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REMARKS ON CONVOLUTION OF UNIVALENT FUNCTIONS

Yone Caan Kiv anp On Sane Kwon

1. Introduction

Let S denote the class of functions of the form f(z)=z+:2a,.z" that are

analytic and univalent in the unit disk U, A function f&S is said to
be starlike of order a, 0<<a<(l1, denote by S(a), if Re(zf’(2)/f(2)) >a
for z in U and is said to be convex of order a, 0<a<l, denoted by
K(a), if Re{1+ (zf""(2)/f'(2))} >a for z in U,

Let T be the class of functions in S of the form f(2) =z——§;|a,|z" and
set S*(a)=s5(a) 7T and K*(a)=K(a){(\T. Also, let p*(a) denote the
class of functions f(2) =z—g}]a,,|z" analytic in U satisfying Re f’ (g) >Sa
for z in U, o

If f(z) =2+ ?a,z" and g(2) =z+§]b,.z" are analytic in U, thén 80 is
their Hadamard product or convolution denoted by (f+g) (), and defined
by (f48) () =2+ Tabern

A function f&S is said to be pre-starlike of order @, 0<<a<(1, denoted
by R(a), if f(2)*2(1—2)2*2<=S(a) and set R*(a)=R(a)\T.

In [1], we investigated the mapping properties of the function F(z)
denoted by

(L. 1) F(2) = (1—2) (f4g) +A(S*h)
where g(2) =z+§jbnz", h(z) =z+ glcnz" (b, and ¢, are known and non-

negative), 2>>0 and when f(2) is respectively in 7, S$*(a), K*(a),
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P*(a) or R*(a).
In the present paper, we study the Distortion Theorem and Fractional

Calculus of F(z) when f(2) belongs respectively to several subclasses of
analytic functions with negative coefficients.

From now on, the function F(z) will be defined by F(2)=(1—2)
(f*g) +2(fxh) with g(2) =z+§:b,.z", h(2) =z+§:ic,.z" in which 2, b,
and ¢, are real and nonnegative.

2. Distortion Theorems

THEOREM 2.1. Let f()ET and A(n) =2A(n+1) >0 for n=>2, where
A(n) =b,— b, +c,. Then

@1 |z|__éz_—_1,1’2_t3£3_|z|zglp(z)|g|z]+.b_z:_:1_baﬂ£2,|z|z

2 2
Jor 2<=U,
(2.2) 1= (ba—2br+2c) [ 2| <[ F'(2) | <14 (by— by +-2c5) | 2]
for z&=U,

The result is sharp.
Proof. We note that

25| <Tinla] <1
by ([5], Theorem 3). Therefore we have
[P | 212] = 12125 (6= 2b.+ 26.) ||

22|~ G bticr) |21*5 ]

2|z|_é£.&‘i:5_ﬂ£:.|z|z

and
|F@) <zl + 1255 (o bt de) | ]
<|z| + (e by 105) | 21755 | 4
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<o)+ L Betdes g0
Using ([5], Theorem 3), we have

|F? 2) | 21— (o= 26+ 365) | 2| Sinla,]
21"‘ (bz"']bg‘*‘l?(«'z) lzl.

and

|F? (2) | <14 (o 26+ 2c2) |2) Sinlaa]
Sl"l" (62—262+Zcz) IZI .
The result is sharp for the function f(z)=z— (1/2)z%

REMARK. Under the hypotheses of Theorem 2.1 and 2&U, we have
the following results.
(1) If f(z)<S*(a), then
(i) fo) - BBl 2D A=) 1, ocip(y) |
<|zl+‘(_b~z“lbz+zcz)(1"‘a) K
- 2—a !
Gi) 1— 2(52—1622'1”—322) (I—a) l2| <|F'(2))
<1+ 2(b2"‘2b2+2C2) (1"'(1) Izl
< oy .
) If f(z)=K*(a), then
O e a P LI O
(bz“"lbz‘l"‘iﬁz) (1""(1) 2
<o+ =Btz (=a) s
(ii) 1~ (bz"lbz;'—l‘;z)(l"a) |21_<_IF'(2)|
<1+ (Bo—2by+2c5) (1—a) |
- 2—a
3) If f(x)=P*(a), then
(i) |z|—Lam 2t (20 e (y) |
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<l2'+ (bz—lbz-i-lcz)(l——a) Izlz
—_— 2 3

(i) 1~ (b= by +ics) 1—a) | 2] <|F' () |
<1+ (Bz— b+ 2c,) (1—a) | 2].

THEOREM 2.2. Let f(z)E=R*(a) with 0<a<(1/2) and A(n)>
Am+1)>0 for n>2, where A(n)=b,—Ab,+Ac,., Then

- bz—‘lbg‘l‘ch 2 _bz-_"zéz—_‘i:zfi 2
2.3) |=| T —a) |z|2<|F(z) | <]z + To—a) 2|
for z<=U,
. bz“lba’i‘lb’g ’ bz'—262+102
@4 1-—-2 =2 <|F/ () | <1+ 72— |2
for 2&U.

