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SURJECTIVITY OF GENERALIZED LOCALLY
EXPANSIVE MAPS

Jone AN Park aNp Sancsuk YiE

1. Introduction

Browder [1] established some fundamental surjectivity theorems on a
map T of a Banach space E into a Banach space F in which the hypo-
theses on T arc completely local in character. He proved thatif T is a
locally expansive, continuous open map of E into F, then T is a hom-
comorphism onto F [1].

In 1979, Kirk and Schonberg {37 proved the following generalized
version of Browder’s result :

Tuaeorem [3]. Let X and Y be complete metric spaces with Y metrically
convex, and T : X——Y an epen map having closed graph. Suppose also

that T is locally expansive on X. Then T(X)=Y.

Here, a map T of a metric space X into a metric space Y is said to
have closed graph if x,—x in X and Tx, >y in Y implies Tax=y.
And following Menger [4], a metric space Y is said to be metrically
convex if for all u, v in Y with ##v there exists wc Y distinct from =
and v, such that

d(u, v)=d (u, w) +d(w, v).

In section 2, we apply the Maximal Ordering Principle of Turinici
to more generalized version of the lemma of Kirk and Schénberg which
was proved by using a continuation method.

In section 3, we prove a surjectivity theorem for locally c-expansive
maps, and obtain some related results.

2. Maximal Element Techniques

In [6], Turinici introduced the Maximal Ordering Principle. In order
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to state the principle we need the following terms :

Let X be a metric space and < an order on X. A subset DX is
said to be order—closed if for every monotone increasing sequence {x,|
n€N} in D and every z€ X with z,—z as n—oco we have z& D, and
the ambient order < on X is said to be self~closed if S(z) = uc X|u>x}
is order—closed for all z&X. Finally, the ambient metric space (X, d)
is said to be order-compact if every monotone increasing sequence in X
has a convergent (monotone) subsequence.

Now we state the Maximal Ordering Principle of Turinici :

THueoreM [6]. Suppose that the metric space (X, d) and the order < on
X are such that
(1) < is self—closed on X,
(2) (X,d) is order-compact.
Then, for every x& X, there exists a maximal element z€ X such that
r<z.

We apply the Maximal Ordering Principle of Turinici to more gene-
ralized version of the lemma of Kirk and Schénberg [3].

Lemma. Let X be a metric space, Y a complete metric space with metric
convexity and T : B——>Y an open map having closed graph where B is
apen in X. Suppose that

(@) T is injective on B, and

(&) for any Cauchy sequence {Tv,} in Y, {v,} is relatively compact.
Suppose also that for fixed yCY, there exists ug in B such that

d(Tug, y) 2d(Tu, y) +d (Tuy, Tu)

for all u<oB.
Then there exists u< B such that Tu=1y.

Proof. We copsider a relation < on B defined by for any #, v€B,
u<v iff
d(Tu, y) >d(Tv, v) +d (Tu, Tv) for a fixed yev.
Then it is easy to see that the relation < is reflexive, antisymmetric
and transitive, i.e., < is actually an order on B.
So, in order to apply the principle of Turinici, we claim that :
(1) S(») is order—closed for any «<B, and
(2) (B,d) is order-compact.
To prove (1), we choose any monotone increasing sequence {v,} in
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S(x). Since v,<v,.1, for a fixed yeY, we have
d(Tvy 3) 2d(Tvge1, ) +d (Tvy, Toan).
Hence {Tw,} is Cauchy. Since T satisfies (b), a subsequence {u,} is
convergent in B. Furthermore, for all #,
d{(Tu, y) >2d(Tv,, y) +d(Tu, Tv,).
Since T has closed graph, Twv,——Tv in Y for some v in B, and
d(Tu, y) 2d(Tv, y) +d(Tu, Tv).
Hence »&S8(x). This completes the proof of (1).
And any monotone increasing sequence {v,} in B has a convergent
subsequence. Indeed, since {Twv,} is a Cauchy sequence, by (a), {v.}
has a convergent subsequence. This proves (2).

Thus by the principle, we have a maximal element v, in B such that
uOSvo and-

d (Tug, ¥) 2d(Tvy, ) +d(Tvg, Tu).
From the boundary condition, we have vy B. Since T(B) is open and

T(vy) € T(B), if y& T(B), then by Menger’s theorem [4], there exists
T(u) + T(vy) for some u& B such that

d(Tvy, y) 2d(Tu, y) +d(Tvy, Tu).

Hence there exists # B such that v,< w. This is a contradiction to the
maximality of v, So ye T(B).

3. Surjectivity of Generalized Locally Expansive Maps

For a Banach space, we may consider more generalized classes of
maps than those of locally expansive ones.

Let ¢ : [0, 00)——>(0, «©) be a continuous nonincreasing function such

that I:c (s) ds= oo,

For convenience, a nonlinear map 7T from a subset B of a Banach
space X into a metric space Y is said to be locally c-expansive if each
z€ B has a neighborhood N of z in B such that

c(lzDlla—oll| <d (Tu, Tv) for all », veN.

From the lemma in section 2, we obtain the following surjectivity
theorem of locally c-expansive maps :

TueoreM. Let X be a Banach space, Y a complete metric space with
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metric convexity, and B open in X. Let T : B—>Y have closed graph.
If T is locally c—expansive and open on B, then for y&Y the following
are equivalent:

(a) ye T(B).

