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FUNCTIONS IN THE BANACH AIGEBRA S(v)

K.S. Cuanc*, G.W. Jounson anp D.L. Skouc

1. Introduction and Preliminaries.

Let v be a positive integer and let C3[0,¢] denote v-dimensional
Wiener space, that is the space of R‘-valued continuous functions X
=(zy, -, x,) on [0,£] such that X(0)=0. In case v=1 we suppress
the v and simply write z&C,[0,¢]. In [2] Cameron and Storvick
introduced a Banach algebra S(v) of (equivalence classes of) functions
on Wiener space which are a type of stochastic Fourier transform of
finite Borel measures. They showed [2, Theorem 5.1] that the analytic
Feynman integral exists for all elements of S(v). In this paper we
establish a general theorem insuring that various functions f : Ci[0, £]—
C belong to S(v). We then give several corollaries which contain, with
the exception of some results in [6, 16, 197 on quadratic potentials, all
of the results that we know of to date which insure that various func-
tions of interest in connection with the Feynman integral and quantum
mechanics are in S() for some v. The results of this paper combined
with the results in [6, 16, 19] show that S(v) contains a broad class of
functions.

Next we give the definition of S(©). Let m® denote v-dimensional
Wiener measure. A subset A of Cj[0,¢] is said to be scale-invariant
measurable [14] provided pA is Wiener measurable for every p>0, and
a scale invariant measurable set N is said to be scale-invariant null pro-
vided m*(pN) =0 for every p>>0. A property that holds except on a
scale-invariant null set is said to hold scale-invariant almost everywhere
(s-a.e.). Let M(Ls [0, £]) denote the collection of complex—valued
countably additive measures on 8(ZLj [0, £]), the Borel class of L3 [0,¢].
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M(L}) is a Banach algebra under the total variation norm where con-
volution is taken as the multiplication.
Let ¢ be in M(L3). Consider the function & defined for s-a. e.

X =(xy, *--, z,) in C; [0, £] by the formula

11 5(X) = exp{i p j;v,-(s);ix,-(s)}do(V)

Lilo, ¢]
o ¢ "
where V==(v;, -*-, v,) and where j v;(s)dz;(s) denotes the
0

Paley-Wiener-Zygmund stochastic integral [6, or 16]. The elements of
S(v) consist of equivalence classes [6] of functions which are s-a.e.
equal to & for some ¢ in M(Z3[0,#]). One often uses loose terminology
and refers to the elements of S(v) as functions. Cameron and Storvick
[2] show that the correspondence o— [ | is injective, carries convolution
into pointwise multiplication and that S(v) is a Banach algebra with

norm ||[&]l]=1]al]l.

2. The General Theorem.

In this section we establish the theorem discussed in the introduction.

Tueorem 1. Let 2 be a finite Borel measure on [0,t3". For j=1,2, -, n
let @;: [0,£]—Ls[0,£] be Borel measurable. Let 0 : [0,t]*XR»—C be
such that for all 7= (ry, -, r,) E[0, £]?,

(2- 1) 0(; > Ub °7y ﬁﬂ) ZJRW exrp {2 g <ﬁj, V]> dO’}’(VI, R Vn)

=&;((Ul, STt U:t)
where o;EM(R™), the measure algebra of R, U;=(uj, -+, u;,) €RY,

(2.2) for every B€B(R™), 6;(B) is a Borel measurable function of
r, and

2.3) ezt €Ly ([0, 417, B([0,2]™), D).

Then the function f : Cy[0,t]—C defined by the formula
— e t v

eo  r@=[ oF: ([ ae0d©) -

t v .
(] 820 0z )" )4y
belongs to the Banach algebra S(v).

Proof. To show that f is in S(v) we need to find a measure ¢ in
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M(L;10,t]) such that d(X)=f(X) for s~a. e. X=(zy, **, z,) in
Ci[0,£] where & is given by (1.1).

First using [13, Proposition 2] it is quite easy to see that § is a
Borel measurable function of (+ ; Ui, -+, U,). It then follows that the
integrand on the right hand side of (2. 4) is a Borel measurable function
of r since it is composed of Borel measurable functions.

