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ON MULTIPLICATION NON-COMMUTATIVE SEMIGROUPS

YOUNKI CHAE AND HYE KYUNG KIM

O. Introduction

Multiplication rings have been extensively studied by Gilmer and Mott
[1], Griffin[2J, P.F. Smith[5J, etc., and have been characterized using
powerful ideal-theoretic techniques. Their techniques are not enough to
characterize multiplication semigroups, since multiplicatication semigroups
are not necessarily of dimension less than or edual to one, unlike
multiplication ring (the term "dimension" is defined exactly the same way
as in ring).

V.L. Mannepall[3J, [4J investigated the structure of multiplication
commutative semigroups containing identity. The aim of this paper is to
characterize the structures of multiplication non-commutative semigroups
under the some conditions.

1. Characterization of P-primary ideals in a noncommutative
semigroups

Troughout this paper, S will denote a semigroup. For subsets A and
B of Sand xES, we adopt the following notations:

AB= {ablaEA, bEB} ,
A::::;:B : A is a subset of B,
A<B: A is a proper subset of B
(x) : the principal ideal generated by x in S.

For any ideal A in S,

A= {xESI (x)n::::;:A for some positive integer n}
reA) =The intersection of all prime ideals containing A
A*= {xESlxnEA for some positive integer n}

In any semigroup, ACr(A)CA*, [6J.

-17 -



18 Younki Chae and Hye Kyung Kim

DEFINITION. A semigroup S is a left (right) multiplication semigroup
if for all ideals A<B of S, there exists an ideal C such that A=BC
(resp. A=CB). A semigroup S is a multiplication semigroup if S is both
a left and a right multiplication semigroup.

DEFINITION. Let P be a prime ideal of S. An ideal A in S is said to
be left (right) P-primary if

(i) Let X, Y be ideals in S such that XY<A and Y:$:A(X:$:A) then
X:$:r(A) (Y:$:r(A)) and

(ii) reA) =P.
It is easily showed that a primary ideal need not be a power of a

prime ideal and conversely, a power of a prime ideal need not be
primary.

(lL) Given ideals A<P of a semigroup S with P prime, there exists
an ideal B such that A = PB.

LEMMA 1.1. Let S be a semigroup which satisfies (lL) and P<I ideals
of S with P prime. Then P=!P.

Proof. The proof follows as h1 Theorem 1. 1 of [5J.
co

Let I be an ideal of a semigroup S, we denote 11IJ= nln,
..=1

LEMMA 1. 2. Let S be a semigroup which satisfies (lL), and A<P
ideals of S with P prime. Then A<P1IJ or A=pk or A=pkB for some
positive integer k and for some ideal B:$:P.

Proof. Suppose A~PW. There exists nEN such that A<Pn but A:$:
Pn+!. The result is proved by induction on n.

CoROLLARY 1. 3. Let S be a semigroup which satisfies (lL) , and A, P
ideals of S with P prime and A::$:P"'. Then there exists k:2::0 such that
A<pk and p.Hl=APUP.H2.

Proof. By Lemma 1.2, if A<P then A=Pn or A=P"B for some
positive integer n and for some ideal B::$:P. If A=Pn, then Pn+l=PlIP=
AP, Thus PlI+!=APUp"+2. If A=pnB and B::$:P, then P<BUP. By
Lemma 1.1, P= (BUP)P=BPUP2. Hence pn+! = PlIP=PlI (BP UP2) =

APUPll+2. If A::$:P, then P<AUP. By Lemma 1.1, P= (AUP)P=
ABUP2.
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LEMMA 1. 4. Let S be a semigroup which satisfies (lL) and P a prime
ideal of S. Then pw is a prime ideal of S or pn=pn+l for some positive
integer n.

COROLLARY 1. 5. Let S be a semigroup which satisfies (1L) and P a
minimal prime ideal of S. Then pn=pn+l for some n.

CoROLLARY 1. 6. Let S be a semigroup which satisfies (lL) and P a
prime ideal of S. Then pw=ppw.

LEMMA 1. 7. Let S be a semigroup which satisfies (1L), P a prime
ideal and n a positive integer. Then any ideal A with pn<A<P is left
P-primary.

