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Introeduction

In section 1, we shall list the concepts of the termilogies and some properties. In
section 2, we shall define new concepts i.e., fuzzy convergence structure, fuzzy limit
structure and fuzzy pretopological structure and show that the category FaConv of fuzzy
convergence spaces and fuzzy continuous maps is properly fibred topelogical. In section
3, we investigate relationships amongst categories FzComv, Falim, FzPrTop and
FazHConv, i.e., in certain we prove that FzLim is bireflective in FzConv in Theorem
3.2, FzPrTop is bireflective in FzConv in Theorem 3.3, and FzHConv is epireflective
in Theorem 3.6.

We define new concepts of fuzzy convergence structure, fuzzy limit structure, fuzzy

pretopological structure and fuzzy Hausdorff convergence structure and investigate some

properties about them.

I. Preliminaries

Throughout this paper, we adopt R. Lawen’s definition of a fuzzy topological ()
Let N, be the family of all fuzzy neighborhoods of x in a fuzzy topological space (X,
8). Then (N,).ex determines the fuzzy topology on X (See (2).

We adopt K.C. Min’s definition of a fuzzy filter, where F,(X) denotes the colle-
ction of all fuzzy filters at x on a set X and F(X) ",f é)xF,,(X). The followings are
the results investigated by K.C. Min (0:

(1) For any F, Ge=F,.(X), we denote FC.Qin F. (X) iff for any uc=F, there exists

ve=G such that v<{,u, where v=,# means v<Jx and v(x)=pu(x).
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2 Hur Kul, Jeong-Yeol Chol

Then (F.(X), <) is a partially ordered set. For any F, GEF(X), FnG= {re=I*|
#Vy<,7, pesF, ve=G, p(x)=v(x)}, where I and denote the unit interval and the
supremum, respectively.

9 Let f: XY be a map and F&F, (X). Then JEy={pe=I¥ | f()< ¢ with 0
<p(x)=p(f{x)) for some ve=F}&=F (., (¥).

(3 Let f: X-~Y be a map. Then

(i) For any x&X, f(x)=f(%), where g={p=I¥|p(x)>0}EF(X).
(ii) If FCG in F.(X), then f(FYZf(G) in Fian(Y).
(i) If F, GEF (X)), then fF(FnG)=f(F)rf(G)

@ Let f: XY and g:Y——>Z be maps. Then for any FEF (X), (g f)(F)=

&(F)).

Definition 1.1. Let(X, 8) and (¥, 7). be fuzzy topological spaces. A map f: (X,d)
— (Y, 1) is fuzzy continuous iff for any vy, f '(v)&d, where f™'(¥)=wvof.

Remark 1.2. f: (X, §)— (Y, 7) is fuzzy continuous iff for each x¢=X and each
HEN oy, there exists €SN, such that F(v)<i¢ and v(x)=p(f(x)), where f(x) (¥)
- .Vl(‘;)(z) if f-Y(»):£¢, and 0, otherwise [11].

FeifpT

Definition 1.3. Let 4 be a category.

(1) A source in A is a pair (X, f);), where X is an A-object and (fi: X— Xy
is a family of A-morphisms each with domain X. [To simply notation a source (X,
(f:)1) is often denoted by (X, fi)1.

(2 A source (X, f;) is called a mono-source provided each f; is an A-monomor-

phism.
Dual Notion. sink in A; (fi, X); epi-sink

Definition 1.4. Let A be a concrete category and ((Y,, £:))ic; 8 family of objects
in A indexed by a class 1, and let X be a set and (f:: XY )iz & source of maps
indexed by [. An A-structure on X is called on imitial structure with respect to (X,

(f), (Y, &))) if the following conditions are satisfied:
(1) For each ie=I, fi: (X, &)-—> (¥, &) is an A-morphism,
(2 If (Z, &) is an A-object and g: Z-— X is a map such that for each i1, the
map fi-g: (Z, &)~ (Y, &) is an A-morphism, then, g: (Z, &)~ (X, §) isan A
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On Fuzzy Convergence Spaces 3

-morphism. In this cas?, the source (fi: (X, &)~ (Y}, &,))ia; is also called an initial

source.
Dual Notion. final structure; final sink.

Definition 1.5. Let 4 be a concrete category.

(1) The A-fibre of a set X is the class of all 4-structures on X.
(2) A is called a properly fibred category if it eatisfied the following conditions:
(i) For each set X, the A-fibre of X is a set,
(i1) For each singleton set X, the A-fibre of X has precisely one element,
(iii) If & and » are A-structures on X such that I.: (%, §)—-(X, ») and I,:
(X,7)—>(X, &) are A-morphisms, then &=7

Definition 1.6. A concrete category A is called a fopological category if for each
set X, for any family ((¥:, £))ier of A-objects, and for any source (fi: X—>Y)ais
of maps, there exists an initial A-structure on X with respect to (X, (F)), (Y,

£:)). Dually we define colopological categories.

