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SEMI-INVARIANT SUBMANIFOLDS WITH PARALLEL
NORMAL CURVATURE IN A COMPLEX SPACE FORM*

U-Hane Ki, Euvi-Won Lee ano Won Tae On

0. Introduction

Recently Nakagawa, Umehara and one of the present authors [6]
studied the submanifolds with harmonic curvature in a Riemannian mani-
fold of constant curvature.

On the other hand Blair, Ludden and Yano [1] introduced the semi-
invariant immersion. From this point of views, Yano and one of the
present authors [10] investigated semi-invariant submanifolds of real
codimension 3 in a complex Euclidean space.

The purpose of the present paper is to study semi-invariant submani-
folds with parallel normal curvature in a complex space form and to
characterize the submanifolds with harmonic curvature.

We use the systems of indices throughout this paper as follows;

A,B,C, ...=1, ..., 2n+1, ..., 2n+4,
h, i, 7, ...=1, weey 2n+1.

The summation convention will be used with respect to those systems

of indices.

1. Submanifolds admitting almost contact metric structure

Let (M, G) be an almost Hermitian manifold of real dimension 2(z-+2)
equipped with an almost complex structure J and with an almost Hermitian
metric tensor G. Let M be covered by a system of coordinate neighbor-
hoods {U; y4} and denote by Gz4 the components of G and by Jz4
those of J. Then we have

1.1) JaBIgC=—03,C, GcpJglIaP=Gpy.

Let M be a (2r+1)-dimensional Riemannian manifold covered by a
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system of coordinate neighborhoods {U ; z#} and immersed isometrically
in M by the immersion ¢ : M —> M. When the argument is local, M
need not be distinguished from ¢(M). We represent the immersion ¢
locally by yA=y4(z*) and put B;A=0;y4, (0;=0/027). Then B;= (B;4)
are (2n-+1)-linearly independent local tangent vectors of M and denote
by C,D and E three mutually orthogonal unit normals to M. Then the
induced Riemannian metric g;; on the submanifold M is given by g;;=
B;i4B,°G ¢ because the immersion ¢ is isometric. By denoting by F; the
operator of van der Waerden-Bortolotti covariant differentiation formed
with g;;, equations of Gauss and Weingarten for M are respectively obtained:

(1.2) V;BA=h;CA+k;;DA+1;EA,
(1. 3) VjCA:—hthhA+ljDA+ijA,
1.4) V;DA=—pkByA—1;,CA+4-n; EA,
(1. 5) VjEAZ _lthhA“‘ijA—njDA,

where hj;;, k;; and [;; are the second fundamental forms in the direction
of C,D and E respectively and /;, m; and =n; the third fundamental
tensors of M.

The transformations of B4, C4, D4 and E4 by the almost complex
structure J are represented in each coordinate neighborhood as follows:

(1. 6) JCABic:fihBhA +u,CA + 'l),'DA +w,-EA,
1.7 JpACB=—yhBA—p DAL uEA4,
(1.8) JoADC— —phB, A+ yCA— A,
(1.9) JeAEC= —whB,A— uCA+ADA,

where we have put f;;=G(JB;, B)), u;=G(JB;,C),v;=G(JB;, D), w;=
G(JB;, E) and «* v* and w* being vector fields associated with u;, v;
and w; respectively, 2, u, v being functions in M. From these definitions
we verify that f;; is skew-symmetric and the functions 4, z and v are
globally defined on M. By the properties of the almost Hermitian
structure, it follows from (1.6)~(1.9) that
fif=—otuut+vvt+wawh,
fitut =vot— pwh,  flivt= —vub+ Awh,
(1.10) [t =put— Aok, waut=1-—2—12,
vt =1—12— 2, wuw'=1—2—12
wvt =y, wwt=2Av, vw'=guw.
If we define a vector field p* by
(1.11D) ph=dub+ yvt+ywh,
it is easily, using (1.10), seen that
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(1.12) filhpt=0.

We put NA=JCA+ uDA+4+yEA. Then it is an intrinsically defined nor-
mal to M [10]. Thus (1.7)~(1.9) can be written as follows:

(1.13) JANC= — phB,4.