(b) there exists xy€B suck that d(Txq, y) <d(Tz, y) for all zE3B.

Proof. (a) =>(b) is trivial.

(b)=>(a). For given ucB, we let r(«) denote the supremum of
all &[0, 1] such that B(x, r) B and ¢(|lu|)) lla;—usl| <d (Tuy, Tus) for
all w3, u,&B(a, r) where B(u,r) denotes the open ball of radius r around
u. Since B is open and T is locally c-expansive on B, r(u)>0 for all
uwcB. Furthermore, by definition, B(u, r(2)/2) ©B and c({jzl]) lju;—u,)|
<d(Tuy, Tuy) for all u;, u,&B(u, r(u)/2) where B(u, r(x)/2) denotes
the closed ball of radius 7(«)/2 around = Assume, on the contrary,
that y¢ T(B). Then the negation of the above lemma implies the exi-
stence of a sequence {u,} in B such that the following four conditions
hold :

(1) Ui=2xg >

(@) el Nlegr1—2,ll <d (Tuns1, Tus) for all n;

(3) llens1—uull=r(u,) /2 for all z;

(4) d(Tuns1, ¥) +A(Tupi1, Tuy) <d(Tug y) for all n
Then (1) and (4) imply by induction

(5) d(Tunsr, 3) + jz:.-'ld (Tujpr, Tu;) <d(Tzo, ¥)

for all ».

In particular, g}ld (Tujs1, Tu;)<oo and by (2) ch(””j”) llegj 1 —2;<<

o, We claim that {||«,|l} is bounded. On the contrary, we assume that

{llull} is unbounded. Then we may choose a subsequence {x;} such
that

(6) Moy l1<lleej I} <o, lifn”ujk”:m, and 1=j<jp<l---;
(7 if jz<8<jp+1, then llagll <lle,ll.
Then for £2=1,2,3, -,

¢ lazgll) (ogjy NNzl <e(llagg I oz, ,—w,
<e(llaelD (leeje— 2504l Nty — 2540l oo ot 1 — 255, 1D
<e(llug,lD ”"it_”hﬂ” e (llajpy 1D g,y — 25,051l
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+ e +c(”ujb+1——1”) ”uj1+1—-l"'”j§+1”-

Since | c(s)ds= o0,

(Mg 1) Mot o 11— ez 1D

Cllog;10) Moty — 251 oo

This is a contradiction. Hence {|l«,|l} is bounded and {x,} is Cauchy.
Since X and Y are complete, there exists z& B such that w,—>z and
Tu,——y as n—oo, By the assumption that T has closed graph, we
have ¥ = Tz. Since r(u,)—>0, z&B, i.e, x€8B. Since {luz,l} is
bounded, a=inf ¢({|x,||) is a positive number. Hence (2) and (5) yield
for all »,

co==3 ¢
=1
<>Xec
=1

d(Tuy1s ¥) +a||un+1—xoll
gd(qv'l‘71+19 y) +ajZ=IHuj+1_uj”

<d(Tuy+1, v) +J§]lc(llu,-ll) llogj 1 — 25l

<d(Tupiy, 3) + Jgd(Tu,-H, Tu;)
<d(Tzo, y),
so that letting n—oo we get
d(Tz, y) +allz—zy|| <d (Tzo, ).
Since z€9dB, this contradicts (b).

Taking B=X in the above theorem, we obtain the following :

CoroLrary 1. Let X be a Banach space and Y a complete metric space
with metric convexity., Let T: X—Y have closed graph. If T is open and
locally c—expansive, then T(X)=Y.

The above corollary can be obtained from the surjectivity theorem of
Ray and Walker [5] if Y is a Banach space. Also Theorem 3.4 in [5]
can be obtained from the above corollary.

Here we neced the following terms : Let X* denote the dual of a real
Banach space X. The duality map J from X into 2%° is defined by

J(@)={je X*| (z, /) =llzlI? and |jli=ll=ll}.



184 Jong An Park and Sangsuk Yie

It is well-known that, by the Hahn—Banach theorem, J(z) is not empty
for each z& X, J is single-valued when X* is strictly convex and J is
uniformly continuous on bounded subsets of X whenever X* is uniformly
convex [2].

CoroLLary 2 [5, Theoremn 3.4]). Let X be & Banach space, P a con-
tinuous selfmap of X, and ¢ : [0, c0)——>[0, ) a continuous nondecreasing

Sfunction for which jmc(s)ds=00. Suppose also that for each x, y= X there
exists a jEJ(x—7y) for whick

(Pz—Py, y) =c(max {||zll, lIyll}) llz—yli%
Then P is a homeomorphism on X.

Proof. In [5] Ray and Walker obtained 1 domain invariance result
on P, i.e,, P is an open map. By Corollary 1 we can show that P is
surjective. Fix e>0. Let ¢(r)=c(r+¢). Then for any zcX, az,,
€ B(x,e), we have

1Pz — Pzl > c(max (Jlzill, llxall) llz1— 22l
>c(llzll+e) |z — =l
>z(llzlD) llay — zll.

Hence P satisfies the hypotheses of Corollary 1. Therefore P is surjec-
tive and, hence, a homeomorphism from X onto X.
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