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SPECTRA OF WEIGHT SHIFT OPERATORS ON
THE SPACE I,(q)

JonG-KwaNnG Yoo and Jag Cnur Ruo

1. Introduction

In this paper, we proved mainly that the spectra of weight shift ope-
rators on the space [,(q) depend on the weight and ¢, where l,(g) is
the set of all sequences x= (xy, xs, 23, *+*- ) such that r,eC for all »
and Z}l]x,,!gq“”<00. Throughout this paper, we denote L(E) for the
set of all bounded linear operators, where E is a normed space over the
complex field C, we write 0(4), 06,(4), 0.n(4), 0,(4), 0.(4)
and o,(A) for the spectrum, point spectrum, compression spectrum,
approximate point spectrum, residual spectrum and continuous spectrum
of an operator A€ L(E) respectively.

It is well-known that ¢,(A4) =0, (A)\e,(A4), ¢.(A) =0 (A)\ {o,(A) U
Oeom(A)} and 0(A)=0,(4) Uo,(A) Us.(A), where ¢,(4), 0,(A) and
0.(A) are mutually disjoint.

2. Main results

We will investigate the spactra of the shift operators on the Banach
space I;{(g) and the spectra of the weight shift operators on the Hilbert

space l2(q).
We begin with the first part. Let ¢>>0 be given, and let [,(g) be

the set of all sequences z= (xq, 23, 23, -+ ) such that 3] | z,|g~#<( 0 and
n=1

z,€C for all n. we define a norm HxﬂquUnlq'”, then clearly I, (¢)

is a Banach space.

THEOREM 2.1. Let A be the left shift operator on 1;{g). Then we
have the following;
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D 0(A)=0,,(A)={A€C: |2 =q} and 0,(4)={2€C:|2|<q},
(@) Ocon(A) =0.(4)=¢ and 0.(A)={AcC:[2]=q}.

Proof. Clearly A is a bounded linear operator with ||A||=q. Suppose
that Az=2z for z=(z,) €li(q). Then (z, x5, z4, ===+ )= Qzy, Az3, Ax3,
------ ), that is; z,.1=A4z, for all n. If 2;=0, then z=0 in /;(g). Let
A€o, (A). Then there exists a non-zero element z=(z,) in I;(g) such
that Az=2z. Since z;#0, [Az|,=|Azll,<gllzll, and so ¢,(4) < {2€C"
[A1<<q}. Let [2]1<g, and let z=(g7%, Ag7%, g%, ----- ). Then ||zfl,=
¢ (g:l\%]-\")<00, Az=24z and so {1€C:{2|<q} 0,(A). Hence ¢,(4) =
2eC:121<q}.

It is well-known that ¢,(A4) Co,,(4) ce(A)c {AeC: || £||All=4}.
Since 0,,(A) and ¢(A) are closed subsets of C, we have ¢,,(4) =¢(4)
={ieC: |1 =4}.

For (2), it is known that 0.,,(A4) =0,(4’), where A’ is the conju-
ugate operator of A. Let 1€0,(4”). Then there exists a non—zoro ele-
ment f in the dual space [I;(¢)]’ of I;(g) such that A’f=1f. Since Ae;=
0, Ae,i1=qe, for all n and f(4e,) =1f(e,) where {e, : e,=(0,0,0,---,
¢,0,0,0,--),2=1,2,3, +----+ }. Thus f=0, a contradiction. It follows
that ¢, (4) =0,(4”) =¢. Moreover, 6,(A4) =0.0n(4)\0,(A)=9¢, 0.(4)=
0 (A \{0con(A) Ur,(A)} = A€C: | 2| =4} .

THEOREM 2.2. Let V be the right shift operator on 1,(q). Then we
have the following;

(1) GP(V):¢7 Ucom(V)={)~Eczl'”<—tll_} and
o'(V)={l eC:;A:g%},
@) oap(v>—oc(V)—{zeC u[——} and 0,(V) =0,y (V).