Suppose that the functions 4, ¢ and v satisfy A2+ u2+412=1. Then, by
definition, we easily see that it is a global condition on M. Thus the
equation (1.6) reduces to

(1.14) JABL=fByA+p;NA,
because C4, D4 and E4 are mutually orthogonal unit normals to M,
where p;=p'g,;. We also see from (1.11) that p* defines a unit vector
field on M. By the properties of the almost Hermitian structure, it
follows from (1.12)~(1.14) that (f, g, p) defines an almost contact
metric structure.

Conversely, if the set (f, g, p) of the tensor field f of type (1,1), the
Riemannian metric tensor g and the vector field p given by (1.11)
defines an almost contact metric structure. We can show, taking account
of (1.10)~(1.11), that 2+ p2+12=1.

On the other hand, a submanifold M of an almost Hermitian manifold
is called a CR—submanifold [11] if there is a differentiable distribution
T:p—> T,SM, on M satisfying the following conditions, where M,
denotes the tangent space at each point p in M: (1) T is invariant,
ie., JTp=T, for each p in M, (2) The complementary orthogonal
distribution Tt : p —— T, S M, is totally real, i.e. JT,*SM,* for each
p in M, where M,* denotes the normal space to M at p&M. In parti-
cular, M is said to be semi-invariant provided that dim 71=1. In this
case a unit normal in JT* is called the distinguished normal to the
semi-invariant submanifold.

Thus, if M is a semi-invariant submanifold of codimension 3 in M with
respect to the distinguished normal NA=AC4+ uDA4vEA, then the set
(f, g, p) defines an almost contact metric structure [4], [107 and hence
B4 p242=1.,

2. Semi-invariant submanifolds of a complex space from

In the sequel, the ambient Hermitian manifold M is assumed to be of
constant holomorphic sectional curvature 4c and of real _(_1imension
2(n+2), which is called a complex space form and denoted M (c).
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Let M be a (2z-+1)-dimensional semi-invariant submanifold of codi-
mension 3 in M(c) and denote by N4 the distinguished normal to M.
Then we have (1.13) and (1.14) because A2+ p2+v?=1 is satisfied. We
take NA=JCA+4uDA-+yEA as CA. Then it follows that i=1, p=y=0
and consequently w*=ph v,=0, w;=0 because of (1.10) and (1.11).

Thus (1.6)~(1.9) reduces respectively to

2.1 JABL=f B2+ p,C4,

2.2) JgACE=—phBiA, JADC——FA, JAEC=DA,

If we apply the operator F; of the covariant differentiation to (2.1)
and (2.2) and make use of the equations from (1.1) to (1.5), then we
get respectively (cf. [4],[10])

2.3) Vif# =—hjip*+hi*p;, Vipi=—hjf7,

2.4) kjj=—1 ff—m;p;, Lii=kjfi+1pi
Therefore, it is immediately from (2.4) that

(2.5) kjpP=—m;, Lpt=l;, k=—mypt, =13,

where we have put k=2 k;, [=21;. Since (f, g,p) defines an almost

contact metric structure, it is easily seen from (2.3)~(2.5) that

(2.6) fily=kpi+m;, H4+ml=0,
2.7 kjtlit'{'kitljt: — (ljmi+limj) ’
2.8 Lidd—kjkt=L;l,—m;m;.

Since the ambient manifold is a complex space form M(c), its cur-
vature tensor is given by

RDCBA =c (GDAGCB - GCAGDB + JDAJCB - JCAJCB - 2JDCJBA) .

Thus it follows from (1.2)~(1.5), (2.1) and (2.2) that the equations
of Gauss, Codazzi, and Ricci for M are respectively obtained:

2.9 Ryjin=c(gmgji—gjngritFnfii—Finfri—2F; fin)
+herhji— hjrhei+ Rk — Einke -t ladii— U e

@. 10) thj,'—‘Vj}l]“-~lkkj;+ljkk;—~mklji+mjlk;

