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A SUBCLASS OF ANALYTIC p-VALENT FUNCTIONS

SANG HUN LEE AND NAK EUN CHO

1. Introduction

A function fez) =zP+ t ap+lIzP+lI (pEN) which is analytic and p-
.=1

valent in the unit disk U={z: Izl<l} is in the class L p (a,j3,r) if it
satisfies the condition

(1) I ~:~z~ 11<.ala ~:~z~ + (l-r)\ (zE U)

for some a(O~a~l), ,8(O<.a~l) and r(O~r<l).

In particular, the classes L 1 (0, .a, 0) and L 1 (1, ,8, 0) were studied by
Singh [7J and Padamanabhan [4J, respectively. Recently, the class L 1

Ca,.a, r) were studied by Kim and Lee [lJ.
It is the purpose of this paper to get coefficient estimates and the

radius of convexity for the class Lp (a, ,8, r). Also we generalize some
result of [lJ, [4J and [7J.

2. Coefficient estimates

In the first place, we require the following lemma.

LEMMA 2.1. Let a function

H(z) =1 +b1z+b2z2 + ...

be analytic in the unit disk U. Then H(z) is analytic and satisfies the
condition

I 1-H(z) 1<13
(l-r) +aH(z)

for a(O~a~l), .a(O<.a~l) and r(O~r<l) if and only if there exists
an analytic function if> Cz) in the unit disk U such that Iif> (z) I ;:;;; 1 for
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B(z) I-fJ(l-r)zfjJ(z)
1+atJzfjJ(.z)

Proof. Let a function

H(.z) =1+b1z+bzz2+"""
satisfies the condition (1). Setting

( I-H(z)
h z) fJ(l-r) +atJH(z) ,

we note that the function h(z) is analytic in the unit disk U, satisfies
Ih(z) I<1 for zE U and h(O) =0. Consequently, by using Schwarz's
lemma, we have h(.z) =ztjl(z) , where fjJ(z) is analytic in the unit disk
U and satisfies IfjJ(z) I~1 for zE U. Thus we obtain

Hez) = I-tJ(l-r)h(z)
1+afJh(z)

_l-tJ(l-r)zfjJ(z)
- 1+atJzfjJ(z)

On the other hand, if

H(z)_I-tJ(l-r)zt!J(z)
1+afJzfjJ(z)

and Icj)(z) I~1 for zE U, then the function H(z) is analytic in the unit
disk U. Furthermore, since I%fjJ (z) I~ Izl<1 for zE U, we get

I(l!;.)~~k(z) l=fJlzfjJ(z) l<fJ

for %E U. This completes the proof of the lemma.

THEOREM 2. 2. If th8 function ..
fez) =%1>+ ~ aj>+tlzp+a

.=1 .

is in the class L1> (a, fJ. r). Then we have

la I :s;pfJ(l+a-r)
p+n p+n

for any n~l. The result is sharp.

Proof. Since fez) is in the class Lp (a, fJ, r), by Lemma 2.1, we
have
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I'(z) l-,8(l-r)h(z)
pzP 1 1+a,8h(z)

where Ih(z) I<1 for zE U and h(O) =0. Consequently we obtain

((r-1) pzP-l-a f' (z»,8h (z) =1' (z) - pzP-l,

that is,
~

((r-1-a) pZP-l- r; a (p+n) ap+nzP+n-1),8h (z)
.=1
~

= r; (p+n)ap+nzP+n-l.
#=1

Hence we can write
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1
((r-1-a)pzP-l- r; a(p+n)ap+ nzP+n-l),8h(z)

n=1

1+1 ~

= r; (p+n)ap+nzP+n-l+ r; cnzn,
• =1 0=1+1

Cn being some complex number. Now, h(z) has modulus at most one
in the unit disk U. Therefore, by using Parseval's identity, we get

1+1 ~

1:: (p+n)2Iap+nI2IzI2(p+n-D+ 1:: Icn l 2 1z1 2n

n =1 n=lI:+l

1
~,82 (r-1-a) 2p2J z 12Cp- D+a 2,82 r; (p+n) 21 ap+n 121Z 12Cp+n -I)

11=1 .

Hence
1+1 1

r; (p+n)21 ap+n 12~ ,82p2 (1+a-r) 2+ a 2,82 r; (p+n) 21 ap+n 1 2
M =1 n =1

and thus

(p+k+ 1) 21 ap+k+112~,82p2(1 +a-r) 2
k

- (1-a 2,82) r; (p+n)21 ap+n12
.=1

~,82p2(1+a-r)2

because O~a~l and O<,8~1. This gives that

l
a 1 < p,8(l+a-r)

p+n = p+n

for any n~ 1. By taking

I (z) =S'" ptP- 11-,8(r-1) t
n

dt,
o 1-a,8tn

we have the condition (1) and the expression

I(z) =zP+ p,8(l+a-r) zp+n+ ...
p+n
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showing that the result is shl,U'p.

3. A radius of eonvuity

T.HEOREM 3. 1. If the f,,,unon ..
fez) =zp+ E al+"~+"

.=1

is in the class L,(a, {:J, r), then the function fez) maps

!zl<A- vA2-4j/':{:J(I-r)
2{:Jp(I-r)

onto a convex domain, where A=p+a{:J+{:J(l-r) (1+1').

Proof. Let I(z) belong to the class Lp (a, {:J, r). Then we have

1'(z)=pz,-1 1-{:J(1-r )zq,(z)
I +afizq,(z) ,

where q,(z) is analytic in the unit disk U and satisfies Iq,(z) 1;;;i1 for
zE U. Then we have

1+ zf,"(~7/ =p~ (I~~t~~r~(:)~~i+Z;:;;;~;» .