From (1) and (2), we see that 6,,(V) N0.0n (V) =6. ‘

Proof. Clearly V is a bounded linear operator with HVH——. If 2

€0,(V), then there exists a non—zoro element z= (z,) in L (q) such
that Vz=2Az. Thus (0, =, zs, x5, ****+* )= (Azy, Azg, ++--- ), that is; 1z;=0
and Az,.1=xz, for all . This implies z=0 in [;{(g), a contradiction.
Hence 0,(V)=¢. It is known that 0.,n(V)=0,(V’) where V’ is the
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conjugate operator of V. Let ]2[<-;-. We define f: 1;(¢) —C by f(2)

= Saaa for e=(z,), then |f(@)1 ST 1all U153 | 2,1q7 " =glall,
(oo, Thus f is a beunded linear functional on I;(q) and V’f=Af.
Hence {AEC: |2]<%} Co,(V"). For a A€¢,(V’) there exists a non—
zero bounded linear functional f on I;(g) such that V’f=2f, and so
Ill<%. Therefore ¢, (V)= {2€C: |1|<"(11*}}.Since Oeom (V)T (V)

. _1 _ . 1
cfiec: sIvi—+], s)=lrec: 11151
(2) It is known that {ZEC: ]2|=%} =00(V)Co,, (V). Let [A]#
%. Then [(V=aD) x|,z | || Vzll,—lAxll, 3:}%—11“ izl forall z&

I,(@. Thus V—AI is bounded below, and so 2¢o,,(V). Hence
U.p(V>={leci lll=%}-Moreover,ar(V)=amm(V)\o,,(V)=acom(V).
0.(V) =0 D\ o (V) Ug, (W} = f2C: 11=1].

Now, we discuss the spectra of the weight shift operators on the
Hilbert space I;(q).

PROPOSITION 2.3. Let q>0 be given, and let 1,(q) be the set of all
sequences x=(T1, Ta, T3, ****+* ) such that z,€C for all n and 3, |x,|%q"

a=1

<o, Define an inner product of vectors = (x,) and y= (y,) by (z]y)
zix,,y,,q"'. Then 15(q) becomes a Hilbert space.

n=1

Proof. Obviously ||zll,=0 if and only if 2=0 in I,(g), llazll,=]a|

llzll, for all a€C and z&1l,(g). For the triangular inequality, let z=
(x,) and y=(y,) be elements of l,(g). By the Cauchy-Schwarz inequ-

ality, élx,,y,,]q‘"§<§1|xn|2q—n>%<§1|yn[2q—n>% we have [lz-+yll,=
(Z1n %2 mnla Bl s el sl

Let (x,)be any Canchy sequence in the space I,(g), where z,= (a;®,
as™,---). Then for any £>>0, there exists NE N such that (Zlaj(")
j=1

—aj<m)l2q*f)%<s for n, m>N. It follows that



36 Jong Kwang Yoo and Jae Chul Rho
™) (a;®—a;™)gi|<e for every j=1,2, -+, and for n, m>N. For
a fixed j, (o;), is a Cauchy sequence in C. Let §; =lin:' a; . Using

this limits, . we define z= (8, B2, *=-) and show that z<1l,(g) and ||z,—
zl};—0 an n—oo,

From (*), we have (Ji}llaj(ﬂ)—aj(m)lzq—f)%<e for all #n,m>N (k=

1,2,3, ). Letting m— 0, we obtain (}f_‘. laj("’—ﬁjlzq*f)%§s for 2>>N,
for £=1,2, - i |

Let k—co. Then <§I a; W —B; I2q‘f)%§e for m>N. This implies Z,
—z and z,—z= (a; P —B;) €1,(g). Since z,€1,(g), we have z= (z—z,)

+z,€1:(¢). Hence I;(g) forms a Banach space. It is enough to show
that the norm satisfies the parallelogram law.

For z=(a,) and y=(8) in L@, letsl+lz—sl2=3las+ 1
a7+ 3oy ;1%a75=2(5 10 1%7+ 51 ;1207 =2ljall 2+ 2llpl %, Ther.
efore, I,(q) becomes a Hilbert space.

LEMMA 2.4. Let A be the left shift operator on 1,(q). Then A is a

bounded linear operator with ||A|= 1/; and A*=qV, that is, V*=';—A,

where V is a right shift operator on l5(q).