Proof. Since A<P, r(A) = nPj<p. Since pn<A, for any PEP,
(p)n<pn<A. Thus P<r(A)<P implies P=r(A). Let X, Y be ideals
of S such that XY<A and Y::j;;A. Suppose X::j;;r(A) =P, then P<XUP.
By Lemma 1. 1, P= (XUP)P=XPUP2<XUP and P= (XUP) (XPU
P2)<XPUP3<P. Hence P=XPUP2=XPUP3=···=XPUpn implies
P=XPUA. Since XY<A<P, Y<P. Hence there exists B such that
Y=PB. Thus Y=PB=(XPUA)B=XYUAB<A, a contradiction.

(2L) Given any positive integer n, and ideals A<pn of S with P
prime, there exists an ideal B of S such that A=pnB.

It is clear that (2L) implies (lL).

PROPOSITION 1. 8. Let S be a semigroup such that (lL). Suppose
P=PA for all ideals P<A with P prime. Then S satisfies (2L).

Proof. Let A, P be ideals of Sand n a positive integer such that
A<pn. When n=l, A=PB for some ideal B. Suppose for n-1, A=
pn-lC for some ideal C. If C<P or C=P, then it is clear. If C::j;;P,
then P<CUP. Using Lemma 1.1, P=PCUP2. Suppose Pk-1=Pk-lCU
PR, then Pk=PkCUPHl. Hence pn-l=AUpncpn. Thus pn-l=pn and
A=pnC.

Lemma 1. 1 and Proposition 1. 8 show that the conditions (lL) and
(2L) are equivalent for a commutative semigroup S.

LEMMA 1. 9. Let P be a prime ideal of a semigroup S such that (1L).
If B<P<A with P prime, then B=AB i.e., B<Aw.
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Proof. By Lemma 1. 1, P=AP. Since B<P, B=PD for some ideal
DofS. HenceB=(AP)D=A(PD)=AB. MoreoverB=AB=A(AB)='"
= AroB<A"'.

THEOREM 1. 10. If a semigroup S satisfies condition (lL). Then S
satisfies that each ideal whose radical is prime is primary. Morever p"
is P-primary for each n.

Proof. Suppose Q is an ideal of S such that r(Q) =P is prime. If
P=S, then Q is primary. If P<S. Suppose Q is not primary. Then
there exists PEP-Q and sES-P such that sPEQ. Let A=QU (p)P.
Then p$A. For, suppose pEA, then pEA-Q. Since there exists bEP
such that p=pb, p=pb=pb2=···=pb"EQ, a contradiction. By Lemma
1. 9, AU (p) = (AU (p)) (PU (s)). Hence AU (p)<APU (p)PU (s)AU
(p) (s)<A, a contradiction.

THEOREM 1. H. Let S be a semigroup with identity (lL) and P=PA
for any ideals p<A with P prime. Then every left (right) primary ideal
is a power of its radical.

Proof. Let Q be a left primary ideal with r(Q) =P. If P=S, then
Q=S. Assume P=I=S. IT Q<Pw and Pn=l=P,,+1 for any n, By Lemma
1. 4, pro is prime. It follows that P<Pw, a contradiction. If Q<Pw and
Pn=p"+1, for some positive integer n. For any xEP", (x)<P". By
Proposition 1. 8, (x) =P"B for some ideal B. Thus (x) =P(x) implies
there exists tEP such that x=tx. Hence x=tx='" =t"xEQ implies
Q=Pn. Now, when Q::t;;Pw, by Lemma 4.4, Q=P" or Q=P"B and B::t;;
P. Since Q is P-primary, P"<Q. Hence Q=P".

2. Multiplication non-commutative semigroups

Let S be a semigroup which satisfies (lL) and let PI= (IX I) U Is be
a Rees congrunce. Then SIPI= {I} U {{x} IxES\l} is a Rees quotient
semigroup. Let P be a minimal prime ideal of A in S. Then PIPA is a
minimal prime ideal of SlpA, since {Ill is an ideal of S containing A}
is one-to-one corresponding to {IIPA I11PA is an ideal of SIPA}. Since S
satisfies (lL), SIPA also satisfies (lL). By Corollary 1. 5, there exists n
such that (PIPA)"= (PIPA)"+l. It follows that AUPn=AUPn+1. Let
7)A(P) denote the least positive integer n such that (PlpA)"= (PlpA) ,,+1
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and peA) be a collection of a minimal prime ideal of A. Define A= n
pep (A)

(AUP'.(P»).

(TL) Every ideal A of a semigroup S is an intersection of left primary
ideals.

Every ideal in a (left, right) duo Neotherian semigroup has a reduced
(left, right) primary decomposition [1].

THEOREM 2.1. Let S be a semigroup with identiy which satisfies (TL)
and (1L), antd A an ideal of S. Then A=A.