Next we use the Borel measure 2 and the family of Borel measures

{o7 : r €[0, £]7} to construct a Borel measure ¢ on [0, £]* X R™ by letting

@.5) p@®=| o ED)E)

for E€ ([0, t]*X R*). Using the Unsymmetric Fubini Theorem [13]
we see that g is an element of M([0, t]*X R™).

Now for j=1,2,--,v let ®; : [0, ]2 X R*—L,[0, £] be defined by the
formula

(2.6) B, ()=0;(r s Vy, -+, V) (5) =§1 vpj0r(r) ()

where V,,= (v,1, =, v,,,) ER? for m=1, -, n. Let @ : [0, £]" X R»—
L;[0,¢] be defined by the formula

®(S) =¢(? : Vh Tt Vﬂ) (S)=(¢1(3): ttt (Du(s))-

Clearly @ is Borel measurable.

Finally define ¢ in M(Li[0,¢]) by o=p-®1. We need to show that
F(X)=f(X) for ssa.e. X&Cy[0,¢]. That is to say, for fixed p>0,
we need to show that (pX)=f(pX) for a.e. X€C;[0,£]. But using
the Change of Variables Theorem [11, p. 163] and the Unsymmetric
Fubini Theorem [13] it follows that for a.e. X in C3[0, £],

F(pX)= | €xp [ip;‘lj; u;j(s)dz; (s)}da(ul, v )

200, ¢
= ;[:’ ;y %P {iﬂ ,é uj(s)dz; (S)]d(ﬂ"q)—l) (uy, *++, u,)
[ e [ B ] 0,026} a6 s Vi V)
_—_j. [0, £1% [j Rw exp {ip él Jé Ukj J: ¢l: (re) (S) ij (5)}
40 (1, ey V) }dﬂ(?)

[ L e fio 5 I 10 9y )3 (om0
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do; (T -, V) [d3G)
- t
=05 (o [L0162) O dz; et
fo,¢1* ]

@, 6402 ()5 (9)ios) G

=/ (0X).
Thus f is in S(v) which completes the proof of Theorem 1.

We remark that we could have given an alternative proof of Theorem

1 using some recent results [7] concerning the Fresnel class F(H) of
Fourier-Stieltjes transforms of bounded Borel measures on a separable

infinite~dimensional Hilbert space H and the fact that for proper choice
of H, F(H) and S(1) are isometrically isomorphic [12]. However,
under our present assumptions and state of knowledge, the proof involves
certain measure theoretic technicalities which makes it more complicated
than the proof that we have given above.

3. Various Corollaries of Theorem 1.

Our first corollary is an easy consequence of the fact that S(v) is a
Banach algebra. This result is relevant to quantum mechanics where
exponential functions play a prominent role.

CoroLLary 1. Let f be as in Theorem 1 and let h be an entire function
on C. Then h(f (X)) is in SQW). In particular exp {f(X)} is in S(v).

CoroLLary 2. Let 0: [0, t]1* X R®™—C be given by (2.1). Let(sy, sy
-+, 5,) be any fized point in [0, t]*. Let

(3' 1) fl(jf) =0(31, * Sn > Xb(sl)’ "',Y(S,,)).
Then f; belongs to S(v).

Proof. Apply Theorem 1 with ¢;(r;) (s) =X(9.,3(s) for j=1, ---, n,
and with A having unit mass concentrated at the point (s;, -, s,) (or
let 2 be any probability measure on[0, 2]* and choose ¢;(r;) (s) =Xq.4;1(s)
for j=1,2, ---, n).

Remark 1. Various results in [17], for example Proposition 3.1, and
Corollaries 3.3 and 3.5, now follow easily from Corollary 2 above by .
letting n=1 and s;=¢. The resulting functions arise in connection with
the Schroedinger equation with potential 0=0(¢, U).
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Remark 2. Let ¢ : R—C and define f;: Co[0,¢]—C by the formula
(3.2) fo(x)=¢(z()).

Functions of the form (3. 2) are of interest in quantum mechanics where
¢ is the initial state of the quantum system. By Corollary 2 above we
see that if ¢=¢ with e M(R) then f, is in S(1). It is interesting to
ask if conditions insuring that a function is in §(1) are necessary as
well as sufficient. For a certain class of functions, including f,, the
authors [8] have recently shown that the answer is yes. In particular,
if f, is given by (3.2), then f, is in S(1) if and only if ¢=é with
ceM(R).