Definition 1.7. Let A be a subcategory of B
4 is called an isomorohism-closed subcategory of B if every B-object that is isom-

orphic with some A-object is itself a A-object.

Definition 1.8. Let A be a subcategory of B with embedding functor F: A-»B.
(1) An E-universal map (ry, 4;) for a B-object B is called on A-reflection of B.
(2 4 is called refiactive in B or a reflective subcategory of B if there exists on

A-reflection for each B-object.

(3) A is said to be epirefiective (resp. momoreflective) in B if for each B-object
B, there exists an A-reflection (ry, As) such that each »p is a B-epimorphism (resp.

a B-monomorphism).

Theorem 1.9.([51). Let A be a full, isomorphism closed subcategory of a properly
fibred topological category B.

(1) A is epireflective in B iff A is closed under the formation of initial monoso-
urces, i,e., for any initial monosource (fi: A~ A)ie; in B with A= A for all ie=1,
the A also belongs to 4.
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(20 A is bireflective in B iff A is closed under the formation of initial sources.

Theorem 1.10 ([5]). If B is a (properly fibred, resp.) topological category and 4
is a full isomorphism closed bireflective subcategory of B then A is also a (properly

fibred, resp.) topological category.

2. Fuzzy convergence spaces.

By using fuzzy filters, we will introduce a concept of fuzzy convergence. Let I
(F(X)) denote the power set of FF(X) and [,=1(0, 1].

Definition 2.1. Let X be a set. A map A: X— P(F(X)) is a fuzzy convergence
s tructure on X iff the following properties hold for all x&=X;

(A¢) AR)EF.(X),

(A FEA(R),

(Ap) If FeEA(x) and FEG in F (X)), then GeEA (%),

(Ag) If FeeA(x), then FiesAlx).

The pair (X, A) is called a fuzzy comvergence space.

Notation. Let (X, A) be a fuzzy convergence space. If Fe=A(x), then x is called

a fuzzy limit of F, or F is said to fuzzily converge to x, and we write F.8,x or
j

Example. (1) In a set X, we define A: X~ P(F(X)) by A(x)={%} (xc=X). Then
A is clearly a fuzzy convergence structure on X. In this case, A is called the discrefe

Suzzy comvergence structure on X and (X, A) is called the discrefe fuzzy convergence
space.

2y Let (X, 8) be a fuzzy topological space. We define Ay X —— P(F(X)) by: for
each x&X, Asx)={F<F (X)|N.CF}.

Then Ag is a fuzzy convergence structure on X.

Definjtion 2.2. Let (X, A), (¥, A!) be fuzzy convergence spaces. Theén

(1) a map f: (X, A)—— (Y, A’) is fuzay continnons at xc=X iff for any Fe=A(x),
FIREAUf @), ie., F23=3fF) L, fx.

(2) a map f: (X, A)——-(Y,A') is fuzey conlinuouns iff f isfuzzy continuous at each
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On Fuzzy Convergence Spaces 5
=X,
3) a map f: (X, A)—A#(Y, A’) is an isomorphism iff f is bijective and f and /¢
are fuzzy continuous.
We can immediately obtain the following results from the definition of fuzzy

continuity.

Proposition 2.3. (1) For any fuzzy convergence space (X, A), the identity map 1,:
(X, A)— (X, A) is fuzzy continuous.

@ If f: (X, A)——(Y,A") and g: (Y, A")-~—(Z, A") are fuzzy continuous, respz-
ctively, then go f: (X,A)—(Z,2") is fuzzy continuous.

Remark 2.4. It is clear by proposition 2.3 that the collection of all fuzzy conve-
rgence spaces and fuzzy coatinuous maps between them forms a concrete category,
which will be denoted by FzConv.

Proposition 2.5. The: category FzConv is properly fibred.

Proof. Let X be any set. Then clearly, the class of all fuzzy convergence structures
on X is a set. Hence the FzConv-fibre of X is a set.

Let X={p} be any singleton set. Then X has the only one fuzzy convergence
structure A(p)={p}={{a|ac=].}} Hence the FzComy-fibre of X={p} is a singleton
set.