Proof. By property (TL) , there exist families of prime ideals PA and
ideals AA such that AA is a left P A-primary for each A in A and
A= nAA. By Theorem 1.11, there exists a positive integer k such that

AeA

Pl=AA. Let AEA, then there exists PEP(A) such that P<PA• Hence
(PlpA)"'«PAlpA)"'. Since AA=Pl and (PIPA)"=(PlpA),,+1 for some
positive integers k, n, (PIPA)"< (PAlPA)"'<P/,IPA=AAIPA. Hence for each
A, AUPn<AA. It follows that n(AUP".(p»)<nAA=A implies A=A.pep (A)

THEOREM 2.2. Let S be a semigroupwith identity which satisfies (2L).
Then A= n p'. (P) for all ideal A of S.

pep (A)

Proof. P'"(P)<AUP", <P><P. By Lemma 1. 7, AUP",(P) is P-Ieft
primary. By Theorem 1.11, AUP".(P)=Pk for l<k<7JA(P). Hence AU
P1J.(P)=AUPk implies (PIPA),.(P)=(PlpA)k.

DEFINITION. Let S be a semigroup and A, B ideals of S. Then A and
B are called incomparable if A~B and B~A.

LEMMA 2. 3. Let S be a semigroup with (1L) and let P and Q be
incomparable prime ideals of S. Then PQ=QP=pnQ.

LEMMA 2.4. Let S be a semigroup with (2L) and (TL). Let P be a
prime ideal of Sand n a positive integer. Then no ideal A satisfies
p"+1<A<P".

PROPOSITION 2. 5. Let S be a semigroup with identity which satisfies
(TL) and (2L). Let A be an ideal of Sand P a minimal prime ideal
of A such that n=7JA(P). Then there exists an ideal B such that A=
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P"B=BP"=p"nB or A=pn.

Proof. By Theorem 1.11, A=A= n p~.(P), it follows that A<pn.
pep ,A)

Suppose A<pn. By Proposition 1. 8, there exists an ideal C such that
A=P"C. Let B= {sESIPns<A}. Then C<B. Hence A=pnC<P"B<A
implies A=P"B. Since A=p"nD where D= n T~.(T), P"D<A

Tep(Al-IPI

implies D<B. For each T in peA) - {P}, A=pnB<T~.(TJ and T~.(T)

is T-primary, by Theorem 1. 10. Since pn-5. T, by Lemma 2.4, B<
TfJ.(T). Hence B<D implies B=D and A=pnnB. Let A'=Bpn<BnPn=
P"B=A. Then there does not exists A'<Q<A<P"<P. Thus p is a
minimal prime ideal of A and TJA , (P) =n. By Theorem 2.2, A'=pnn
{ n H~.,(H)}. For each HEP(A') - {P}, A<H~.,(H) by Lemma
Hep(A')-IPI

1.1, Lemma 2.2 and Lemma 2.4. Consequently A<A' and A=A'.

LEMMA 2.6. Let S be a semigroup such that for all ideals A<B with
A principal, there exists an ideal C such that A=BC. Then S is a
left multiplication semigroup.

THEOREM 2.7. Let S be a semigroup with identity which satisfies (TL)
Ilnd (2L). Then S is a left multiplication semigroup.

Proof. Using Lemmas 1. 1, 2.4, 2.5, Proposition 2.5, Theorems
1. 11, 2. 1, 2. 2, the proof follows as in Theorem 2. 9 of. [7J.

(TR) Every ideal A of a semigroup S is an intersection of left
primary ideals.

(2R) Given any positive integer n, and ideals A<P" of S with P
prime, there exists an ideal B of S such that A=BP".

THEOREM 2.8. Let S be a semigroup with identity with (TR) and
(2R). Then S is right multiplication semigroup.

THEOREM 2. 9. Let S be a semigroup with identity such that every ideal
in S is an intersection of primary ideals. Then S is an multiplication
semigroup ijJ S satisfies (IL) and left primary ideals are right primary.

Proof. Suppose S is an multiplication semigroup. Then S satisfies (lL).
By Lemma 1.1, for ideals P<A with P prime, P=PA. By Theorem
1. 11, and Lemma 1. 7, every left primary ideals is right primary.
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Conversely, let P<A be ideals of S with P prime. Then P2<PA<P.
By Lemma 1. 7, PA is left P-primary. By hypotheses, PA is right
P-primary. Since A::tP, P<PA. Hence P=PA. Thus S is an
multiplication semigroup.
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