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CERTAIN CLASS OF ANALYTIC FUNCTIONS WITH
NEGATIVE COEFFICIENTS

NAK EUN CHO and SHlGEYOSHI OWA

1. Intorduction

Let T k be the class of functions of the form
00

(1.1) fez) =z- L.. anzn (an~O; k=l, 2, 3, ... )
n=k+l

which are analytic in the unit disk U = {z: Iz I<I} .
A function fez) belonging to Tk is said to be in the class Lk(a, f3, r)

if and only if it satisfies the condition

(1. 2) \ ff (z) -1 !<f3
af' (z) + (l-r)

for some a(O~a~l), f3(O<f3~l), r(O~r<l), and for all zE U. The
class L 1 (a,f3,r) when k=l were studied by Kim and Lee [lJ.

The object of the present paper is to prove some distortion inequalities
for functions fez) belonging to the class L k (a, f3, r). Furthermore, a
new criterion for the class Lk(a, f3, r) is shown.

In order to derive our results for the class L k (a, /3, r), we have to
recall here the following lemma due to Kim and Lee [lJ.

LEMMA 1. Let the function fez) be in the class T 1• Then fez)
belongs to the class L 1 (a, f3, r) if and only if

(1. 3)
00

L.. (1+a/3)nan~f3(a+1-r)·
n=-2

2. Distortion inequalities

Applying Lemma 1, we show
THEOREM 1. Let the function fez) be in the class T k. Then fez)

belongs to the class Lk (a, /3, r) if and only if

(2.1)
00

L.. (l+a{3)nan~{3(a+l-r).
n=k+l
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(2.6)

Proof. Letting an=O for n=2, 3, 4, "', k in Lemma 1, we have the
inequality (2. 1). Further, the equality in (2. 1) is attained for the
function fez) given by

(2.2) f(z)=z- f3(a+l-r) zn (n~k+l).
n(1 +af3)

COROLLARY 1. If the function fez) of the form (1.1) is in the class
L k(a, 13, r), then

( ) < f3(a+l-r) ( )
2.3 an n(l+af3) n~k+l.

Equality in (2.3) is attained for the function fez) given by (2.2).

With the help of Theorem 1. we prove

THEOREM 2. If the function fez) of the form (1.1) zs tn the class
Lk(a, 13, r). then

() I I f3(a+l-r)
2.4 z - (k+l) (l+af3) Izlk+l~ !fez) I~ Izl

f3(a+l-r) k
+ (k+l) (l+afi) Izl +1

and

(2.5) I-f3(;~~;r) IZlk~lf'(z)l~l+f3(;~~;r)Izlk

for zE U. The equalities in (2.4) and (2.5) are attained for the function
fez) given by

f( ) - f3(a+ 1-r) k+1
z -z- (k+ 1) (1 +af3) z .

Proof. Note that (2.1) gives

(2 7) ~ an~ f3(a+ l-r) .
. oft+! - (k+ 1) (1 +af3)

Therefore, we have

(2.8)

and

(2.9)

=
1fez) I~ Izl-lzlk+l I: an

o=k+l

> I 1- f3(a+l-r) IzI H1
= z (k+ 1) (1 +af3)

=
If(z) 1~lzl+lzlk+l I: an

o=k+l

< I I [3(o:+l-r)
= z + (k+ 1) (1 +0:13)



(2.12)
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On the other hand, we have, from (2. 1),

(2. 10) ~ na ~ J9(a+ 1-r)
0=0+1 n - 1+aJ9 .

It follows from (2.10) that
00

(2.11) If'(z)l~l-lzl"~nan
o=.Hl

~1- j3(a+l-r) I~I"
- l+aJ9 N

and
00

1f'(z) I~1+ Izl" ~ nan
o=k+1

~1+ j3(a+1-r) Izl".
- 1+aJ9

COROLLARY 2. If the function fez) of the form (1. 1) is in the class
L" (a, 13, r), then the unit disk U is mapped on the domain which is
contained in the disk with its center at the origin and radius r given by

_ J9(a+1-r)
(2.13) r-1+ (k+l) (l+aj3) .

3. Application to the fractional calculus

We need the following definitions of the fractional calculus (fractional
integrals and fractional derivatives) by Owa ([3J, [4J).

DEFINITION 1. The fractional integral of order 0 is defined by
-0 (~) _ 1 fZ f(~)

(3.1) D z 1 N - reo) 0 (z-~)1 0 d~,

where 0>0, fez) is an analytic function in a simply connected region
of the z-plane containing the origin, and the multiplicity of (z-~)o-l

is removed by requiring log(z-~) to be real when (z-C) >0.

DEFINITION 2. The fractional derivative of order 0 is defined by
o _ 1 d fZ f(C)

(3.2) Dz 1(z)- r(l-o) dz 0 (z_C)odC

where 0~0<1, fez) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z-O 0-1

is removed by requiring log(z-O to be real when (z-C) >0.

DEFINITION 3. Under the hypotheses of Definition 2, the fractional
derivative of order (n +0) is defined by
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(3.3) Dzn+Of(z) = :; D/f(z),

where 0~0<1 and n=O, 1, 2, ....

By using the above definitions, we derive

THEOREM 3. If the function fez) of the form (1.1) is in the class
Lk (a, (3, r) , then

(3.4) ID -of(z) I > Izll-O {1_ r (k+l)r(2+0){3(a+l- r ) Ilk}
z F(2+0) r(k+2+0)(I+a{3) z

and

(3.5) ID -of() I::; Izll+O {1+ F (k+l)F(2+0){3(a+l- r ) Ilk}
z z -F(2+0) r(k+2+0) (l+a{3) z

for 0>0 and zE U. The equalities in (3.4) and (3.5) are attained for
the function fez) given by (2.6).

