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CERTAIN CLASS OF ANALYTIC FUNCTIONS WITH
NEGATIVE COEFFICIENTS

Nax EuN CHo and SHIGEYOSHI OwA

1. Intorduction
Let T} be the class of functions of the form
LD f@=2—2a (@205 k=12,3)

which are analytic in the unit disk U= {z: |2]|<{1}.

A function f(z) belonging to T} is said to be in the class L;(a, 8,7)

if and only if it satisfies the condition
L flm—1 |

€2 FHCE =N
for some a(0=a=<1), B(O<B=1), 7(0=7<1), and for all z= U. The
class L,(a, 8,7) when k=1 were studied by Kim and Lee [1].

The object of the present paper is to prove some distortion inequalities
for functions f(z) belonging to the class L;(a, 8,7). Furthermore, a
new criterion for the class Li(a, §,7) is shown.

In order to derive our results for the class L(a, 8,7), we have to
recall here the following lemma due to Kim and Lee [1].

LEMMA 1. Let the function f(z) be in the class Ty,. Then f(z)
belongs to the class Li(a, B,7) if and only if

(1.3) i:z (1+ap)na, <pla+1—7).

2. Distortion inequalities

Applying Lemma 1, we show
THEOREM 1. Let the function f(2) be in the class Ty Then f(2)
belongs to the class Ly (a, B,7) if and only if

@1 ” ;:“(1 taf)na,<Bl@ti—7).
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Proof. Letting a,=0 for n=2,3,4,---,k in Lemma 1, we have the
inequality (2.1). Further, the equality in (2.1) is attained for the
function f(z) given by

_._Blat+l—7 ,

2.2 f() S ATap (n=k+1).

COROLLARY 1. If the function f(2) of the form (1.1) is in the class
Ly(a, B,7), then

Blat+1—7)
(2. 3) aném (n;k—i—l)

Egquality in (2.3) is attained for the function f(2) given by (2.2).
With the help of Theorem 1, we prove

THEOREM 2. If the function f(z) of the form (1.1) is in the class
Lk(as ‘89 T), then

@.4) 2| —-LeELI=D kg f() | <]z

(k+1) A+ap)
Blat1l—y) +
1D atep
and
_ Bla+1—n ’ Blat+1—7)

Jor € U. The equalities in (2.4) and (2.5) are attained for the function
F(2) given by
— _ Bla+1—7) k1
2.6) f(z)==x G+D AT ap) 2FTL
Proof. Note that (2.1) gives

= Blat+1—7)
@.7) D N CE

Therefore, we have

2.8) | f@ 122l =125 5 o
__Bla+1—p +
2= arep H
and
2.9 | f@ =121+ 12141 3]

Bla+1—y) +
=lz]+ &+1D) (A+ad) [z ]#¥1,
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On the other hand, we have, from (2.1),

5 Bla+1—7)
e S Y AV
(2.10) ”:Zkﬂna,,__» Trap
It follows from (2.10) that
2.11) £ 121~ 121t 3 na,
>3- Blet1-7) | 1
- 1+af
and
(2.12) | /)| <1+ ]:[kng;ﬂna,,
<11 Blat1—7) 1
=1+ T+ ap | 2| %,

COROLLARY 2. If the function f(z) of the form (1.1) is in the class
Ly(a, B,7), then the unit disk U is mapped on the domain which is
contained in the disk with its center at the origin and radius r given by

—14 _Bletl-r)
(2.13) = I aTep

3. Application to the fractional calculus

We need the following definitions of the fractional calculus (fractional
integrals and fractional derivatives) by Owa ([3], [4]).

DerFINITION 1. The fractional integral of order é is defined by
VYR U A (S d
(3- 1) Dz f("‘) 17(5) JO (z_C) 1-0 C’
where 6>0, f(z) is an analytic function in a simply connected region
of the z-plane containing the origin, and the multiplicity of (z—g)%!
is removed by requiring log(z—{) to be real when (z—0)>0.

DErFINITION 2. The fractional derivative of order § is defined by
5 __ 1 d (= f©
(3.2) D.Jf (=) TA—=3) d2Jo Z_C),;dc
where 0=<6<{1, f(2) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z—{)%-!
is removed by requiring log(z—{) to be real when (2—0)>0.

DerNITION 3. Under the hypotheses of Definition 2, the fractional
derivative of order (n+6) is defined by
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(3.3) D4f () =&
where 0=<§<{1 and 2=0,1,2, -+

D.f (2),

By using the above definitions, we derive

THEOREM 3. If the function f(z) of the form (1.1) is in the class
Lk (Cf, lS: T) ’ then
(3. 4) lDz_af(Z) l > ]2'1_5 {I_I’(k+1)l’(2+5),8(a+1—r) lzlk}

TG+ T (t+2+3) (1+ap)
and
_ 121 [, | PG+ (248) lat+1—7)
@.5) D) I Spg gy {H TG+2+0) 1+ ’z'k}

Jor 00 and 2= U. The equalities in (3.4) and (3.5) are attained for
the function f(z) given by (2.6).