Now, it is well known that

Iq,'(z) l;;;i I-Iq,(z) 1
2

l-lzl 2

for the analytic function q,(z) in the unit disk U. Consequently, we
have

Re (1+ "f"(")} -:?:.p fi«l+a-r) 1,,/ (Iq,(z) I+ 1r.tP'(z) I)
I'(r,) - 1(I-{:J (I-r)"q, (r,»(I+af:JztP(r,» I

;;;:: _ (I+a-r)Ir,I(I.t:I+lq,r, 1 (l-I.t:(b(.t:)I
-p (I-I" 2)1 l-{:J(I-r)zq,(z»(l+a.8zq,{z» I .

Furthermore, smce

I (l+a{:Jzt/J(r,» (l-.8(l-r)Zt/J{z» I
~ (l-a.81 zq,(z) I) (1- .8(l-r) Iz(b(%) I).

we get

Re {l+ Zj"(r,)}
I'(z)

-:?:.p P(l+a-r) Izl (1%1 + Iq,(%) /) (l-lzq,(z) /)
- (1-lzI 2) (l-a.8I z(b(z) I) (l-.8(I-r) Izq,(z) I)
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-:.?:p_ /30+a-r) Izl
- (l-lzl) (l-/3(l-r) Izl) .

Hence if

then we have

Re {1+ zf" (z) }>0
f'(z)

where A=p+a/3+/3(l-r) (l+P). Thus we have the theorm.

4. The class Lp (a, /3, r) with negative coefficients

Now, we generalize some results of [lJ, [4J and [7J.
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THEOREM 4.1. A function fez) =zP- 1:: Iap+1I1 ZP+II is in the class
,,=1

Lp(a, /3, r) if and only if
co

(2) L: (l+a/3) (p+n) lap+1I 1 ~P/3(l+a-r).
" =1

Proof. Let Iz I= 1. Then

If'(z) -ll-/3laf'(z) +(l-r)1
pzP 1 pzP 1

'

00 p+n I= L:--Iap+nl zll
"=1 p

-/3la- ~ a p+ n !ap+lI!zll+(l-r) I
11=1 P

~ f1 p~n lap+llllzl11

-f3(l+a-r) + f: /3a
p

+ n lap+llllzl 11
11=1 p

00 P+
~ L: (l+a/3)-_n lap+II I-/30+a-r)

"=1 p
~O.

Thus we have that f (z) is in Lp (a, /3, r).
00

Conversely, assume that fez) =zP-~1 Iap+1I1 ZP+II is in Lp (a, /3, r).

Then
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f'(%) 1
pR:J-l .

f'( ) <fJ·
a PR:J:l +(1-r)

(3)
{

.. p+n ~~plap+.I%·
Re .. fJ

(1+a-r)-1:: a p+n lap+.I%"
1& RI . P

Choose values of % on the real axis so that I' (z) is real. Upon clearing
the denominator in (3) and letting %-1 through real values,..

1:: (1+afJ) (p+n) Iap+" I~PfJ(1+a-r)·
1&=1

Letting p=l in Theorem 4.1, we have the following...
CoROLLARY 4.2. ([l]) A function I(i)=z- 1:: la"I%" is in L1(a,

1&=2

fJ, r) if and only if ..
1:: (l+afJ)nla,,1 ~fJ(l+a-r).
1&=2 ..

THEOREM 4.3. IJ the function fez) =zP- 1:: Ia/J+" Izp+n is in the class
.. =1

Lp (a, fJ, r), then

1.r:IP~ pfJ(l+a-r) Izlp+1::;; If(z) I::;; IzII+ pfJ(l+a-r) Izlp+1
(P+ 1) (1+afJ) - - (P+ 1) (1+afJ)

and

pl.r:!P-l- P(11~~pr) 1.r:IP~ II'(z) I~pl.r:IP-l+ p(;~:pr) 1.r:IP

lor zE U. The results in sharp•..
Prool. Let fez) =%p- 1:: lap+"lzP+II be in the class Lp (a, fJ, r). Then

1&=1

(2) gives

~ I I::;; pfJ(l+a-r):=1 ap+II - (P+ 1) (1+afJ)

Therefore, we have

I/(z) I;;;;; IzIP-lzlJ>+1i: lap+nl
1&=1
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zlzlP- pfl(l+a-r) IzIP+!
- (p+ 1) Cl +afl)

and
co

If(z) I~ IzIP+ IzIP+l~ Iap+lI I
a=1

~ IzIP+ pfl(l+a-r) IzIP+!.
- (p+1) O+afl)

On the other hand, we have, from (2),

( ) ~ ( ) I 1< PM1 +a-r)4 ;:1 p+n ap+lI = 1+afl .

It follows from (4) that
=

If'(z) I~plzIP-l_lzIP ~ (p+n) lap+lI l
x=1

zp!Z!P-l- p(3C1+a-r) !~IP
- l+afl .....

and
=

If'(z) I~plzlp-l+ IzlP ~ (p+n) /ap+nl
.=1

~plzIP-l+p(~~:~r) IzIP.

The result is sharp for the function

f (z) =zP- P(3(l+a-r) ZP+l
(p+ 1) (1 +afl) .
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=
COROLLARY 4.4. If the function fez) =zP-~ Iap+lI lzP+n is in the

.=1

class Lp (a, fl, r), then the unit disk U is mapped on the domain u'hich
is contained in the disk with its center at the origin and radius r given
by

_ p(3C1+a-r)
r-1+ (p+ 1) (1 +afl) .

REMARK. For p=l, we obtain distortion theorems of Kim and Lee
[lJ.
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