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ON RECURRENT HYPERSURFACES OF A
REAL SPACE FORM*

Jin Suk Pax anp Pvenc Hae Yae

1. Introduction

For a given Riemannian manifold M, if M admits a single submanifold
with a special property, what can we say about the ambient space? It
seems to be natural and interesting to find out the implication on the
ambient space from a certain submaifold. Since this problem was initiated
by Chen and Nagano [1], it is seen that there are some studies in this
direction. In particular, one of the authors [4] proved recently the
following.

THEOREM A. The only irreducible symmetric space which admits a
connected recurrent hypersurface with at most two principal curvatures,
each of which multiplicity is not smaller than 3, are a sphere, a real
projective space and their non compact duals.

On the other hand, it is seen in [2] that a complete simply connected
recurrent Riemannian manifold is either a symmetric space or a direct
product of the Euclidean space R*? and a 2-dimensional Riemannian
manifold. The purpose of this article is to consider “what can we say
about recurrent hypersurfaces of a real space form?” Concerning with this
standpoint we prove the following.

TueorM. Let M be a complete hypersurface of an (n+1)-dimensional
sphere S*™'(c). If M is recurrent and if n=4, then M is isometric to
the sphere S™(cy) (c;=c¢) or the product of two spheres S*(c,) XS**(cy),
where 1/c,+1/c,=1/c.
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2. Preliminaries

Let (M’,g’) be an (n-+1)-dimensional connected Riemannian manifold
of constant sectional curvature ¢, which is denoted by M#*ti(¢) and is
called a real space form. Let (M, g) be a hypersurface of M’. We choose
a local orthonormal frame field {E,}={E,, --- E,,;} on a neighborhood
of M in such a way that, restricted to M, E;, --- E, are tangent to M
and hence the other is normal to M. Here and in the sequal, the
following convention on the range of indices are used throughout this
paper, unless otherwise stated;

A, B’ "ee =1’ -..n,n,l_l,
i’j, ...=1’ e,

With respect to the frame field, let {w,}={o;, ©,:;} be its dual frame
field. Then we have the structure eguations for M :

dwa+ 3 wap/\wp==0,
(2' 1) { deB"I"EwAC/\mCB:C“)A/\wB,
where wup denotes the connection forms on M,
Restricting these forms to the hypersurface M, we have

(2. 2) [0 PR =()

and the Riemannian metric of M induced from the Riemanmian metric
g’ on the ambient space is given by g=22w;Qw;. Therefore {E;} is a
local orthonormal frame field with respect to this metric and {w;} is a
local dual field relative to {E;}. It follows from the Cartan lemma that
the exterior derivative of the first equation of (2.1) gives rise to

2.3 Onrii=Zh;j0;, hij=Hh;.

The guadratic form Jh;;0,Qw;QE,,, with values in the normal bundle
is called the second fundamental form of the hypersurface M,

From the structure equations for M’ it follows that the structure
equations for M are similarly given by

d(l)i + Z'cu,-,-/\w; = 0,
@ 9 dw;;+ Zoe/N\oy; =8,

£2;5=— —%‘S R;juwn/\wr,
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where 2;; (resp. Ri;u) denotes the Riemannian curvature form (resp. the
components of the Riemannian curvature tensor R). Form the equations
obtained above it follows that we have the Gauss equation

(2.5) Riju=c(8:ubji— 86:s0j1) + huhju— huhju.

Now, the components A;j;; of the covariant derivative of the second
fundamental form of M are given by

Zhijswi=dh;;— Z (hajor + hiws;) .

Then, substituting dh;; in this definition into the exterior derivative of
(2. 3), we have the Codazzi equation

2.6) kija=his;.

The components Riju,. of the covariant derivative of R are defined

by
2 Ri,‘u,.w..'—‘dR.'m -2 (ijktwmi + Rimti®uj
4 Rijmi®ms + Rijautnt) .

The components Riju, . of the covariant derivative of Riju,» are defined

by

ZRijut,mn@n=dR;ju1,m= 2 (Rujit,m0ni + Rintt, mnj + Rijnt, uni
+ Rijan, unt + Rijat, nnm) .