Now let A and A’ be any fuzzy convergence structures on a set X. Suppose 1,.:
(X, A)-—— (X, A') and 1;: (X, ) (X,n) are fuzzy continuous, respectively.
Enough to show that A(x)=A'(x), for all x=X. Let F&EA(x). Then L (F)&EA (U
(x)), since Lyt (X, A)— (X, A') is fuzzy continnous. On one hand, L. (F)=F, 2’
(1.(x))=A'(x). Thus Fe=A'(x) and hence A(x)TA'(x). Similarly A'(x)EAx).
Thus A(x)=A'(x) for all x=X, and hence A= A’. Therefore FzConv is properly
fibred.

Proposition 2.6. Let X be a set, ((Xy, A,)),; a family of fuzzy convergence spaces
and (f;: X—=X;), any source of maps. Then there exists a fuzzy convérgence
structure A on X, which is initial with respect to (X, (1), (X &)

Proof. Let A: X— P(F(X)) be the map defined by: for each x&X, FesA(x) iff
FeeF (X) and fi(FYeA:(fi(x)), for each je=].
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Then by the definition of fuzzy convergence structure, we can show that A is a
fuzzy convergence structure on X. Moreover, from the definition of A, fi: (X, A)
—-+{X;, Ays) is fuzzy continuous for each j&J.

Let (Y, A’) be any fuzzy convergence space and g: Y- X any map. Suppose(f; - g:
Y, A")—(X;, As)),; 18 a source in FzConv. For any yesV, let Fe&=A'(y). Then f,
GF)=Fficg(FYsA;(fiog(»), for all j&&]. Thus g(F)&A(g(»)). Hence g: (¥,
A)Y— (X, A) is fuzzy continuous. Therefore A is the initial fuzzy convergence
structure on X with respect to (f;);. ///

Immediately, from Proposition 2.6, we can obtain the following result.
Theorem 2.7. Fz2Conv is a topological category.

Definition 2.8. Let (X, A) be a fuzzy convergence space and A a subset of X.
Then there exists the initial fuzzy convergence structure A4 on A with respect to the
inclusion map 5: A= X, In this case, A, is called the relative fuzzy convergence

structure on A of A and (A, AL) is called the subspace of (X, A).

Remark 2.9. For any fuzzy convergence space (Y, A’) and any map f: ¥V—— A4,
(Y, AD)— (A, A4) 18 fuzzy continuous iff jo f: (¥, A')—s (X, A) is fuzzy conti-

nuous.

Definition 2.10. Let ((X,, A;)); be a family of fuzzy convergenc spacss indaxed
by a set J. Then there exists the initial fuzzy convergence structure A on X, with
respect to (IX;, (Pry), (X)), where for each je=J, pr;: HX;——X; is the j-th
projection. In this case, A is called the product fuzzy convergence structure of (A;);
and written A;, and (FX;, HA;) is called the product fuzzy comvergemce space of
(X5, &)

Remark 2.11. (1) For any fuzzy convergence space (X, A) and any source (f;:
(X, A)y— (X;, Af))s in FaConv, there exists a unique fuzzy continuous map f: (X,
N)——= (I X;, HAy) with for each j&J, pryo f=f;. In the following, f will bs denoted
by I f;.

2 Let ((fi: (X5 A))—— (Y, A'5)); be any family of fuzzy continuous maps
between convergence spaces. Then there exists a unique fuzzy continuous map f:
Xy ADD)-— (Y5, T A';) with for each =], prijo f=f;0 pr;, where pri;: IY,

p— 9 J: —



On Fnzzy Convergence Spaces 7

~—-»Y; is the j-th projection. In the following, f will be denoted by X f;.

Definition 2.12. Let X be aset and A: X P(F(X)) a map. Consider the follo-
wing properties;

(L)Y If F, G=A(x), then FAGEL(x).
(pr) For any xe=X, [({FIFeEA(x)}EA(Y).

(1) the map A is a fuzzy limit structure on X iff /. satisfies (Lo)y (A4), (A2)
of Definition 2.1 and (L). In this case, (X, A) is called a fuzzy limit space.

(2) the map A is a fuzzy pretopological structure on X iff A satisfies (Aq)y (A1),
(/) of Definition 2.1 and (Pr). In this case, (X, A) iscalled a fuzey pretopological
space.

From the Definition 2.1 and 2.12, immediately, we obtain the following implica-
tions for a map A: X—— P(F(X)).

Proposition 2.13. A is a fuzzy pretopological structure > a fuzzy limit structure

=» a fuzzy convergence structure.

Notation: (I) FzLim denotes the category of fuzzy limit spaces and fuzzy continuous
maps between them.

(2) FzPrTop denote the category of fuzzy pretopological spaces and fuzzy continuous
maps between them.