Proof. It is easy to see that Definition 1 gives

(3.6) F(2+0)z-oDz-of(z) =z- f; F(n+l)F(2+0) anzn.
n=k+l F (n+ 1+0)

Letting

(3.7)

we see that

'!'(n) F(n+l)F(2+0) (n z k+l)
'f' F(n+l+o) - ,

(3.8) O<p(n) ~p(k+l)=F~t~~~20jO)

It follows from (2. 7) and (3.8) that
(3.9) IF(2+0)z-ODz-Of(z) I

00

~ lzl-p(k+ 1) Izlk+I I: an
n=k+l

> I I r(k+l)r(2+o){3(a+l-r) I [HI
= z r(k+2+o) (1+af3) z

which shows (3.4), and
(3.10) Ir(2+o)z-ODz-of(z) I

00

~ [zl +p(k+l) Izlk+1 I: an
n~k+l

<11+r (k+l)r(2+o){3(a+l-r)lzlk+1
= z r(k+2+o) (1+a(3)

which proves (3. 5) .
Finally, since the equalities in (3. 4) and (3. 5) are attained for the

function fez) defined by
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(3.11) D -of() zl+O {1_ 1' (k+1)1'(2+0)p(a+1-r)zk}
% z 1'(2+0) 1'(k+2+0) (l+a!3) ,

we know that the equalities in (3. 4) and (3. 5) are attained for the
function fez) given by (2.6).

Next, we prove

THEOREM 4. If the function fez) of the form (1.1) is in the class
Lk(a,!3,r), then

(3 12) ID °f(~) I;:::: Izll-o {1_1'Ck+1)1'(2--0)!3(a+1-r) Izlk}
• %.. -1'(2-0) l' (k+2--0) (1 +ap)

and

C3.13) ID 0f("') I~ Iz1
1
-0 {1+1'Ck+1)1'(2-0)!3Ca+1-r) Izlk}

Z .. -1'C2-0) F(k+2-0) (l+ap)
for O~o<l and zE U. The equalities in (3.12) and (3.13) are attained
for the function fez) given by C2. 6).

Proof. Note that

(3.14) 1'(2~o)zODzOf(z)=z-'~~I1'~~~[~20)0)anzn.

Defining the function 1J (n) by

(3.15) if'(n) =j((2~?-~~) (n~k+1),

we can see that

(3.16) O<1J(n) ~1J(k+l) =1'~t~~.5:o)o)

Therefore, by using (3. 16) and (2. 10), we have
(3.17) Il' (2-0) zOD/f(z) I

00

~ Izl-1J(k+1) IzlHl ~ nan
.~'+l

~ 1 I_ F (k+1)1'C2-0)pCa+1- r ) 1 IHl
-- z l' (k+2-0) (1 +ap) z

which shows C3. 12), and
C3.18) j1'C2-0)zoD/fCz) 1

00

~ IzI +1JCk+1) IzlHl ~ nan
.~'+l

< I 1+F(k+l)F(2-o)p(a+1-r) I IHl
=Z 1'Ck+2-0)C1+ap) z

which implies (3. 13) .
Furthermore, we note that the equalities in (3. 12) and C3. 13) are
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attained for the function fez) defined by

(
0 _ ZI-o { r(k+I)F(2-o),8(a+I-r) k}

3.19) D,'/f(z) - r(2-o) 1- r(k+2-o) (1+a,8) z,

that is, defined by (2. 6) .

4. New criterion for Lk(a,.s, r)

For the functions
=

(4.1) /j(z) =z+ L; an.jzn
n=k+l

which are analytic in the unit
product fl*f2(z) of fl and f2 by

(k=l, 2, 3, ... ; j=l, 2)

disk U, we define the Hadamard

(4.2)
00

fl*f2(z) =z+ L; a",la",2z".
.=k+l

We need the following result for analytic functions with negative
coefficients.

LEMMA 2. Let the function fez) of the form (1. 1) be in the class Tk.
Then fez) satisfies

(4. 3) Re{f~) }>0

if and only if
=

(4. 4) ~ an ~ l.
n=k+l

The above lemma owe to Sarangi and Uralegaddi [5J.

With the aid of Lemma 2, we have

THEOREM 5. If the function fez) of the form (1.1) is in the class
Lk(a,,8,r), then f*g(z) is clo-se-to-convex in the unit disk U, where

(

_ 00 1+at3 n
4.5) g(z)-z+2tl,8(a+l-r) z.

Proof. By using Theorem 1 and Lemma 2, we can see that

( ) ( ) ~ (1+a(1) n <
f z ELk a,,8, r <==;>n=ti"l ,8Ca+1-1) an=l

{=:} Re{f* (z~ (z» } >0

{:=:} Re {{f..g(z))'} >0.
This implies that f*g(z) is close-to-convex in the unit disk U_

CoROLLARY 3. If the fancti(Jfll fez) of the form (1.1) is .m the dass
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L k (a, /3, r), then

(4.6)

where g (z) is given by

Re {f*g(z) } ,>1-
z / 3'

(4.5) .

Proof. By the result due to Obradovic [2J, we have

(4.7) Re {j'(z)} >0 =? Re{f;)} >~-

for an analytic function fCz). It follows from the above and Theorem
5 that

fez) ELk Ca, (3, r) ~ Re {( f*g Cz»'} >0

=? Re V*~(z) }>i
which completes the proof of Corollary 3.
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