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Abstract

In this paper we introduce the notion of expansion mapping on a proba-
bilistic metric space and prove common fixed point theorems for a pair of such
mappings. These results being new of their kind, are interesting generaliza-
tions of some of the known results,

1. Introduection

Some fixed point theorems for expansion mappings on a metric space have been
proved in [53. Recently, Rhoades [1] has generalized these results for a pair of
mappings. While a number of fixed point theorems for [1]~[4] contraction mappigs
on probabilistic metric spaces have been established in recent years (for an extensive
bibliography, see [4]) but fixed point theorems for expansion mappings on probabilistic

metric spaces established here are the first to appear in the literature.

2. Preliminartes

First we give some definitions and notations to be usad in the sequel.

Definition 2.1. A probabilistic metric space(PM-space) is an ordered pair(S, #,)
where S is a nonempty set and # is a mapping of SX S into ., the set of distribution

functions. The value of # at (w,v)e=S xS will be denoted by F,,, and F,,, are assumed
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to satisfy the following conditions:
(a) Fuu(x)==1 for all x>0 iff u=0;
(b) Fuo(0)=03
(€) Fo,u=Fuui
(@) if Fo,o(x)=1, Fo.(»)=1 then Fy,(x+y)=1.

Definition 2.2. A Menger space is a triplet(S, #, ¢) where(S, #) is a PM-space
and ! is the f-norm [27 such that

Fu,w(x"’“y);\:t{Fu.v(x)s Pju,v(y)‘}

holds for all &, v, w in S and %, y>0.

We now introduce the following definitons.

Definition 2.3. A mapping f:S—S will be called an expansion mapping iff for a
constant A>1

(e} Fru, 0 (h2) <Fu, (%)

for all #, v in S and x>0.

The interpretation of (e) is as follows: The probability that the distance between
the image points fu, fv is less than Ax is never greater than the probability that the

distance between #, v is less than «.

Definition 2.4, Two mappings f, g:5-5 will be called an expansion pair (f, &)
iff for a constant 4>1

F!umn(hx) gFu.w(x)

for all #,» in S and x>0.

3. Resulis

Theorem 3.1. Let (S, #,¢) be a complete Menger space where ¢ is continuous and
satisfies #(x, x)>x for every xe=[0, 1. If (f, &) is an expansion pair of S onto itself

then f and g have a unique common fixed point.

Proof. Ask in [1] we construct a sequence {w.} with

uzn+lef-1u2m “an+z€5g'lua-+1; ”:Ou l:‘zy s
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Suppose itz =;,4, for some n. Then u;, is a fixed point of f and also
n Fripnis tign (B%) =1,

Since (f, g) is an expansion pair, we have

F“...*.g" u,..(hx) :Fgug“ 329 fllgn+;(hx>£;1;‘ugu+3r u3n+;(x)'

which, in the light of (1), implies #p.,1=ugnsze i.€. #3, i8 & fixed point of g also.
Similarly #sui1=#s.,2 gives that u,,., is a common fixed point of f and g.

Now suppose #g,F##s,,1, for each n. Then

Fu:.a u3.+1(hx) ::F_fu,..“. gu;,,u(lzx)f;Fu,wH. Ilg,..l.,(x)

and
Fl‘g..*.p u,.,.,.,(kx):Fg‘u“H, fuzn+3(hx)£pﬂ3”+z, u,.+,(")-
Thus, in general
Fu.., u,.+1(hx).\/w~1“u,,+,- u,H_,(x), ”n#:utq,l-

So, in view of the lemma [3], {#.} is a Cauchy sequence and converges to a point w
in S. Therefore for an integer K such that #>>K (&, 1), £§>0, 1>0,

(2) F“I'H-l' H)(s).\)l“‘l.

Let se=f'w. Then for u,#w

Fﬂ:,ﬁ.p w(e):Fguzn+3' fs(a)f'\_/Fux,.H: S(e/k)!

which with the help of (2) gives s=w and so fs=fw=w,
Also, if ve=g~'w then,

Fu,..! w(e):Ffuzn.*q! gv(e):Fu,,,ﬂ: U(e/k)

implies that w(=v) is a common fixed point of f and g.
Uniqueness of the common fixed point can be seen by noting that (f, £) is an

expansion pair. ///

Theorem 3.2. Let(S, #, ¢) be a complete Menger space where ¢ is continuous and

satisfies f(x,x)>* for every x[0, 11. If f, g are continuous mappings of S onto
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itself satisfying
3 Fro, eo(hx) S<max(Fy, 1u(%), F,, .,(x), F., ,(x)}

for all #,» in S, x>0 and 2>1, then f or g has a fixed point or f and g have a

common fixed point.

Proof. We define {»,} as in the preceding thsorem. If U, Unyy fOr any m, then f

or g has-a fixed point. Suppose u,#u,.,, for each #. Then by (3),

Ftwr tanii BRI SMA Py 102000 Fityins stz (s Fatgorss wzya (%)}
and
Ftsniss 4aass BEY KM i 300,y Fityeiny 23 (3 Ftgars, tgnia ()1
Thus for each 7,
Fuun, trn(B2)Smax (Fu,, 4, (%), Fuppi, gy (2)).
But, as £>1,
Fortns 4y (B%)<Fogpy i, (%),
Therefore
Fyuu u,.“(kx) f_:Fu,..H. u,.“(")-

This implies. that {x,} is a Cauchy sequence and converges to some » in S.

Now a8 #pa= fitsns1, Usns1==Qthsnsz and f, g are continuous, it is standard to see that

J and g have a common fixed point. ///

Corollary 3.4.[1]. Let f and g be surjective continuous selfmaps of a complete

metric space(M, d). If there exists a real number A>1 such that
1) d(fu, gv)>>h min {d(u,fu), d(v,gv), d(u,v))

for each #,v in M, then f or g has a fixed point or f and g have a common fixed

point.

Proof. Note that the metric 4 induces a mapping F: M XM via Flu,v)=Fu,v
=H(x—~d)(u,v)) where H(x)=0 for %0 and H(x)=] otherwise. If f-norm ¢ is
{(a, &) =max(a,b) then clearly(M, #,t) is a complete Menger space.

Let d(a,b) =min{d(u, fu), d(v,gv), d(u,v)}.
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Then d(fu,gv)>hd(a,b) for x>d(a,b) implies F., ,,(hx)<F,, +(x) and F,, o(x) 1.
Also, for x<d{a,b)

hx<hd(a,b) <d(fu,gv) gives F,., (hx)=0.

Thus Fpu, ¢(Ax)=IF,, »(x). So f, g satisfying (4) on (M, d) satisty (3) on (M, #, 1).
The rest of the proof may be completed by Theoerm 3.3. ///

Corollary 3.5[1]. Let f, g be surjective selfmaps of a complete metric space(M, d).

Suppose there exists a constant £2>>1 such that
d(fu, gv)zhd(u, v)
for each #,» in M. Then f and g have a unique common fixed point.

Remark 3.6. Taking f=g in Corollaries 3.3 and 3.4 we get Theorems | and 3
respectively of [5].

Remark 3.7. As remarked by Rhoades {1], further generalizations of our results

are not possible.
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