Proof. It is easy to see that Definition 1 gives

(3.6) I'(2+8)z7D,f (2) =2 Féll’ggagﬁzgm .

Letting
F(n+1)F(2+5)
we see that
I'(k+2)I' (2+6)
3.8 <o) =¢(k+1) = TG+210)

It follows from (2.7) and (3.8) that
(3.9 [I'(2+8)27°D,~f (=) |

212l —g @+ 2151 3] g

> 2|~ LREDI@40)flat1-7)
- T(k+2+0) Q+ab)

lzlk+1

which shows (3.4), and
(3.10) |{I'2+d)z°D,°f (=) |

<zl +4G+D 1215 3 g

IF'k+1)I@2+46) Blati—ry) |z |+

=== et ted

which proves (3.5).
Finally, since the equalities in (3.4) and (3. 5) are attained for the
function f(z) defined by
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=5 I _FG+DIr2+oplat+i—=y
@10 D7 @) =5 {1 T (k+2+6) A+ap) z]’
we know that the equalities in (3.4) and (3.5) are attained for the
function f(z) given by (2.6).

Next, we prove

THEOREM 4. If the function f(z) of the form (1.1) is in the class
Lk(a': AB’ T)a then
(.12 D@ |z - TE DI 2= Die D) |,

~Ir(2-o I'(k+2—6) (1+ap)
and
N |22 r'k+1)I(2—0)p@t+1—7)
619 1D5@ s plgy TR S e

for 0=£6<1 and =€ U. The equalities in (3.12) and (3.13) are attained
for the function f(2) given by (2.6).

Proof. Note that
Nyl e o (0D (2—0)
(8.14) I'(2—0)ZDSf(2) == ,,3% T es e

z"

Defining the function ¢ () by

oy () (2-0)
(3.15) ¢ (n) Tor1=5) (nz=k+1),
we can see that
_T&k+DI(2—0)
(3.16) 0<p(n) =pk+1)= TGio—05) -

Therefore, by using (3.16) and (2.10), we have
(3.17) | (2—0)2°D,’f (2) |

2 |2] = (k+1) 215 3 na,

> |z] _I'G+1Dre2—-oplat+i—r |2 | B+
- I'k+2—0) 1+ap)

which shows (8.12), and
(3.18) | I'(2—8)2°D.%f (2) |

< Izl +¢G+D) |24 3 na,

TGO @—8)Bat1=7) | ke
=l sy dhap

which implies (3.13).
Furthermore, we note that the equalities in (3.12) and (3.13) are
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attained for the function f(z) defined by
_ 29 [ TR+DI@—3)Bat+l—7)
@.19) DY@ =rrp=, {1 T(#12—3) (A +ab) .
that is, defined by (2.6).

4. New criterion for L,(a, 8, 7)
For the functions
@) fi@=xt Daa k=123 j=1,2)

which are analytic in the unit disk U, we define the Hadamard
product fi#f2(z) of fi and f2 by

(4. 2) fl*f2 (2) =z'{;=§10u,1an,zz"-
We need the following result for analytic functions with megative
coefficients.

LEMMA 2. Let the function f(z) of the form (1.1) be in the class T}.
Then f(z) satisfies

(4.3) Re {L(:_)_} >0
if and only if
4.4) S e, =1.

n=k+1
The above lemma owe to Sarangi and Uralegaddi [5].

With the aid of Lemma 2, we have

THEOREM 5. If the function f(z) of the form (1.1) is in the class
Lia, B,7), then f+g(z) is close—to—convex in the unit disk U, where

_ .- 1+af .
4.5) s@ = B Bt

Proof. By using Theorem 1 and Lemma 2, we can see that

& (1+aB)n
f(z) EL], (C(, ,3, T) @ﬂélmau =1

<> Re{(f+£(z))}1 >0.
This implies that f*g(z) is close~to—convex in the unit disk U.

COROLLARY 3. If the function f(2) of the form (1.1) is im the class
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Li(a, 5,7), then

(4.6) Re {ﬁgy(i)} > % ,

~

where g(z) is given by (4.5).
Proof. By the result due to Obradovi¢ [2], we have
4.7) Re(s”()}>0 => Re{/&}>1

o~
~

for an analytic function f(z). It follows from the above and Theorem
5 that

f)EL(e, f,7) <> Re{(frg(2))’} >0
—> Re [ﬁﬁ_(i)_} >_:]g:

o~
~

which completes the proof of Corollary 3.
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