Proof. Clearly A is a linear and I[Ax[|q2=2w |2;411%g77 <gllz]l 2 for all
_ o
z=(z,) in L{g). If 20=(0,4%0,0,), then [[Axoll>=qllzoll;®. Hence
A is a bounded linear operator with [|A]|= 4.
Define Q:1,(g) Xl2(g)—C by 2(z, ) =(z|Ay). Then Q is a sesquili-
near functional and

ey 121 | (x149) | 1451
1=, oMl ol et Tl =Toer T,

On the other hand,
Ofl= |zl Ap) ] - | (Ay|Ay) | I Ayllg
llell= TR Talloll, = 1Ayl e T,
Hence we have HQII-—HAII= Vgq.

For each z€1l,(g), defining F, : I;(q)—C by F,(y)=Q(x,5). Then
F, is a bounded linear functional. We put G= {ycl;(q) : F,(y)=0},
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then G is a closed linear subspace of I,(gq). If G=I5(q), then clearly
F.=0; we choose h=(0,0,0, ), then k€l,(¢) and ||F,||=|All,=
If GSl;(g), then there exists a non-zero element ko< [I;(¢) ©G]. Since

Fz(Fz(y)hO_sz(hO)) =0 for all yEIZ(q)! Fz(y) hO_yF:c(hO) G fOl' an

¥E1l:(g). Moreover, F(y) (holho) —Fz(ho) (31ho) = (Fz(3)ho— yF (ko) |
hy) =0 for all yel,(g).

We put h=_—2320- lﬁlfﬁ(’) ho then F.(y)=(y|h) for all y=i,{(g),
0lig
=G0 Ll <17 and 1.1 =
q
sup | Fs (y)l~sup NI =1kl Thus [[Fll=|Al,.

Therefore for each xelz (g), there exists h,€1,(g) such that F,(y) =
(ylks) and ||F,ll=llhll,, We define A*l,(q)—1l,(q) by A*z="h,. Then
A* is a bounded linear operator with ||A*||=]|Q]|=+ ¢. Also (4y|z)
=Q(z, y) =F,(y) = (k) = (y| A*2) for all z,yE1,(q). Let e,= (g},

0,0,0, - ) and choose ky=(0,1,0,0,0, - ), then kye&ker(F,) and
lholl,?=5

Oilg q2-

Thus Ize,=~(fﬁ]|l—]‘%-};9)—ho=q 0, g3, 0, 0, ) =g Vey.
q

We have A*ey=qVe,. Let e2=1(0,4,0,0,0, - ). Choose ky= (0, 0,
1,0,0, ), then hoetker(F,) and llhdll=_5

Thus h,,=qVe;, and so A*e;=gVe,. Continuing this process, we have
A*e,=qVe, for all n, where {e, : €,=(0,0,0, -+~ »q"%,0,0, e ), n=1,
2,3, oot } is a complete orthonormal system of the I,(g). Hence A*=

gV and A= (A*)*= (qV)*=¢qV*. Therefore we have V*=—;—A. This
completes the proof.

Now, we determine the spectra of the weight shift operators on the
space I;(g) using the above Lemma 2.4. The results are as following.

THEOREM 2.5. Suppose that 0<|ay| = || = |ag| <+-+ such that r=
supla,|<oo. Let A : ly(q)—1s(q) be the operator defined by A(xy, x5, x3,
""" ) = (aazs, A3, gy, *=+++*).

Then we have the following:

(1) 0,(H)=0ReC:|A<rvq} and o(A)=0,,(A)=1EC: [A=
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v g}
’ (2) acam(A) =0',-(A) =¢ and O'C(A)= {ZEC: |]]=r4/_q_-}.

Préof. (1) Suppose that Az=2z for z=(z,) in I;(g). Then (asz,,
q3X3, QgTy, > " ) = (Azy, Azg, Azg, ==22++ ), that is, U t1Tn 1= A%y for all .
If £;=0, then z=0 in I,(g). Let A€0,(A). Then there exists a non-
zero element z=(z,) such that Az=2z. Since z;#0, ||iz|,=|Axzll,=

oo 1
(B ez 1201 F<r v gl
J

Hence g,(A)c{A€C: [2|<rvgq}. Let [2]|<rvgq. Choose zy=
(va. e, B0 e iy
q> , o reees 2(q), then Azy=Ax,, thatis, i€0,(4),

az L]
and so {1€C: [A<+¥ ¢} Co,(A). Wehaveo,(4)={AcC: |A|<rvq}.
Clearly 0,(A) Co,,(A)co(A)c{ieC: [A=rvg}. Since 0,,(4)
and o(A) are closed subsets of C. Hence ¢(4)=0,,(4)={1€C:
12=rvgq}.