The Riemannian manifold is said to be recurrent, if there exists a
1-form 7 such that

@7 Rijut,m=nuRiju.

ReMARK. For a recurrent Riemannian manifold, the Riemannian curva-
ture tensor R satisfies

(2.8) R(X,Y)R=0

for all tangent vectors X and Y, where the endomorphism R(X,Y)
operates on R as a derivation of the tensor algebra at each point. In
fact, it follows from(2.7) that we have

| R|w?=2]R|*pm,
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where |R| denotes the norm of the Riemannian curvature tensor R. Let
U be the set consisting of points = at which |R]| (z) #0. Then there is
a smooth function ¢ on U such that dg=y, which is called the
characteristic function. The function ¢ is given by log |R|. It implies
that

Rijhl,mn = (¢mn + ¢m¢n) Rijkl =Rijkl, nms

which means that the equation (2.8) is true on U, and therefore on the
whole manifold.

3. Proof of the theorem.

This section is concerned with principal curvatures of recurrent
hypersurfaces of a real space form. Let M be a recurrent hypersurface
of a real space form M’'=M"*1(¢) (n=3). Since the recurrent hypersur-
face M satisfies (2.8) and hence it satisfies

R(X, Y)S=0 for all vectors X and Y,

where S is the Ricci tensor, it is seen in Mogi and Nakagawa [3] and
Tanno [5] that if ¢X:0, then there exist at most two distinct principal
curvatures at each point x of M and the type number #(z) is equal to
0,1 or n, and if ¢=(, then there exist at most three distinct principal
curvatures at each point of M, one of which is zero.

On the other hand, if M is locally symmetric, then its Ricei tensor is
parallel and therefore it is seen in [3] that M is an isoparametric
hypersurface, which is completely classified.

Accordingly, in order to prove the theorem mentioned in the introduction,
we may assume that M is not locally symmetric. Then there exists a
neighborhood V contained in U on which d¢ does not vanish.

Now, taking account of the second Bianchi formula, the definition
(2.7) and the property of the Riemannian curvature tensor, we obtain

3.1 SuRijmt GiRinum+ jRuin=0.

Since the matrix (k;;) is symmetric, it can be diagonalizable and we can
choose a local field of orthonormal frames on M in such a way that
hi;;j=2;6;;, where each eigenvalue A; is called a principal curvature of M.
Then the Gauss equation (2.5) and (3.1) yield
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(3.2)  dnlct+2:2;) (3:dje—8:dii) + i (c -+ 2;4) (B:8ae— 8abu)
+@;(c+ i) (Buidis— Gxabdir) =0.

Put /=h, k=j and suppose that indices i, j and k are mutually distinct,
we obtain

3.3) $i (c+2;2,) =0.

Since the gradient of ¢ does not vanish identically on V, we may
suppose without loss of generality that there is a neighborhood V;
contained in V, on which ¢, has no zero points by changing suitably
the order of the orthonormal frames. It follows that

(3.4) c+a2;=0 for i, j>1, ixj,

which implies that distinct principal curvatures 2;(j=2) are at most two
on V, say p and a.

Assume that n=4. The multiplicities of distinct principal curvatures g
and o (c+po=0) are then investigated. Let p (resp. g) be a multiplicity
of the principal curvature g (resp. ¢). We suppose that p,¢=2. Then
the equation (3.3) means that

po=pF=g*=—c,

which implies that ¢=0 and g=0¢=0, a contradiction. Next we suppose
that p=1 and ¢g=2. In this case we have

ve =gt=— ¢,
which implies that ¢=0 and 6=0. Thus the matrix % is expressed by
P A
# #
h= 0 or h= £70.
0 wl,
According as ¢=0 or ¢<0.
Thus we find

LeMMA 1. Let M be a recurremt hypersurface of M'. If M is not
locally symmetric and if n=4, then the constant curvature c is non-positive.
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By Lemma 1 and the classification of isoparametric hypersurfaces in a
sphere the theorem is proved.

REMARK. Under the assumption of Theorem A the ambient space is a
sphere or a real projective space.
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