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APPLICATION OF CONVOLUTION OPERATORS TO
SOME PROBLEMS IN GEOMETRIC FUNCTION THEORY

Suk Younc Lee

1. Introduction

Let A denote the class of analytic functions f (2) in the unit disk E=
{z: |z] <1} with £(0)=0, f’(0)=1. We denote by S the subclass of
A consisting of univalent functions. Let K, S* C and S, be the standard
subclasses of S consisting of the convex, starlike, close~-to-convex, and
spirallike functions, respectively.

Let f and g be in A with f(z)=§] a,z" and g(z)=§(.)b,,z". We de-
=0 n=

fine the convolution operator I' : A—— A by I'(g)=f*g for given f&

A, where (f*g) (z)=§)a,,b,,z". Let % be a convex function in E. It is

known that if f is in K, S* or C, then h+f is in K, $* or C, respectively.
Let I';, 0<i<4, be the linear operator defined on A by the equation
below.

Fof(z)=2f'(2), I'f(x)=[f(x)+=f"(2)]/2

(S —f(0) _2(*
ref @)= LD ag, rop -2 roa
P4f(z>=jzi@g_”£m%‘§ldc, 2] <1, 2%1.
Each of these operators can be written as a convolution operator given
by I';f =hixf, 0<i<4 where

3 > . .2
ho(z)zz ﬂz"=*(-]:—i—z—)“2—, h1(z)=Z ”+1 o 2(1_22/)22

ho(2) = Fi-2'= —log (1—2), h3<z>=;§

1n

2 . —2[z+log(1;—z)]
=
n+1 z
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s =2 . 1 1—zz
hy (z)—’g1 =P A= log[ 1= :|, fz] <1, z=#1.

For a given compact subclass X of A let rs[X] denote the minimum
radius of univalence over all functions f in X. We use the corresponding
notation for the other subclasses of S. For example rg+[X] denotes the
minimum radius of starlikeness over all functions f in X. Robinson
observed that for any f in S, the derivative of I';f(z) does not vanish
for |2|<<{1/2. He also noted that for the standard Koebe function
B(2)=2(1—2)"2 rs[l(k)]=1/2. He conjectured that rx[[1(X)]=1/2
for X=23. Although 1/2 has been verified to be the correct radius when
Xis replaced by many of the subclasses of S, Robinson’s lower bound
of. 38 for rg [/1(8)] has not been improved until to 1978. A straight-
forward argument using convolution techniques and Krzyz's result deter-
mining r¢(S) can be used to show that »[I';(S)1>. 417. Barnard [2]
has proved in 1978 that

LA9<rg[ I (8)] <. 50.
The classical results of Alexander show that
rs«[Lo(8)1=rs:[Io(8*)]=2— 73,
and Livingston [14] proved that
re[[1(K) 1=rs«[T1(8*) J=rc[I1(C)]=1/2.
Generalizations of these results have been given by Libera and Livinston
in [13] and by Bernardi in [4]. It has been shown by Causey and
others that ro[I'2(C)]=1. Libera [12] showed that
fxl:Fa(K)]=7’s*[['3(3*)]=7‘c[113(c)]=1
and these results have been generalized by Bernardi in [3]. Pommerenke
[18] has shown that rc[I,(C)]=1.

It is not difficult to find the radius of convexity of each of the functions
h;, 0<i<4, previously defined, that is, rg[hy]=2— v 3, rglh]=1/2
and

rxlhel=rglhs]=rg[hs]=1.
It is known that if f is in K,S* or C then I';f=h;f is convex,
starlike or close to convex, respectively, up to rg[h;] for each i,
0<igd.

For a given a, a<1, a function f(z) =z+ﬂiza,,z" is said to be

in the class of functions starlike of order «, denoted by o, if
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Re 2f(2)/f(z)>a (z€E). If 0<a<1, then 3,=8. The function

s.(2) = —(‘i——;)‘gﬁ“‘;;—
is the well known extremal function for the class J,. Letting
1.1 Cla,m=L¥*20 (93 ),
(n—1)!

s, can be written in the form sa(z)=z+§20(a, n)z*

A function f in A is said to be in the class of functions convex of
order a, denoted by X,, if Re {1+ zf (z) ] >a (z€E). For 0<a<1,
K,S. Also it is well known that f Eé’(,,, if and only if syxf=zf"(z)
ed,.