(@) It is known that 6.,(4)=(0,(4%))*=q(,(V))*, where V:
1,(q) —>1,(g) is the operator dfined by V(z;, x5, x5, -----+ ) =10, ayz1, a2xs,
gz, <*=-=- ). It is enough to show that ¢,(V)=¢. Suppose that Vz=2z
for x=(z,) in I;(g). Then (0, a;z;, azxy, +*=--+ )= Az, Axg, Azg, *+ove+ ),
that is, Az;=0 and a,z,=2z,+; for all n. Hence z=0 in I, (g). It
follows that ¢,(V)=¢. Also 6,(4) =0cen(A)\0,(4)=¢ and ¢ (A)=
0 (MD\ {0 (A Ua, (A} ={2€C: |A|l=rv¢}.

COROLLARY 2.6. Let A be the left shift operator on l1;(g). Then
(D 0,(A)=0eC: |1 2<V ¢} and 0 (A) =0,,(A)={A€C: |2 £V ¢},
) (2) Gtam(A),=0',.(A) =¢ and o'c(A)= {lEC: l'”= m-

COROLLARY 2.7. Let A be the left shift operator on 2=
=@ = Slzalr<oo). Then

1) a,(A)={AcC: |2|<1} and d(4)=0,,(A)={C: || L1},
’ (2) acam(A) =0',.(A) =¢ and G'C(A)= {/IECZ |/”=1}.

THEOREM 2.8. Let (a,) be as in Theorem 2.5, and let V: l,(g)—

W 6, (N)=6, Gan(V)=0,(V)=1cC: u|<1}‘;} and (V)=
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fec: vq}

@) o0y (M=o (M) =[1eC: 121=

Vol

Proof. (1) Clearly V is a bounded linear operator with
By Theorem 2.5, 0,(V)=¢. It is known that 6.n (V)= (o, ((V*)*

Z% (o.p (A)) *’ W.here A(xla Zg, L3y *"c"°" ) = (a2x2: A3Xgy =o"°* ) . Since o'p (A)

zpec:uk&fﬂ,mm””zpec vq}

It follows that 6,(V) =0.n(V)\6,(V) =0,n(V). Since 0.,,(V)C

a(V)c {ZEC Al < ‘/?} and o(V) is a closed subset of C, we have

a(V)={2€C: 1A =«/?[}'

For (2), it is well-known that {ZEC ] =00 (V)Ta,,(V)

"V

<o (V). It is enough to show that ¢,,(V)= 2eC : <{A}}. For a

A with Hl<‘/q, (V=D zll,=] || Vzll,— 4] ||$||q|£|%—12|]|[1||q
for all z€1,(g), where 0<m<|a;| and —=-#14|. Thus V—AaI is bo-

\/ q
unded below, that is; A¢a,,(V). Hence o, (V)< |

—=121}.

It follows that ¢,,(V)= {ZEC : A= J_} Also we have ¢ (V)=
q

G (VI\ Geom (V) U, (V)} = {zeC: 2] = V%}.

From the Theorem 2.8, we have the following immediate conse-
quences.

COROLLARY 2.9. Let V be the right shift operator on ly(g). Then

o, (V) =6, ot,,,,,(V)=a,(V)={2€C: u|<71=}, o(V)={2€C: 4]
5—;/—_(1_—} and a,,P(V)zac(V)={2€C W*Tq‘}
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COROLLARY 2.10. Let V be the right shift operator on I12. Then we
kave 0,(V)=¢, 00n(V)=0,(V)={<C: [AI<1}, a(V)={1eC: 2]
=1} and 0,,(V)=0.(V)={1€C: |A]|=1}.

By the calculation, the matrices representations of the resolvent_ope-
rators (AI—A)~Y, (AI— V)1 have the following forms.

(H—— A) “l=( 21 0(2/1_2 a2a32—3 a2a3a4,1 4eeeees
0 At azi~? J/ 2% 77 QL ITITLD

(.) 0 .2_1 0—’4.3“2 """"

AU=V) =21 0 N
a; A2 AL 0 0 -eee-

ayopd~3 a2 AL eeenes

0‘10!29632—4 aza'?l‘:" az A2 Iheenns
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