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A SUBCLASS OF ANALYTIC p-VALENT FUNCTIONS

SANG HUN Lee AND Nak Eun Cho
1. Introduction

A function f(z) =z2+ }i ap+22?™" (p€N) which is analytic and p—

valent in the unit disk U={z: |z]<{1} is in the class Ly(a, B, 7) if it
satisfies the condition
’ ’

&) LB <ol B+ a1 cev)
for some a(0=e=<1), B(0<B=1) and y(0=Zr<1).

In particular, the classes L,(0, 8,0) and L;(1, 8,0) were studied by
Singh [7] and Padamanabhan [4], respectively. Recently, the class L;
(e, B,7) were studied by Kim and Lee [1].

It is the purpose of this paper to get coeflicient estimates and the
radius of convexity for the class L,(a, 8,7). Also we generalize some

result of [1],[4] and [7].

2. Coefficient estimates

In the first place, we require the following lemma.

LEMMA 2.1. Let a function
H(2) =145z +byz?+ -

be analytic in the unit disk U. Then H(z) is analytic and satisfies the
condition

1—-H(z

(1*7)+c(zlzl(z) <8

for a(0=a=1), BO<BE1) and y(0=y<1) if and only if there exists
an analytic function ¢(z) in the unit disk U such that |¢(2)| =<1 for
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z€U and

_1-80—7)26(2)
HE) 1+aﬁz¢§z) .

Proof. Let a function
H(z) zl+blz+b222+ .-
satisfies the condition (1). Setting
- 1—H(z)
h(2) =
® = =P FepH®
we note that the function A(z) is analytic in the unit disk U, satisfies
k() |<1 for 2 U and A2(0)=0. Consequently, by using Schwarz’s
lemma, we have h(2)=2¢(z), where ¢(z) is analytic in the unit disk
U and satisfies |¢(z) | <1 for 2z U. Thus we obtain
_1-80—7hi(=)
H® =<1
_1-8A—7)26(2)
1tafed(z)

On the other hand, if

_1—80-D)2 ()
H&) = e )

and [¢(z) | <1 for x€ U, then the function H(z) is analytic in the unit
disk U. Furthermore, since |zd(2)|<lz|<1 for z€ U, we get

1-H@E |_

for z&€ U. This completes the proof of the lemma.
THEOREM 2.2. If the function
F@ =2t4 3 apaet*

is in the class L,(a, ,7). Then we have

< (A +a—7)
o ptn

lap+al

Jor any nz=1. The result is sharp.

Proof. Since f(z) is in the class L,(a,$,7), by Lemma 2.1, we
have
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7 _1-A—7kr(2)
Pzt 1+aph(z) °
where |A(z) | <1 for €U and 2(0)=0. Consequently we obtain
(=D pzt—a f'(2)) ph(z) =f' (2) —p2t71,

that is,
(r—1=a@)pe#" 1= I a(p+n)apae? ") ph(2)

o

Z (P+n)ap+ gbtnl,

Hence we can write

((r—1—a)pzt1— Z]cr(P-Fn)ap+n =#*771) Bh(2)

- Z (P+n)ap+nzp+n 1+ Z C,,Z ’

n=k+
¢, being some complex number. Now, A(z) has modulus at most one
in the unit disk U. Therefore, by using Parseval’s identity, we get

E+1 o
2 (pn)?1apey 1212|2070 4 3 6y 22|
n= n=

S —1-@) Y220 022 1 () ayep|2lz]2etnD
Hence
I 0+m2 a0 PSEP (U Fa— ) 022 5 (p+)? apeal?
and thus
(D2 apepn |PS PR (1 +a—7)?
—U—a?®) & (p+m)?lapenl?
<F2(1+a—7)?
because 0=a=1 and 0<{8=1. This gives that

| < pB(A+a—7)
o ptn

la,

for any n=1. By taking

1-BG—De
O

we have the condition (1) and the expression
Fl2)=2t+ P:B(lp":—a 19) ebtn ..
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showing that the result is sharp.