A function f(z)= z-{—gza,,z” A is said to be in the class of func-

tions prestarlike of order @ (a<{1), denoted by &,, if frs,&d,. It is
shown in [31] that &, 8 if and only if @<1/2. For convenience,

we introduce the notation s,”1(z) for the function normalized by s,71(0)
=0 with (s, 71*s,) (2)=2/(1—2). Thus

s (@) = 2+ 5 (1/Cla, n)2,

where the C(a, n) are given by (1.1). With this notation, we observe
that s, xge®, for all gel,.
The family ®, was introduced in [33] where it was shown that

(1.2) R, C Ry

for a<{f<1, and

(1.3) frgeR,
for f, geR..

In this paper, we are able to generalize previously known results and
obtain some results including a verification of Robinson’s 1/2 conjecture
in the case of spirallike functions in Section 2. In Section 3, we give
a generalization of Bernardi’s result. Throughout Bernardi’s paper [4],
he considered ¢ a positive integer. We shall consider ¢ a complex
number with ¢# —1. Moreover, we obtain a generalization of Burdick,
keogh and Merkes results by using convolution technique.
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In Section 4, we are concerned with two generalizations of the class
R,. We define the new classes ®(a, 8) and Q(a, 8) and discuss their
relationship to each other and to the class ®,. We obtain the necessary
and sufficient conditions for inclusion in the new classes.

2. Preparatory lemmas and its applications

The following simple lemma [26] is applied usefully in this paper.
LemMa 1. Suppose ¢, g are analytic in |2|<1 and that

1+a2
¢(z)*————1_yz g(z)+#0
Sfor |z|=|yl=1, |z|1<l. Then if FEA and Re F>(,
2.1) Reﬁgf_>0
Prg

Proof. When x=—y we obtain ¢*g+0, and by simple manipulations
we obtain for |z| <1, |y|=
1+yz
$ ()= 1_§zg(z) L z3—1
P(2)*g(2) zy+1
and hence (2.1) holds for F(z)=(1+y2)/(1—yz). If Re F>0 we
have by Herglotz's theorem

- 14z .
F(z) lelsl 1—yz dp(y)+ic

where # is a positive measure on the unit circle |y|=1 and ¢ is a real
constant. Hence

142
Re2*81 o+gF o (z) *T:y—z—g (=)
o) i @)

We shall need the slightly more general version of the key lemma as
follows:

Lemma 2. Let ¢ and g be analytic in |z2| <1 with ¢(0)=g(0)=0 and
&' (0)g’(0) #0. Suppose that for each a (la}=1) and o (lo]=1) we

have

(2.2) [ *(H“"'z) ](z)9&0 on 0<|z] <r<1.

dyp>0.
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Then for each F in A the image of |z|<r under (¢+Fg)/(¢+g) is
a subset of the convexr hull of F(E).

Proof. Since ¢(2)*[(1+aoz)/(1—02)]g(z) #0 for 0<{|2z|<r<1 is
equivalent to @¢(rz)*[(1+aoz)/(1—02)]g(2) #0 for 0<|z|<1l we can
assume r==1. By Lemma 1, if F has positive real part and (2.2) is
satisfied then Re{[(¢+gF)/(d+g)]1(2)}>0 for =z in E. For arbitrary
F in A the convex hull of F(E) is defined to be the total intersection
of all half planes containing F(E). If we denote by F(E) the closure
of F(E) then a line of support ! of F(E) is the boundary of a half
plane containing F(E) such that B;=I\ F(E) #0. For a given support
line / let & be a point in B;. Then there exists an « such that the
half plane defined by the set {¢ [ (1+2)/(1—2)]+b: 2= E} contains
F(E). For this « and &, if F, is defined by F,(2)=e*[F(z)—b&] for
z in E we have that Re F;(2)>>0 for z in E. Thus we can apply the
Lemma 1 to F; to obtain

Re{i’%gl_(z)]=Re{e=‘a%5§(z)—b}>o, 2CE.

Therefore, for each =z in E we have that [(¢*gF)/(¢*g)](z) lies in the
appropriate half-plane for each support line I of F(E). Hence, it
follows that

[p+gF)/ (¢=g)1(E)

lies in the convex hull of F(E) as claimed.

