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REMARKS ON CONVOLUTION OF UNIVALENT FUNCTIONS

YONG CHAN KIM AND OH SANG KWON

1. Introduction
..

Let S denote the class of functions of the form f(z)=%+ Ea..%" that are
2

analytic and univalent in the unit disk U. A function fES is said to
be starlike of order a, 0<a<1, denote by Sea), if Re(%f'(z)/f(%))>a
for z in U and is said to be convex of order a, 0<a<1, denoted by
K(a) , if ReU+ (Zf"(%)/f'(z»)} >a for % in U.

Let T be the class of functions in S of the form fez) =z- I: Ia.. Iz" and
2

set S*(a)=s(a)nT and K*(a)=K(a)nT. Also, let p*(a) denote the

class of functions f(z) =z-f; la.. lz" analytic in Usatisfying Re f'(%»a
2

for z in U.

If fez) =z+ Ea..z· and g(z) =z+ Eh.%" are analytic in U, then so is
2 2

their Hadamard product or convolution denoted by (f*g) (z), and defined

by (f*g) (%) =z+ Ea.h.z".
2

A function fES is said to be pre-starlike of order a, O<a<l, denoted
by R(a), if !(z)*z(l_%)2a-2ES(a) and set R*(a) =R(a) nT.

In [1], we investigated the mapping properties of the function F(z)
denoted by

(1.1)

where g(z) =z+ Eh"z", h(z) =z+te"z" Ch" and e" are known and non-
2 2

negative), '<>0 and when fez) is respectively in T, S* (a) , K*(a) ,

- 39-
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P*(a) or R*(a).
In the present paper, we study the Distortion Theorem and Fractional

Calculus of F(z) when fez) belongs respectively to several subclasses of
analytic functions with negative coefficients.

From now on, the function F (z) will be defined by F (z) = (1-.il)

(f*g) +.il(fd) with g(z) =z+ I::b"z", h(z) =z+ I::c"z" in which l, b"
a a

and c" are real and nonnegative.

2. Distortion Theorems

THEOREM 2.1. Let f(z)ET and A(n»A(n+1»O for nZ2, where
A(n) =b,,-.ilb,,+.ilcn. Then

(2.1) Izl- bz-,{~+.ilcz Izla<IF(z) 1<lzl + bz-,{~+,{ca Izla

for zEU.
(2.2) 1- (ba-,{b2 +lcz) 1zl < IF' (z) I<1 + (ba-.ilbz+.ilcz) Izl

for zEU.

The result is sharp.

Proof. We note that

2I:: lanl <:Enlanl <1
2 2

by ([5J, Theorem 3). Therefore we have

IF(z) \ z!z\_\z\aI::(b,,-lbn+lcn) la,,1
z

zlzl- (bz-.ilbz+lcz) Izlatla,,1
a

and

IF(z) 1<lzl + Izla:E(b,,-lbn+lc,,) la,,1
z

< Izl + (ba-lbz+,{cz) Izlz1; la,,1
z
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<lzl + b2-l~+lC2 Izl2

Using ([5J, Theorem 3), we have

and

41

The result is sharp for the function fez) =z- (1/2)Z2.

REMARK. Under the hypotheses of Theorem 2. 1 and zEU, we have
the following results.

(1) If f(z)ES*(a), then

(i) Izl- (b2-lb2+lc2) (I-a) /ZI2<IF(z) I
2-a

<lzl + ~2-lb2+lc2) (I-a) Iz12,
2-a

(ii) 1- 2 (b2-lb2+lC2) (1-a) Izl<IF'(z)j
2-a

<1+ 2 (b2-lb2+lc2) (1-a) I 1
- 2-a z .

(2) If f(z)EK*(a), then

(i) Iz1 (b2-l~~~~)(1-a) IzI2<IF(z) I

<lzl + (b2-lb2+lc2) (I-a) Iz1 2,

- 2(2-a)

(ii) 1- (b2-lb2+1c2)(1-a) Izl<IF'(z) I
2-a

<1+ (b2-Ab2:~~)(1-a) Izl.

(3) If f(z) EP*(a), then

(i) Izl- (b2-1b2+lc2)(1-a) IzI2<IF(z) I
2
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<lzl+ (b2-'<b2+~c2)(l-a) Iz12,

(ii) 1- (b2-1b2+ 1C2) (I -a) Iz I<I F' (z) I
<1+ (b2-1b2+1c2) (I-a) Izl.

THEOREM 2.2. Let fez) ER* (a) with O<a< 0/2) and A (n) >
A(n+ 1) >0 for n>2', where A(n) =b"-lb,,+lc,,. Then

(2.3) 1z 1- b2;-(~b~:~C2 1z 12
::;: IF(z) I::;: 1z I+ ~2i~b~:;C2 Iz 1

2

for zEU.