3. A radius of cnﬁvex:ity
TurOREM 3.1. If the function
f(z)==zt+ :Z.:la,“z’*"
is in the class Ly(a, B,7), then the function f(z) maps

A VA*—4p28(1—7)
i <—%ma-p
onto a convex domain, where A=p+af+B1~—7) (1+p).
Proof. Let f(z) belong to the class L,(a, 8, 7). Then we have
2 () = pep-1 1= B —7) 26 (2)

f (z) yz2 1+aﬁz¢(z) »
where ¢(2) is analytic in the unit disk U and satisfies |[¢(z)| =<1 for
2= U. Then we have

1427@ _,  B(lta—7) (2h(2) +5% ()
F(® - A—pA—7)zp(2)) U+afzp(2))
Now, it is well known that

|¢’(2) < 1—]¢(2) |2
= 1—z|?
for the analytic function ¢(2) in the unit disk U. Consequently, we
have
zf" (z) _B((ta—p izl (o) |+ 124 () 1)
Re {1+ 2 2o e Ao
2y BAta=1)sl (=l +16() ) A= 128(:)])
=0 A 1=zID1A-B0A—7)29(2)) QA +apzd(x)) | °
Furthermore, since
[ +apzd(=)) A—A—1zp(2)) |
=(Q—aflzg(z)|) A—BA—7) |26 () D),

we get
24" (2)
Re {1+ |
sy BUta—p) |l (el +16() ) A~ |26()])
2P0 121D A—aBlz @ ) A—BA—7) 126 1)
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_ BA+a—7) |z
S (e Py Y p gy

Hence if

A— VA—IFEA—7)
H<—Zma—p

then we have

Re {1+ "f((;) 1>0

where A=p+af+B(1—7)(1+p). Thus we have the theorm.

4. The class L,(a, 8,7) with negative coeflicients

Now, we generalize some results of [1], [4] and [7].

THEOREM 4.1. A function f(z)=z¢— illa},ﬂlzﬁ*" is in the class
Ly(a,8,7) if and only if

(@) B (+ap) (p+n) |apial SPEA+a—7).
Proof. Let |z|=1. Then

£ 4ot 0o
= ‘:";pj;

Iap+n|z"

~fla= Zalllia,, )+ 1))

< ptn
Z:'-:l p

—B(+a—7)+ glﬁaf”;” |apinl 2]7

IA

lapsall2]"

A

Z, Atap L8 gy~ p1+a—7)
=0.

1A

Thus we have that f(2) is in L,(a, 8, 7).

Conversely, assume that f(z) =zP——§;_‘.l lap+nl2?*® is in L, (&, B, 7).
Then
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| A <

Thus

3) Re

A+a—p)—Za il g,z

Choose values of = on the real axis so that f’(2) is real. Upon clearing
the denominator in (3) and letting z—1 through real values,

3 (1+ap) 0+ | apal SPEA+a—17).
Letting p=1 in Theorem 4.1, we have the following.

CoROLLARY 4.2. ([1]) A function £(2)=x— 3, lals® is in Li(a,
B, 1) if and only if
Z (+ap)nle, <pQ+a—7).

THEOREM 4. 3. If the fanction f(z) =zl’-—-2;'_.l |apenl22t® isin the class
L,(«,B8,7), then

_ pBQ+a—7) + Y ‘ p8A+a—7) +
lz]? CEETT) zlpg | f@ = ]zl2+ G+ A+ ab) jz|2+1

and

. 2Ata—=7) 1,15 ’ 1y PQta—7) (Lis
plzl? T+ap Izl2< | F/(2) | Splzlo 4 TTap |z|

for x€U. The results in sharp.
Proof. Let f(z) =z’—-illa,+,,lz!’+" be in the class L,(a, 8,7). Then

(2) gives

5 p8(l+a—7)
Zlaral S Gy 0T ap

Theljefore, we have

@z lz]2— 212X 1apsl
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_ pBA+a—7) +
== = D Gy 2

and
£ S 121241212715 1apeal
< |22 pBA+a—7) +
=lzl2+ G+D AFaB) [z]2*L,
On the other hand, we have, from (2),
< 28A+a—7)
4 "Zil (p+n) |a1:+n] éw

It follows from (4) that
/() 120121271 1212 5 (p4) |aya]

;plzlf’“——-—%’”’g(lli";?) lz|2.

and
7@ 1SplelP 1+ 1212 5 (p+n) [aynl

< -1 pA+a—yp) »
Zplzl T e P |z|2.
The result is sharp for the function

op Pﬂ(l—{—a——?‘) +
&=y arad © -

COROLLARY 4.4. If the function f(z)=zP—Z:Iap+,,lzP+" is in the
class L;,(a, B, 7), then the unit disk U is mapped on the domain which
is contained in the disk with its center at the origin and radius r given
by

- pB(l+a—7)
r=t D AT

REMARK. For p=1, we obtain distortion theorems of Kim and Lee

[1].
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