CoroLLARY 3. Let A be a finite Borel measure on [0, t]* and let

(3' 3) fS(Y) :f[o Jn 0(?‘1, T Ta s X(rl)! ) X’(rn))dl(rl’ "t 7',,)
where 0 is given by (2.1). Then f3 belongs to S©).
Proof. Apply Theorem 1 with ¢;(r;) (s) =X10.,2(s) for j=1, -, n

Remark 3. Note that Corollary 3 above contains the main result of
[15]. namely Theorem 1 on page 319. For simply choose n=1, v=1,
and A to be Lebesgue measure on [0,¢]. Then

(3. 4) f1(2) =J;0(r s 2(r))dr

and exp{fs(z)}are both clearly in S(1).

In a recent expository essay [18], Nelson calls attention to some
functions on Wiener space which were discussed in the book of Feynman
and Hibbs [10, section 3-13] and in Feynman’s original paper [9,
section 13]. These functions have the form

f5(x) =exp U; [:) W (ry, ro 5 2(r1), x(ry) Ydridr,. }

Feynman obtained such functions by integrating out the oscillator coor-
dinates in a system involving a harmonic oscillator interacting with a
particle moving in a potential. Further functions like (3. 5) but involving
multiple integrals of more dimensions than two arise when more parti
cles are involved. Our next corollary involves such functions.

CoroLLaRY 4. Let A be a finite Borel measure on 0, t]" and let
- t [t - .
(3' 6) fB(X) :expjo -"JO 0(?'1, e Tas X(rl), MY X (rn))dl(rla "'rn)}
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with 6 : [0, t]*XR»—C given by (2.1). Then f¢ belongs to S(v)

Remark 4. When Colollary 4 above is combined with the main results
of [19, Theorems 3.1 and 4. 1] involving quardratic potentials depending
on n time parameters, one sees that a vather large class of functions
involving » time parameters belong to S(v) [19, Corollary 3. 4]

In our next corollary we see that a Riemann sum approximation,
t — « .
R,(X), for | ---joe(rl, vy 13 X (1), s X(ra))dry, -, dry is in S (V).

t
0
CoroLLARY 5. Let 6 : [0, t]* X B*»—C be given by (2.1) and let
Ry (D) =5 5 5 (fmyr o( 4L, Bk | . Jub g (i) el

=1

e m *om m m
for m=1,2,+. Then R, is in S®) for m=1,2, ---.
Proof. For each m=1, 2, ---, apply Theorem 1 with ¢;(r;) (s)

=X.rn(s) and with 2 a discrete measure with mass (¢/m)” at each of

5 1t jzt jnt 3
the m” points (—]1— =22 ... —) in (0, ¢]~.
m* p po - (0, ¢]

Next we will show that functions of the form (3.1) (and (8.3)), but
involving independent increments X (s51), X (s2)—X (s1), -, X(s,)
~X (sp-1) are in (). To do this we first need to adjust equation
(2. 4) accordingly.

CoroLrLARY 6. Let ¢y, =+, ¢,, 4 and 0 be as in Theorem 1. Then the
Sunction f: Ci[0,t]—C defined by the formula

£@=[, 0 ([0 0a0) ([l e
=610 91d5;5))" ([} (600 ) =01 (ra) 91, )) )R

i= i1
is in the Banach algebra S(v).
Proof. The proof of this corollary parallels the proof of Theorem 1
above provided we replace equation (2.6) with

(2.6)’ B;()=0;7, V1, -+, V) = Zony [a(r) () —ea (i) ()]
where ¢,(ry) (s) is identically zero.
CoroLrLary 7. Let 0 and A be as in Theorem 1 and let

£ @ =[0G X, X=X (), X () =X () dAG)
Then fs belongs to S(v).
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Proof. In Corollary 6 choose ¢;(r;) (s) =Xig.,1(s) for j=1, -, n.

CoroLLArRY 8. Let 0<s;<lsy < o+-<s,<t be a fized partition of [0,¢].
Let 5=(sy,, 5,) and let

FoX)=0GX (s1), X (s2) =X (s1), -+, X (52) =X (50-1))
where § is given by (2.1). Then fq is in S(v).

Proof. In Corollary 7 let A2 bave unit mass at the point
§= (SI: "ty sn) S [Os t]n'
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