=c(rfji—biSai—20if4;),

(2. 11) V],kj,-—ijk;-l-lkhji—ljhki—‘nklji+72jlk,-=0,

(2. 12) Vklj,‘_leki +mkhj,-—mjhk;-l-nkkj,-—njkk,-:O,

(2. 13) Vklj —ijk—l—hk’kj,f—hj‘kkt-{—mknj—*mjnk=0,

(2. 14) V,,mj——ij;,—i—hk’ jt_’ljtlkt‘l'nklj ——njlk=—"0,

(2.15) Vin; — g+l — bty Lm; —Lmy=2cf ;.
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Now, we denote the normal component of 7;C by V/;2C. The normal
vector field C is said to be parallel in the normal bundle if F;1C=0,
namely, [; and m; vanish identically. From now on we suppose that
the normal vector C is parallel in the normal bundle. Then the equations
(2.4), (2.5), (2.7) and (2.8) turn out respectively to be

(2.16) kiy=—lafd, Li=kifd,
(2.17) ki pt=0, ljp'=0, k=1=0,
(2- 18) kjtli‘+kitljt ={,

(2. 19) kjtkil:'-ljtl,'t.

Thus, (2.15) is reduced to

(2. 20) Aji=2 kit cf ;1)

where we have put A;;=F;n;—V;n;. By the properties of the almost
contact metric structure (f, g, p) induced on M, it follows from (2.17)
and (2.20) that

(2.21) Ajpr=0.
Applying f to (2.20) and making use of (2.16), we find
(2.22) Aj fi —2ki k" =2¢(gji—Pipi)»
which implies
(2.23) A f 7= A"

For the sake of brevity,a tensor T, and a function 7', on M for
any positive integer m arc introduced as follows:

7 m'_['Ju2 e Titu-y, Ty= 2013
Using this notation, we have from (2.18) and (2.19)
(2- 24) k?m 1"‘12m l""o k2m"'12m,
(2.25) k;mlii=0, [;mki=0.

for any positive integer m.
Since the fact that the distinguished normal C is parallel in the normal
bundle is assumed, we see from (2.18) that

kit Tk ) L7417 Wik + (Vils,) k=0,
which together with (2.11) and (2.12) yield
BV iy — bV g+ L7V sy — L7V sy =0.
Therefore, the last two equations give
by i+ 1V i =0,
which together with (2.16) imply that
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(2. 26) kerkk,'r“lerkli,.:O.

3. Parallel normal curvature

Let M be a real (22+41)-dimensional semi-invariant submanifold of
codimension 3 in M(c). In the sequel we suppose that the normal
curvature tensor Rt of M in the normal bundle is parallel, namely
V;R-=0. Then we have from the Ricci equation

Vi {V;znj -ank+lkmj~ljmk} =().
Now we suppose that the distinguished normal C is parallel in the nor-
mal bundle. Then we have V4;,=0 with the aid of the above
equation. Thus, differentiating (2.21) covariantly along M and taking
account of (2.3), we find Ajh f*=0, which together with (2.23) give

3.1 A; b7 =0
because the set (f, g, p) defines an almost contact metric structure.

Hence the equation (2.20) implies

(3.2) kil hy+cf by =0.

By the way, since /;*C=0 is assumed, it follows from (2.13) and
(2.14) that &;; and /;; are commutative with #%;; each other. Thus the
last equation yields

(8.3) ¢ (hjrf 7+ hinfi7) =0
by means of (2.18), which implies
(3.4 ¢ (hip"—ap;) =0,

where we have put a=h,p’p*. Differentiating this covariantly and
making use of (2.3) we obtain

c{Vikip) " —hishi [ —a;p;+ahi fi} =0,

which together (2.10) with I;=m;=0 and (3.3) give

(3.5 4 {ijlz+hj’hsrfk’—ahjrfk"‘%(a’lzﬁj‘a’jlbk)} =0,
where a;=V;a. By the properties of the almost contact metric structure,
it follows that

(3~ 6) 4 {cfjk+hjrk:rfks_'akjrfkr} =0,

(3.7 ¢(a;—Bp;) =0
for some function B on M. Hence (3.1) and (3.6) give rise to
c2A;.f=0. Consequently we have ¢?A4;;=0 because the set (f,g,2)



Semi-invariant submanifolds with parallel normal curvature in a complex space form 193
defines an almost contact metric structure. Thus, relationship (2.22)
gives

3.8 kit +c(gji—pipi)} =0
and hence ¢2(2nc+#,) =0. Therefore we have following fact:

ProrositioN 3.1. Let M be a semi-invariant submanifold of codimension
3 in a complex space form M(c), (¢=0). If the distinguished normal
C and the normal curvature of M are parallel in the normal bundle,
then the ambient space is Euclidean.