The result is sharp for the function f(z) =2~ {1/2(2—a)}2%
_ Proof. (2.;3) In [6], z01—2)*2=zx+ ;B (a, n) 2" where B(a, n) =

(T -2}/ =D, n=2,

Since B(a, n)<B(a,n+1) for the 0<a<(1/2), it follows from [6]
that e o S

(2-a)Ba, D5 |a,,|g§f(n;a)3(a, n) | an] <1—a.
Thus ‘ ‘ 7
(2.5) %lanlg’i/’{z(z—a)}.'

The inequalities in (2.3) follow from (2.5). |
Using @ —"a)g(a’ 2) g}n | @) gi} (n—a) B(a, n) rl a;| <1 —e, we have

the inequalities in (2.4)., . .
3. Fractional Calculm.s‘

We need the following definitions of fractional derivatives aﬂd fractional
integrals which were defined by Owa ([3], [41). :

DermiTiON 3.1. The ~f;'actional integrals of order 4 is defined by
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\ - —(1/1 i
3.0 D@ =W ®) [ L,

where 6>>0, f(z) is an analytic function in a simply. connected region
of the z-plane containing the origion and the multiplicity of (z—{)?!
is removed by requiring log(z—{) to be real when (z—{)>0.

DEFINITION 3. 2. The fractional derivative of order § is

- fQ©)
Gn  Do@=wra-a [ L,
where 0<{6<1, f(2) is an analytic function in a simply connected region
of the z-plane containing the origion and the multiplicity of (z—{)~* is
removed by requiring log (z—C) to be real when z—08)>0.

DEFINITION 3.3. Under the hypotheses of Deﬁmtlon 3.2, the fractlonal
derivative of order n+4 is defined by -

3.9 D () =-2 DA (),
where 0<6<1 and #2&N,=1{0, 1,2, 3, --}.

THEOREM 3.4. Let SE@ET and A(n) ZA(n+1) >0 for n>2, where
A(n) =b,— b+ A¢,. Then

ao s b
3.5  IDTF®I< rlle::;) 14+ Bemfltier |, )

for >0 and z=U. The equalities in (3. 4) and (3. 5) are attained for
the function f(z)=z— (1/2)22%

Proof. Let

(3.6) G (z) r (2+5) 272D, F(2)

= F@+DIR+E 4 o -
—FT %:: P(n+1+5) (bn an+2(:,,)a,‘z

B OO RSP
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where ¢(#)={C(a+ 1) (2+8)}/T'(n+1+8) (n>2).

Since we have 0<¢(n)<p(2)={I(3) I (2+8)} /I (3+8)=2/(2+35), and
F)ET, we have

(3.6) |6 (@) |2 12] — (ba—2bat-26)$(2) | 21?5 o
R e
and
GD  1CEI<Izl+ G Bt )32 515

bz"“lbz'l‘lé'z 2
<ol + ba=tatler |

Thus we have the inequalities (3.4) and (3.5) from (3.6) and (3.7).

Finally, we note that the equalities in (3.4) and (3.5) are attained
for the function F(z) defined by

-3 — zlts _ bz—lbz’*“ng
D, *F(z) l’(2+6){ 243 "]

which is equivalent to
f@)=2—(1/2)2.
This complete :[the proof of Theorem 3. 4.

THEOREM 3.5. Let f(2)ET and A(n)>A(n+1)>>0 for n>2, where
A(n)=b,— b+ Ach., Then

3.8  |DFE|zpH {1 bt )
and
@9 IDFEISpE [ it g,

Sfor 0<8<L1 and 2<U. The equalities in (3.8) and (3.9) are attained
Jor the function f(z)=z— (1/2)22
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Proof. We define H(z) by
H(z)=I'(2—8)2*D,'F(2)

e L+ (2—0)
* 2; ’;'(n+1——6)

(bs— by +2cp) 2"

=g— };Jqs (#) (be— 4b, + Acy) naz",
where ¢(n) = {'#)'(2—8)}/T'(n+1-8) (#>2).

Since 0<g(n)<$(2)={I' ()" (2—8)}/T' (3—8)=1/(2—5) and f(2)ET,
we obtain

|HG) | 2 (2]~ $(2) Ga—ibrt-2c2) 215 .

— b=y tics 112
>zl 53 2]
and

|H() | <l2| +6(2) Ga—2bs+des) |21En aal.

b2~2b2+262 2
<le|+- Bt |y

Futher, the equalities in (3.8) and (3.9) are attained for the function
F(z) given by

- gl—é . bz'—zbg'*"x(;'z
DiF) =g (1~

which is equivalent to
F@)=2z—(1/2)22

REMARK. In the other case, it can be proved by similar method given
in Theorem 3.4 and Theorem 3.5,
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