1t is clear that FzLim and FaPrTop are full subcategories of FzConv, respectively.

3. Some properties of FzLim, FzPrTop and FzHConv.

Immediately, we can see the category FzLim defined above ig identical with the

category FzConv defined by K.C. Min [107.
Proposition 3.1. FzlLim (FzPrTop) is an isomorphism closed subcategory of FzConv.

Proof. Let (X, A) be any fuzzy convergence space such that is isomorphic with
some fuzzy limit space (Y, A’). Then there exists an isomorphism f: (X, ) (¥,
A'). Suppose F, Ge=A(x), for each x&=X. Then fF(F), F(G)yeA'(f(x)). Thus f
(M A (@A (f(x)), since is a fuzzy limit structure on X. On one hand, f(F)Nn
J(G) = f(FnG).
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Thus fF(FhGYesA'(f(x)). Since f~: (¥, A')—+(X,A) is fuzzy continuous and

limit structure on X, i.e., (X, A) is a fuzzy limit space.

Therefore FzLim is an isomorphism closed subcategory of FzConv. .///

Theorem 3.2. FzLém is bireflective in FzConv and hence is a properly fibred

topological category.

Proof. From Theorem 1.9, [2], it is sufficient to show that FzLim is closed under

the formation of initial sources.

Let X be any set and (f;: X—— X,), any initial source in FzCoxnv such that for
all j&J, (X,, ApesFalim, Let A be the initial fuzzy convergence structure on X
{vith" respect to (f;: X—— X;);. For each xc=X, suppose F, Ge&=A(x). Then for all
=], [i((F), f(GYEA(fi(x)). Since fi: (X, A)—{(X,, A;) is fuzzy continuous,
for all je=J. Thus for all je=], fi(FNG)=1;(F)nf{GIEA{fi(x)), since A; is a
fuzzy limit structure on X;, for all j&=j. Hence by the definition of the initial fuzzy
convergence structure A on X, FaGeEA(x).

Thus A is a fuzzy limit structure on X, i.e., (f;: X——X;); is an initial source

in FeaLim. Therefore FzLim is bireflective in FzConv. ///

Theorem 3.3. FzPrTop is bireflective in FzConv and hence is a properly fibred

topological category.

Proof. From Theorem 1.9, [2] and Proposition 3.1, it is enough to show that
FzPrTop is closed under the formation of initial sources.

Let X be a gset and (f;: X~ X;), an initial source in FzConv such that for each
Jj&], (X5, H)EFaPrTop. Let A be the initial fuzzy convergence  structure on X
with respect to (f;);. For each x&X, consider the c‘ollectién {FIFEL\(#)}. Then
clearly, {(fi(F)|fi(F)eni(fi(x))) since f;: (X, A)—(X;, A;) is fuzzy continuous,
for each j&=]. Thus for each j&/, N (f1(F)|f{(FYEA(Sf{(#)EA,(f:(x)) and [
F{Fy=f;((\F). Hence NFEA(x). Thus A is a fugzy pretopological structure on
X, Le., (fs: X-—>X;), is an initial source in FaPrTop, Therefore FzPrTop is
bireflective in FzConv. ///

Theorem 3.4. FzPrTop is bireflectve in FalLim.
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Definition 3.5. A fuzzy convergence space (X, A) is.a fuzzy Hausdorff conve-
rgence space iff Fe&A(x) and FEA(Y) = x=3.

Notation. FzHConv denotes the category of fuzzy Hausdorff convergence spaces
and fuzzy continuous maps between them: FzHLim=FaHConv[\FzLim; FzHPrTop
=FzHConv[\FzPrTop.

Theorem 3.6, FzHConv is epireflective in FzConv.

Proof. Since FzConmv is properly fibred topological, it is sufficient to show that

FzHConv is closed under the formation of initial monosources in FzConv.

Suppose (f;: X——X;); is an initial monosource in FzConv such that for each je=],
(X;, A;) is a fuzzy Hausdorff convergence space. l.et A be the initial fuzzy couve-
rgence structure on X with respect to (f;: X —.X,),. Assume that a fuzzy filter F
on X has two fuzzy limits x,¥. Then FE=A(X) and Fe=A(»). Thus for each j&=/,
FRYEA(fi(x)) and f(FYeEn;(fi(¥)), since [f;: (X, A)— (X, A;) is fuzzy
continuous. Hence f;(x)=F;(y) for each j=J, since /A ; is a fuzzy Hausdorff conver-
gence space for all je=J. Thus x=y, since (f;) is a monosouce. Hence (X, A) is a

fuzzy Hausdorff convergence space.

Therefore FzHConv is epireflective in FzConv. ///
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