimal s-regular.
=A =

Suppose (X 7, ) is not minimal s-regular for some 4, &A. Then there exists
an s—regular Lopo]ogy S, on X, strictly weaker than .%.. Consider now the
collection {(X L ) (X F ) (X, ;) for 272, and (X F )—(X,
Fa) i A=A, Then X= 5HX has the product tDpOIOgy T whlch 15 strictly

weaker than f Also (X,.7 ") is s-regular since each X is s-regular [8].
Thus each (X;L.f Z) is minimal s-regular.
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