Now we suppose that ¢ does not vanish. Then(3.6) and (3. 7) reduce
respectively to

3.9 I 2=ah;;+c(g;i—pips),
a;=Bp; because of (3.7). Differentiation (3.7) covariantly yields Va;=
(ViB) pj— Bl f;7, which implies (FB) p;— (V;B) gy | 2Bhj.fi =0, where
we have used (2.3) and (3.3). F,B is proportional to p;, it follows
that Bh;.fi’=0, which means B(h;;—ap;p;)=0. From this fact and
(3.9) we can see that « is constant on M. Therefore (3.9) means that
h;* has constant eigenvalues. By differentiating (3.9) and taking account
of (2.3), we get

ki) b+ k7 (P ihiy) —al b= { (ar f7) pit (hanf ) 25} -

If we make use of (2.3), (2.10) with /;=m;=0, (3.3) and (3.4),
then the covariant derivative of the second fundamental form %;; is given
by (for detail, see [4], [5])

(3.10) Vihji=c(furtj+Fiwti) -

On the other hand, we have from the Gauss equation (2.9) that the
Ricci tensor of the semi-invariant submanifold is obtained:

Rj;=c{(@n+3) g;i—3p;pi} —2k;i2+hhj;—h; 7,
where h=23h;; because of (3.8) and (3.9), which reduces to

(3.11) R;;=2c {(n+2)g;;—2p;pi} + (h—a) kji.

Differentiating (3.11) covariantly and using (2.3) and (3.10), we
find

ViR i=4c { (i[5 pi+ (hirf7) 25} ¢ (h—a) (fud; +fi0i)
because of the facts that « is constant and eigenvalues of A; are constant.

If we suppose that M has harmonic curvature, that is, VR;;—F;Ry;
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=0, then we see from the last equation that

Ac {2 (g fi7) Pi - Charf ) £ — Chyr fi7) D4}
+c(h—a) {fub;— fijpet2 0 =0.

Transforming this by p/ and taking account of (3.4), we get ¢ {4k fi"
+ (h—a)f} =0 and hence k—a=0 because of c¢#0. Thus, it follows
that h;;—ap;p;. But this is impossible because of (3.9). Therefore, we
have

ProrositioN 3.2. Let M be a semi—invariant submanifold of codimension
3 in a complex space form M(c). Suppose that the distinguished normal
and the normal curvature are parallel in the normal bundle. If M has
harmonic curvature, then the ambient space is Euclidean.

Now we put
(3 12) Dkkji::VIzkji_”klji; Dkljizyklji+nkkji,
then using (2.11) and (2.12) we can easily see that Duk;; and Dyl;; are

symmetric for all indices provided that the distinguished normal is
parallel in the normal bundle.

4. Semi-invariant submanifolds in a complex Euclidean space

In this section we consider a semi-invariant submanifold M of codi-
mension 3 in a Euclidean 2(z+2)-space such that the distinguished
normal C and the normal curvature of M are parallel in the normal
bundle. Then (3.2) becomes to k;Jsh;*=0 and hence

(4— 1) k,-,h,-'==0, lj,h,-'=0
because of (2.18) and (2.19). Furthermore (2.20) turns out to be 2k;2=

Aj.f7. Since the fact that the normal curvature of M is parallel in the
normal bundle is assumed, it follows, in a direct consequence of (3.1),

that

4.2) T ik kit + (Vks,) ki™=0.

If we take the skew-symmetric part of this with respect to the indices
k and j and make use of (2.11) and (3.12), then we obtain (n;,—
nile ) k7 + (Dikge+nil ;) ki — (Dikj,+n;l;,) ki’ =0 and consequently (D;k;,) k;*
— (D;k;,) k' =0 with the aid of (2.18). Combining this with (4.2), we
have ‘
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(4. 3) kerikerO:
where we have used (2.18) and (3.12). In the same way we have
(4. 4) 1, D1y =0.