Robinson’s 1/2 conjecture is valid when X is replaced by K,S* or C
simply because rx[h;]=1/2. We shall now prove that X can also be
replaced by S, the class of spirallike functions. However, the result
does not follow directly from the convexity of A; up to 1/2 because,
unlike K, S*, and C, S, is not preserved under convolution with convex
functions. We shall, however, still be able to obtain the result using
convolution techniques by going directly to Lemma 2. We shall need
the following lemma.

Lemma 3. Let f be in S and F(z)=1+4aiz+--- be regular in E.
Then, the image of |21<1/2 under (hyxfF)/(hi*f) is a subset of the
convex hull of F(E).

Proof. This result follows from Lemma 2 upon showing that for all
a and o, (lal=lol=1),
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ki (2)+{[ F(2)I[(A+acz)/(1—ez)]} =H(z) #0 for 0<|z|<1/2.
From the definition of h; we see that

_{1+}aoz zf’(2) (1+a)oz
2H(z)——( 1—oz )f(z)[1+ f(z) T (1—o0z) A+acz) ]
Since f is in S, if we put {=oz, it is sufficient to show that for all

a(lal=1)

2! &) (A+a)t
= TaDared 70

for iz|, |C|1<{1/2. We note that since f is in S we have that

llog {[=f"(1/f (2} | <log[(A+7)/(XA—7)] for |z]<r.
Let r=1/2. We then have that

Hog {{=f'(=)1/ f(2)} | <log 3 for |z|<1/2.
Now, we claim that |1+e?|>4/3 if |w|<log 3. To verify this, it
clearly suffices to consider w= — pe?? for § in (—=x, z] and p>>0, and note
that

[1+ew|2=1+4¢2pc0s8 | 2] cos (psind) Je~ecosd
It is clear that the replacement of & by —@ does not change the above
expression and thus it suffices to consider 0<0<=z. Letting 2(p,0)=11
+e%|2 we see that
-g—z:zpe—zﬂcoso [sinf-tsin (0— psin®)es=ost].
It now follows that 94/00 >0 and therefore
[1+e?|2>h(p,0)=|1+e7|2>(4/3)?
and the claim follows. We now have that |1+4+2z2f'(2)/f(2){>4/3 for
|z] <{1/2. Lemma 3 will follow upon showing that for all @, (ja|=1),

(1+a)¢ 4
(2.3) A=D1 +ad) <3

provided |C]<{1/2. Inequality (2.3) will follow from our next lemma
which will be used later in this paper.

Lemma 4. For |al|=1, let t,(z)=[Q+a)z]/[(A1—=2)Q+az)]. If
Izl <r<d, then 1 fa (D 1L2r/ (A —72).

Proof. Write a=é?s, —x/2<p<r/2 and z=re?. If we put :=0-+¢
we see that




»
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_ r (e~i¢+ei¢) et
fa (z) - 1+reit(ei¢__e"i¢) _rzeZiz
2rcos¢o

- (1—7%)cost+i[2rsinp— (1+7r2)sint}

Now, .
| (1—r2)cost+i[2rsing— (1+r?)sing] |2

= (1—r2)2+4r2sin % — 4r (1 +r2)sinpsint +4r2sinp

2

=4r2[sin t — (—lgi'f—)—sin go] + (1—7r%)2cos?p

> (1—r?)2cos?p
It now follows that |f,(2)|<2r/(1—73).

With these results we can now prove that Robinson’s conjecture is valid

when S is replaced by S,.

TueoreM 2. 1. The minimum radius of spirallikeness over all functions
of the form 1/2 [f(2)+zf'(2)] for f(=)E€S, is 1/2. That is,
rs,[11(Sp)1=1/2.

Proof. Since fis in S, there exists a real y such that H(z)=

. e'rzf’(2) /f(z) has positive real part in E. To show that I'yf=hxf is
spirallike in |2|<{1/2 we define H; by

Hy(z) =[erhyr2f' (2) ]/ [lsf (2) 1=[h1*f () H(2) 1/ [ =S (2) ].

Then Lemma 3 assures that H;[|z|<{1/2] is contained in the convex
hull of H(E). The - result follows by noting that k(z)=2(1—2)"% is
spirallike for =0, and the radius of spirallikeness of I';[k] is 1/2.