(2.4) 1- b2-;:'~'<C2 Izl<IF'(z)I<I+ b2-~~~'<C2 Izl
for zEU.

The result is shari? for the function f(z)=z- {I/2(2-a)}z2.

Proof. (Z.'3) In [6], z(I _%)2..-2=Z+ tB(a, n)z" where Bea, n) =
~ . -<' - • ,d l....'. •. 2

"{1f(k-2a)}/(n-I)!}, n:22.
2

Since B(a,n)<B(a,n+l) ,for the 0<a<0/2), It follows .from [6J
that' ,

Thus

(2.5)

The inequalities in (2. 3) follow from (2. 5).
I .'.' p. .' I

Using (2- a):(a,2) ~nla"I<~(n,-a)B(a.n)la"I<I-a, ,we have

the inequalities in (2. 4). " '

3. Fractional Calculus

We need the following definitions of fractional deFivatives and fractional
integrals which were defined by Owa ([3J, [4J).

DEFINITION 3.1. The fractional integrals of order J is defined 'by
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(3. 1) D"-If(z) = {I/r (o)} J: (Z~(81 1 dC,-

where 0>0, fez) is an analytic function in a simply- ,connect~ regiptl:
of the z-plane containing the origion and the multiplicity of (z-C) 1-1

is removed by ,requiring log(z-e) to be real:wheq (z-C) >0.

DEFINITION 3. 2. The fractional derivative of order 0 is

() 1 ( - {/ ( ) d J" fee)3.2 D"I z)- 1 r I-a} dz G (Z-C)I de,

where 0:::;:0<1, f(~) is an analytic function in a simply connected region
of the z-plane containing the origion and the multiplicity of (Z-C)-I is
removed by requiring log (z - C) to be real when (z - C) >0.

DEFINITION 3.3. Under the hypotheses of Definition 3.2, the fractional
derivative of order n+a is defined by -

(3.3)

Izl}

Izl}(3.5)

(3.4)

where 0:::;:0<1 and nENo= to, 1, 2: 3, ..-.}.

THEOREM 3.4. Let f(z)ET and A(n):.?::A(n+1) >0 for n>2, where
A(n)=b.. -lb.. +lc... Then -, --

-lzI1+1
ID,,-IF(z) I> r(2+0)

IzP+I
\D,,-IF(z) I:::;: r(2+0)

- ,

for 0>0 and zE U. The equalities in (3. 4) and (3. 5) are attained for
the function f(t:,} =z..,.. (1/2)z2.

Proof. Let

(3. 6) G(~) =r(2+o)z-oD,,-IF(z). - ,

=z- f: r(n+ nr(2+0) (b.. -lb..+lc..)a..z"
2 r(n+l+o)
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where ~(n)={r(n+l)r(2+a)}/r(n+l+o) (n>2).

Since we have 0<~(n)<~(2) = {r(3)r(2+a)} /r(3+0) =2/(2+0), and
f(z) ET, we have

and

slzl + b2-~~;AC2 Iz12.

Thus we have the inequalities (3. 4) and (3. 5) from (3. 6) and (3. 7).

Finally, we note that the equalities in (3. 4) and (3. 5) are attained
for the function F(z) defined by

D-'F()= z1+' {1- b2-l!J2+ AC2 }
" It r(2+0) 2+0 z

which is equivalent to

fez) =z- (1/2)z2.

This complete.· the proof of Theorem 3. 4.

(3.8)

THEOREM 3.5. Let f(z)ET and A(n»A(n+l»O for n>2,
,A(n) =b,.-Ab,.+AC". Then

ID 'F( ) I> \zj1-' {1- b2-:~;AC2 Izl}
"z r(2-a)

and

where

(3.9) ID.'F(z) Is )td:;) {l+ b2-~~;AC2 Izl}

for OSa<1 and zEU. The equalities in (3.8) and (3.9) are attained
for the function fez) =z- 0/2)Z2.
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Proof. We define H(z) by

H(z) =r(2-t'J)%'DII'F(z)

f: r(n+l)r(2-a)
==%- 2 r(n+l-a) (b..- Ab..+Aea) a..%"

=%- l:.,p(n) (b..-Ab..+k..)na..z",
2

where ,pen) == {r(n)r(2-a)} Ir(n+ I-a) (n:2:2).

Since O<,p(n) S,p(2) == {r (2)r (2-t'J)} 1r (3-15) = 11 (2-15) and fez) ET,
we obtain

and

<1%\ + bll-2~:kll 1%1 2•

Futher, the equalities in (3. 8) and (3. 9) are attained for the function
F(z) given by

D 'F( ) == zl-' {I- bll-Abll+ACll }
11 % r~-~ 2-t'J %

which is equivalent to

REMARK. In the other case, it can be proved by similar method given
in Theorem 3. 4 and Theorem 3. 5.
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