Using the last two equations and making use of (2.25), it is easily
seen that kg, and Iy, are constant for any positive integer m. If we take
account of (2.20) with ¢=0, then the equation (4.3) leads to

kT =5, A
Differentiating this covariantly, we find
k™) (7 sk +kerlVikkr=%— Fin;) Asj

since the normal curvature of M is parallel. If we take the skew-sym-
metric part of this with respect to indices ! and i and make use of the
Ricci identity, then we obtain

(4.5) Wik 7 ikyy) — 7 k") (7 ikzr)
= Ry'k;* + Ry i’k + '%‘AliAkj-
Thus the symmetric part of this with respect to the indices j and %
gives
Ryix ki *+ Ry j > =0,
which together with the Gauss equation of M in a Euclidean space yield
byiPhiy— Rk 03—l i®
Rk — Rkl 0% — 1R =0,
where we have used (2.18), (2.19) and (4.1).

Transforming the last expression by k# and using (2. 24) and (2. 25),
then one can get

(4 6) kzkjl3"—k4kj1:0.
In the same way we see from (4.4) that
(4. 7) kzljls‘kdj[:().

If we suppose that the constant b, does not zero on M, then (4.6)
and (4.7) reduces respectively to

(4 8) kj‘szAkji, lj's_—‘Alji.
for a constant A given by A=F,/k,. Differentiating the first equation of
(4. 8) covariantly and making use of (4.2), we find AV k;;= V1) k2,
or, using (4.3) and (4.8) it follows that AD;k;;=0 and hence Dk;;
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=(. Thus the equation (4.5) turns out to be
Ryv'k; 2+ Ry skitky” -+ —]é—Az;Akj =0.

If we substitute (2.9) and (2.20) with ¢=0 into the last equation

and take account of (4.1), then we get
bk — Rkl —ld ) kP
+ bk — Rk 1oL — U2 by kg — 2k, R L =0,

Thus, by contracting j and ¢ and using (2.18), (2.19) and (4.8)

we can verify that

2+ 24k koki? =0,
which implies %2,=0. Thus we have k;=0 on M and hence ;=0
because of (2.19). Therefore we have

LemMma 4.1. Let M be a semi—invariant submanifold of codimension 3
in a Euclidean 2(n+2)-space. If the distinguished normal C and the
normal curvature of M are parallel in the normal bundle, then kj;=1;;=0.

According to Proposition 3.2 and Lemma 4.1 we prove the following
fact:

Tueorem 4.2. Let M be a simply connected complete semi~invariant sub-
manifold of codimension 3 in a real 2(n-+2)—dimensional complex space
form M(c). Suppose that the distinguished normal C and the normal
curvature of M are parallel in the normal bundle. If M has harmonic
curvature, then ¢=0. In particular, if ¢=0 and the shape operator in
the direction of the distinguished normal has no simple roots, then M is
isometric one of the following spaces:

E2n+1’ S2ntl o erEZn—r+1-

Proof. According to Proposition 3.2, the ambient space is Euclidean.
Thus, the Ricci tensor of M is given by Rj;=hhj;—h;? because of
Lemma 4.1. Since M has harmonic curvature, the above equation
implies

4.9 hihji—hihy =V h; 2 —V b,
where k=P h. Since the fact that the shape operator in the direction
of C has no simple roots is assumed, it is well known from(4.9) that
the mean curvature of M is constant, namely k=0 (for detail see [6],
(7]). Thus (4.9) means that ;;? is of Codazzi type and Vph;;=0 (cf.
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[61, [7], [91). Thus the first normal space N;(p) defined to be ortho-
gonal complement of {C,&N,(M) : H;,=0} in N,(M) is invariant
under the parallel translation and of constant dimension 1, where Hc,
are the second fundamental forms associated C, and N,(M) is the nor-
mal space at p in M. Thus, by the reduction theorem [3], we conclude
that there exists a 2(n-+1)-dimensional totally geodesic submanifold
E2t2 in B2 in which M is hypersurface with parallel second funda-
mental form. Since M is complete and simply connected, due to [8], we
see that M is isometric with a plane E?**!, a sphere S2#*1 or ST X E2n-r+1,
This completes the proof.
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