By using Lemma 2, we give another proof of Livingston’s result given
in [14, p.356].

Tueorem 2.2. Let Ky be the class of functions f in S for which Re
f'(2)>0 for z€E. Then rx[I1(K1)]1=(v'5—1)/2=r,
Proof. Since
(haxf) (2) =[hi(2) #2f" (2) 1/ 2= [ I (2) #2f" (2) 1/ [P1 (2) %2]

we need only show that Re {{£(2)*2f"(2)1/[h1(2)+2]} >0 for |z|<r,.
By Lemma 2 it suffices to show that

H(z)=h(2)*2(1+acz)/(1—oz) #0 for 0<|z|<ry, -la|=|o]=1.
However, from the definition of 2, we have that
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(1—oz)? s L2+ (1—oz2) Q+aoz)
By using Lemma 4, we obtain

2H ()=110%% o1 (tejoe? _ 1taozl (1+a)oz }

(1+a)oz l (1+a)oz |~
2t A0 A taos) | 22 [A=0n) A Tagey| 222/ 1=)>0,

0<r<lry
The result then follows by considering the function
f1(z)=—2log(1—2) —=,
which shows that the result is sharp.

Let T be Rogosinski’s class of typically real functions on E, noting
that functions in T need not be univalent. Let C; be Robertson’s class
of functions in T that have their images convex in the direction of the
imaginary axis. (see [19]). Recall Fejer's observation that & is in C,
if and only if 24’ is in 7. We include a new proof of Robertson’s result
in [20] showing that 7T is invariant under convolution with functions in
C;. We then give a corollary showing its application to Robinson’s 1/2
conjecture. Let P be the class of functions p analytic in E which have
positive real part and are normalized by 2(0)=1.

TrneoreMm 2.3. If h is in C; and f is in T then hxf is in T.

Proof. It is a standard result that f is in 7 if and only if f(z)=
2(1—22)"1p(z), where pis in P and has real coefficients. Also, for any
function g in 7, there exists a nondecreasing function g, on [0, z] with
pg(m) —1,(0) == and such that

g(zx)= j m dpug(t).
For each ¢ in [0, z] the function g, defined by
zg/ (2) =2(1—2zcost+22)"Y, g(0)=0,
is convex because zg,” is starlike. Thus, for # and s in [0, ],
g(z,5,8)=z2g/(2)*g,(2)
is starlike and has real coeflicients so that g(z, ¢, s) is in 7. Hence
gz, 5,8)=2(1—22)"1p(z,s,¢) where p is in P. By using these facts and
the properties of convolution, we obtain for & in C; that

_1¢( 2
(h+f) (2) w?jo he 1—2zcosz+ 22 dps (2)
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___j 2k (2) jmdmt)
= s i © @ ®

wlomi|Jol—2zcoss+z
— L0 [0 ) 8Dt (s o)
e zzz ,zzj IP(*": s, £)d iy (S)dﬂf(t)——

where p; has real coefficients and is in P from the properties of u,; and
5. Thus, from the characterization of T the theorem is proved.

22 Pl (2)

Cororrary. If f is in S and has real coefficients then hixf is typically
real for |z|<1/2.

Proof. This follows from Theorem 2.3 since rx[hi]l=rc, [l]=1/2
and any function in § with real coefficients is in 7.

3. Generalization of Bernardi’s and Burdick’s results

We now give a generalization of Bernardi’s results in [4]. Throughout
Bernardi’s paper he considered ¢ a positive integer. We shall consider
¢ a complex number with ¢# —1. In each case when ¢ is considered a
positive integer we obtain Bernardi’s results. We define A, by

Lo =S =GR

For f in A let the operator I', : A —> A be defined by I'.(f) =hxf.

Treorem 3.1. (i) If Re {c} >0 then re[I.(K)]=1.
(ii) 1If
4r—1—12
3.1) Reic }>——-—1—;—2—”—
and f is in K,S* or C then hxf is convex, starlike, or close-to—convez,
respectively, for \z|<lr. If ¢ is real and greater than —1 then

(3.2) rx[L(K)1=re:[T'.(8*)]=rc[l.(C)]=ro

where ro={2— (B+cA)V% /(1—¢) for ¢£1 and for ¢c=1, ry=1/2.
Gi) If
(3.3 te+11>2r/ (1—1%)
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and f is in Ky, then Re {(hxf) (2)} >0 for |z} <r. If c is real and
greater than —1, then rg [I'.(Ky)]=r1 where ri=[—1+ (2+2¢+c2)1/%]/
1+o).

Proof. Part (i) follows by the fact that &, is in C if and only if
le/ a+o—1/2]1 <1/2 which is equivalent to Re {c} >0.

The first part of (ii) will follow by showing that whenever inequality
(3.1) holds then r<rg[h.]. Consider, for k(z)=2/(1—=z)?, that

zh) (2) _ hsksk , \ _ hk[ (kxk) /E]

e haE DT ok

Since (k+k)/k(z)=(1+2)/(1—=), Lemma 2 assures that the term on

the right hand side of inequality (3.1) has positive real part whenever
(3.5) hx[k(Q4aoz)/ (1—o0z)]1#0 for all a,0, la|=|o]|=1

and 0<|z|<r. Thus we need only show that this » is determined by
the condition (3.1). From the definition of %, and the comparison of
their corresponding Taylor series we have that

3.4 1+

l4acz _ 1 Ll—i—ao‘z[ =k (1+a)oz
(3.6) hev k 1—0z 14+¢ 1—az ot k + (1—02) (1+cwz):]

Thus, it suffices to show that the bracketed term in (3.6) is nonzero for
}2] <r determined by (3.1). From the definition of k(z) and Lemma 4
we have that

zF (z) (1+a)oz
t 3w T A=) Qtass) *°

whenever Re {c+(1+2)/(1—2)} >2r/(1—r2). This holds when

2r _1—r_4r—1-—7*
@D Rl 1

as claimed. For real ¢>—1, (3.7) is equivalent to ¢+1—4r+ (1—c)r?
>0, which holds whenever 0<r<r,. In order to complete the verifica-
tion of (3.2) we consider the cases of sharpness. For the convex case

we convolute A,(z) with z/(1—z) to obtain

1420 (Qte) +4z+(1—0)2
k' (z) A—2)[A+c)+1—0)z]

It easily follows that J(—rg) =0. For the starlike and close-to-convex
case we convolute A, with £(z) to obtain

=J(z).
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z(h k)’ zh,” (2)
=14+ =J(z).
ho+k hc’ (2) @

So that again J(—ry)=0. Since for c=1, hxf=hxf=If, the case
c=1 follows from our previous results.
We prove (iii) by noting as before that

(he*F)' (2) =Mﬂ.

h(z) %2
Since f is in K;, Lemma 2 assures that Re {(h#f)’} >0 whenever
(3.8) ht(z(1+aoz)/(1—02)1#0, lal=]o|=1

and 0<|z|<r. We need only show that this r is determined by condi-
tion (3.3). We have
14+aoz _ 1+aoz 1+a)oz
hoz 1—oz 1—0z [1+ + (1— <az) (1)+ozoz) ]1—1—0
Thus applying Lemma 4, we have that inequality (3.8) holds whenever
inequality (3.3) holds as claimed. For ¢>—1, inequality (3.3) is equi-
valent to

2| <<ri=[—1+(@24+2c+c*)172]/ (A +¢)
That ri=rx:1[I'.(K,)] follows by convoluting h.(z) with fi(z) =—z—2log
(1—=2) to obtain
(hxf1)! (2)=[(Q+¢c) +2z— (1 +)22]/ (1—2)2=g(2)
where g(—r)=0.

Another type of problem to which we can apply convolution techniques
is the following : Let G(2)=—F(—=2)/f(2) and F(2)=f'(—2)/f'(2).
In [8] Burdick, Keogh, and Merkes determined the smallest @ and 8
such that Re {G(2)}*>0 and Re {F(2)}#>0, 2 in E, for f in K, S*
and C. Noting that

Glz)=[f(2)*2/ A +=2)]/[ f (2)*2/(1—=)]
and that F(z)=[k(z)*f(2)*2/(Q+2)]/[k(z)*f(2)*z/(1—=2)] we obtain
the following generalizations of their work. Given 8,0<8<1, let

S8*(B)={feS : Re[zf'(2)/ f(2) 1>, < E}.

LimMa 5. If f is in S*(B) then
(3.9) Re{lf(2)*2/ A+2)1/ f(2)}1/24P>0, z2€E.
The result is sharp.
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Proof. This lemma follows readily from the Herglotz representation
for functions in S*(B). Since f is in S*(8) there exists a probability
measure g such that

log[f (2)/=]=2(1—p) | log(1—ze)dpu(s),
Thus we obtain
_f(__z) . . 4 1—=zeft
fz) —eXP[Z(]_ B)j_xlog 1+ zeit dﬂ(t):',
and the result follows. The sharpness follows by considering

£(2)=kp(z) —2(1—2)26 D, where kj(z)= ‘(’1’—1‘3@)—2

Tueorem 3.2. If f is in C then

6w OSR]I e

The result is sharp.

Proof. Let Ks(x) =f;(k§(z;)/c)dc. Since £ is in C, zf’(z) = g(2)p(=)
for g(z) starlike and Re {p(2)} >0, = in E. Let p; designate a function
with Re {p;(2)}>0,2 in E, for i=1,2,3, and 4. Using these notations
and Lemma 2, we have

LEY @y K@l (&
kg(2)*xf(2) Kg(2)*zf’(2)
Kg(2)+g(2) p1(2)* 1T bd [K/s (2)*g(2) 1p2(2) * 1+
Kp(z)xg(z)p1 (2) OO0
(K@ +g 1+ 5 }p3<z)
a1 [Kﬂ(z)*g(z)]pz(z)

Bl s
Cenerye
[[k @+ g(C) C] _2z

142 -
ps(2)p271(2).
1 kﬁ(z)*_[ g(C)d(:
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It is also easy to prove that if k is in K then h#k; is in S*(8). So
from the convexity of j: [2(0)/C]}dC and Lemma 5, we have that (3. 11)
equals

P20 (2) p3(2) p1 71 (2).
Therefore, inequality (3.10) follows. Sharpness is proved by considering

the function f(z) =k (2) = {z—[c/ (1 +¢)]2% / (1—=2)2. A straightforward
calculation gives that

larg {[£5(2) k. (2) 2 (14-2) ]/ Thg (2) ¥k () ]} |

1—2\326 1+[1—28/(1+¢)]=
arg{<1+z> [1—[1—25/(1+c)]z]}l'
If welet 1—28/(14c¢)=Re and z=e, then, for 0=—¢+x/2, (3.12)
becomes
(3.13) [(83—28)x/2+Arc sin[2R/(1+ R?)]|.

Since R approaches 1 as |¢| approaches co we have that (3.13) approa-
ches (2—B)x and the result follows.

(3.12) =

4. Characterizations for the classes R(a, 5) and @Q(a, 8)

We now give two generalizaions of &,, the class of functiotns prestar-
like of order @. Let <1 and g<1.

A function f€A normalized by f(0)=f"(0)—1=0, is said to te in
Rla, B) if frs, €85 Note that R(a, a)=R,.

A function f€A normalized by f(0)=f"(0)—1=0, is said to ke in
Qa, B) if frgedy for all ged,. For a<p, the class Q(a, §) was
studied by Ruscheweyh and Singh [25]. Suffridge [33] showed that
Qa, a)=R(a, a)

The following lemma which is due to Ruscheweyh is useful in our
generalizations of &,

Lemma 6. [28]. The function f(z)==z-+ ianz” in A is prestarlike of
order a (a<1) if and only if

@1 f(z)*(Tg;Lf_;—;ao 0<lz|<1, |z|=1).

We begin with a discussion of the relationship of Q(a, 8) to R(a, 8)
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for a#pB. Since s,Ed3, it is clear that
(4.2) Q(a, ) CR(a, B)

We determine when this containment is proper with the following

TueoreM 4.1. We have Q(a, B) =K a, B) if and only if $=a.

Proof. For B>a, let f be in R(a, B) so that fss.*s5 €K From

(1.2), ged, implies gxs, € R, Ry It follows from (1.3) that
(frsersg )2 (ges, ) =frgrsg I ER,,

or, equivalently, that frged; for all ged,. Therefore, fEQ(a, 8).
Thus, R(a, 8)<Q(a, 8) which combined with (4.2) proves that Q(a,
B)=R(a, B).

For g<{a, we show that sg*s,”! in R(a, §) is not in Q(a, B). It is
known [30] that z+5,2"=d3, if and only if

(4.3) |6y <17
n—7
Hence,
sﬁ*sa"1*<z+—;—:—g— z2> =g+ ;:g 22¢d, for f<a.

For 0<a<1, an application of Theorem 4.1 solves the problem of
determining the order of starlikeness of a function known to be convex
of order a. This problem was solved by MacGregor [15] using the
princple of subordination. We obtain the solution simply as a

CoroLrary, If f(z) =z+f} ate K, (0<a<l), then f is starlike
#=2
of order

47(1—2a)

el #1/2

Bla) ) i
Tog 4’ a=1/2.

Proof. It is known that fe &£, implies f is starlike of order at least
a. We want to find 8=p8(a) >a such that zf’=f*s9€d, implies fed,,
i.e.,, sgteQ(a, B). By Theorem 4.1, so"'€Q(a, 8) if and only if

stese= [ A—D =L g,

Thus, g(a) is the order of starlikeness of
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fle)= 2a 7 (A=2)71-1), a#1/2,
a\®

1 —
log (1__2 ), a=1/2,
which is the value of 8(a) recently given by Wilken and Feng [35].

TueoREM 4. 2. A necessary and sufficient condition for f to be in
R(a, B) is that

G(a, z) =L Z)* (s (2)/A—2))

F(2)#s5,(2)
satisfies
14+8—2a
4.4) Re G{a, 2) _>_—-—-——~——2(1__a) (z€E).
Proof. If feR(a,8), then g=s,xf&I;. From the identity
Sa(z) - 1-2a = 1 z
T S {2 %0 1—% | 9—2a (1—z)2}’

it follows that

flyeselel 1220y 1

’
2_2a5 zg (z)'

2— 2

Therefore,
1—2a + 1 zg’ (2)
2—2a  2—2a g(2)
and (4.4) follows. Conversely, (4.4)implies that g€, and hence f
eR(a, B).-

Given a family of functions VA, the dual of V,denoted by V*, is
defined by

Gla,z)=

V*={f€A: frg#0 for Vg€V, zE€E}.

The double dual of V is defined by (V*)* and is denoted by V**,
Dual spaces in this context were introduced by Ruscheweyh [23], who
demonstrated their importance in solving various extremal problems. In
[23], some families were given whose duals were various well known

subclasses of S.
CoroLLARY. Ths function f is in R(a, B) if and only if
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ot (d—a)z+f—a 22

A0 (lz1=1,0<I=I <.

Proof. From Theorem 4.2, if feR(a, B), then fis,#0 (0<|z|<1)

and

(4.5)

(4.6) f(z)*”%—%il__(l—ﬁﬂ 1 ), lz]=1.

F(2)#sa(2)

1—a/\1+2
A simplification of (4. 6) leads to (4.5). Conversely (4. 5) implies (4. 6),
which yields (4.4) by continuity.

In order to get characterization results for Q(a, 8) we need the follo-
wing definitions and remarks that were originally given in [29].

Suppose that £(z) is analytic and nonzero in E and that 2 is real. We

’ <2A/2 for >0
Re%"éf)— {>z/2 for <0
=0 for =0

For f€A, we say feK(a, 8) (@=0, 8=0), if f can be written in
the form f(2)=k(z)H(z) where k€, and HEA is nonzero and
satisfies

|larg H(z)lg—%z min (a, ) (z€E).

Remargs [29]. (1) For A<0, k<1, if and only if 2zkE3;, /9.

(2) Finite products of the form £(z) =cll;2; (1+xz;2)* where | 13| =1,
c¢+0, and é‘,ll,,=2 (all A, having the same sign) are dense in/l,.

(3) For feK(a, B), f#0.

(4) If gell, and hell; thenf=g/hEK (a, ).

In [29] it is shown that K(a, 8) lies in the second dual of the class
of functions

A+zz)»(1+uz)”

(1—yz)8 (lzf=|y|=]ul=1 or z=u=—y and

|z} <1)
where m=[a] is the largest integer not exceeding @ and m+7r=a. In

particular, for m=1 and f=3—2a in (4.7), we have that K(1, 3-2a)
lies in {(1+=zz)/(1+yz)3 2} ** From Lemma 6, it follows that

4.7
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(4.8) K(1, 3-2a)cC [é : feoea} )

The dual of ®, provides us with nice necessary and sufficient condi-
tions for a function to be in Q(a, 8) when g<a.

Tueorem 4.3. A necessary and sufficient condition for f to be in

Qfa, B) is that

Frors e EAEED e (lzi=1).

Proof. We know that

f*sa*sﬁ‘l*ﬁ(—ijé)%% eR*

if and only if

(4.9) go*f*sa*sﬁ—l*_(fl(—_l_;:)ﬁs% #0 (for all p€D,).

By Lemma 6, (4.9) is equivalent to requiring that
(4.10)  frs,rspxpER,  for all pER,.

But (4.10) is a necessary and sufficient condition for fxss™lxg to be in
R, for all ged,. Hence frged, for all ged,, and consequently
feQ(a, ). From (4.8) and Theorem 4.3, we have the following

CoroLLARY. A sufficient condition for f to be in Q(a, B) is that

@ LD 8@ 870, Lt ok 3oom

for |x|=1.
The usefulness of (4.11) in providing information about Q(e, 8) for

particular choices of a and B is nicely illustrated for the case a=1/2
and 8=0. With these choices (4.11) becomes

@ FRe L)t exa

for each z, |z}=1. A simple calculation shows that (4.12) is equivalent
to

1
1++ (z—1)z
(4.13) f(:)* (21_2)2 €K(1,2) (lz]=1).

Since
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1.
Ih3GE-D2 4y 1 21 1
(1—=)? 2 (1—=2)?% 2 1—z’
it follows from (4.13) that
tetnr@-Le-nfPeran, 1a-1

Equivalently, for all real ¢.
f2) (=2f (=) | .
(4.14) : ( s +it) €K (1,2)
is a sufficient condition for f to ke in Q(1/2,0).
Sheil-Small [29] obtained the following properties of K(a, 8), which
will prove useful in applications of (4.14).

Lemma 7. [29]. (@) If a’<a, B’<B, then K(a', 'YK (e, B).

(&) If fe€K(a,B),s€K (e, §) then fgEK(ata’, f+8).

(¢) The function f is in K(a,a) if and only if |arg (¢*f)|<azx/2
for some p real.

THEOREM 4. 4. If there exists A, 0<XA<1, such that

. zf’(2) A
(l) arg f(z) <"§—
and
.. f(=) 1—4 3—2
@ £ er{igh 259

then f€Q(1/2,0).

Proof. It follows from (i) that, for £>0, —Az/2<arg(zf’/f+it) <z/2
while, for t<{0, ©/2<arg(zf’/f+ir) <Az/2. In either case, there exists a
real g such that

wf2f(2) . l 1|z _(—Az\|_1+2 m

(4.15) larg[e“(————————f(z) +u>] < 2! d ( 5 ) Az
From Lemma 7, part (c), (4.15) is equivalent to requiring that for all
real z,

2f'(2) - 141 142
L5l vieek (--2—— 1A ) (:€E)

which, combined with condition (ii) and Lemma 7, part (b), proves
(4.14).
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The theorem provides us with an indication of some of the geometry
that can be sufficient to describe a function in @(1/2,0). For example,
we deduce the following

Cororrary. If

j;”((;)) gizi and Rezf('z()z) 21:1 (0<A<1, 2€E),

then f€Q(1/2,0).

arge

Proof. It is clear that I,=K (0, —r) for y<0. For g=f/z, we have
zg'(2) _p.2f'(z) _ A+l ,_A—=3_ _(3—4
ReZto Nefmy 12Tf 177y < 1 )

It follows that f/z€K (0, (3—2)/2) which is contained in K((1—21)/2,

(3—2)/2) by Lemma 7, part (a). The result is now a consequence of
the theorem.

We conclude this section with a coefficient criterion for a function to
be in Q(e, 8), which is a consequence of the corollary to Theorem 4. 3.

Tuaeorem 4.5. If f(z2)=z+ z}zanz" satisfies

g n:g Cla,n)la,| <1,

o

then fEQ(a, B).
Proof. A direct computation yields that

f(z) ® s5.(2) *5571(2) . 1tz=z

z z z (1—2)%72
R G A
=1+4+w(z, 1)

where |w(z, z) | <|z|<1. Thus, 1+w(z,2) €K(1,1)cK(1,3—2a) and
(4.11) is satished.
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