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An Approach for Frequency Analysis of
Multiyear Drought Magnitude and Severity
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Abstract

A frequency analysis procedure for the multi-year drought severity/magnitude is developed
using observed duration-dependent deficit properties. A standardization of the deficit with
the decimated monthly deficit statistics and a data pooling procedure are performed to
identify the change of mean deficit. The reproductive properties of the Gamma family of
distribution for the deficit are utilized to estimate the parameters of * drought magnitude
and severity. Cormpounding of these distributions with the duration distribution and an im-
plication of the results for the realtime forecasting are discussed.

1. Introduction

In the study of multiyear drought one is
faced with two important problems; the com-
plexity of the events themselves and the in-
sufficient amount of available data. A drought
event is considered to he comprised of three
«components, narnely severity, magnitude and
duration. The frequency analysis of droughts
is complicated in that each of these compone-
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nts may have its own frequency distribution.
The lack of data problem results both from
the relative brevity of most available strea-
mflow records and from the multiyear cha-
racter of dought events.

However, faced with the obstacle of insuff-
icient data, the hydrologist may select from
among at least four alternatives: (1) empirical
methods or techniques of regional record co-
mbination (Dalrymple, 1960 ; Stall and Neill,
1961 ; Whipple, 1966 ; Campbell, 1971), (2)
correlation or regression analysis(Huff and
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Changnon, 1964 ; Benson and Matalas, 1967 ;
Orsbon, 1974 ; Cheng and Boyer, 1977), (3)
simulation or synthetic streamflow generation
(Fiering, 1964 ; Askew, Yeh and Hall, 1971 ;
Carrigan, 1971 ; Millan and Yevjevich, 1971
; Guerrero-Salazar and Yevjevich, 1975 ; Jac-
kson, 1975), and (4) stochastic analysis(Gupta
and Duckstein, 1975 ; Todorovic, 1978 ; Sen,
1977 and 1980). While synthetic streamflow
generation would attempt to increase the dro-
ught sample size by representing the response
of the watershed system at future times based
upon the historical record, regional record
combination attempts to increase the drought
sample size by combining the response of
different watersheds occuring during the same
historical period.

In two previous papers(Dracup, Lee and
Paulson, 1980 a, b), we found that the internal
dependence of duration and magnitude are
the least correlated parameters, whereas dur-
ation and severity are the most correlated
parameters. We determined that two possible
approaches can be taken: (1) determine the
frequency of drought magnitude for each given
duration, assuming the independence of these
characteristics, and (2) determine the freque-
ncy of drought severity for each given dur-
ation, assuming dependence of these charact-
eristics. But it should be noted that no corr-
elation does not imply independence unless
the distributions are Gaussian. In this paper
the distribution of magnitude/severity of a
drought event is investigated by examining
the statistical properties of a surplus-deficit
series from the historic inflow into the Orov-
ille reservoir(Feather River, CA., 1906~

1960).

2. Theoretical Frameworks

Let {Xi} be the annual streamflow records
for a given station and {Y:} be the deficit(or
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surplus) series from a truncation level. Them
the severity and the magnitude of a droyght.
(or high flow) event can be defined as the
tota] deviation and the average deviation from.
a truncation level(say, the mean annual flow),
respectively.

Sp=YP+YP+-+ YR W
Mp=(YP+YP4-eere- +YB)/D
=5p/D @

The duration and severity can be throught
of the two primary characteristics of a drought
event which depend on the properties of the
deficit series and the magnitude can be thou-
ght of a secondary parameter which is a fu-
nction of the severity and the duration. It
should be noted that. geverity or magnitude is.
not just a randem varjable but random vari-
able indexed by the random duration. The
above definition of drought events eliminates.
the disadvantage in the running-totals method
(Stall and Neill, 1961) for low flow analysis
that a drcught duration might include above
normal years for short recurrence intervals
or lorg durations.

For the frequency analysis of severity or
magnitude based on an annual streamflow
record, the following assumptions might be
introduced to compute the central tendency
and the wvariability under the sample size
limitation. Suppose YP, Y 2, ..., Y8 are inde-
identically distributed (i.i.d.)
random variables. Let D be a nonnegative

pendent and

integer valued random variable which is ind-

endent of {Y}), Y2,-, Y38}, Then, we can

derive the following expressions.
E(Sp)=E[(D-E(YD)] if identically

distributed
=E(D)-E(Y) if independent with
duration (3

Var(Sp) =E[Var(Sp| D) ]+ Var[E(Sp| D)]
=E[Var(Sp|D)]+Var[D-E(YD)]
if identically distributed

KA B



- =E[D-Var(Y?)]+Var[ D+ E(Y?)]
if idd.
=E(D)-Var(Y) +Var(D)» {E(D)}?
if independent with duration
(4)
Similarly, E(Mp)=E[E(Y?)Jif identically
distributed
=E(Y) if independent with dyration
(3
ar(Mp)=E[Var(Mp|D)]+Var[E(¥Y™]
if identically distributed
=E[Var(Y?)/D]+Var[E(YPM] if iid.
=Var(Y)-E(1/D) if independent with
duration ®
Based on the above derivations, three obser-
vations follow. First, the frequengy analysis
of severity will require longer record than
that of magnitude due to the variance term
of duration in equation (4), For a reliable
estimate of Var(D), more than 120 years of
streamflow record will be needed in a typical
situation unless the geometric or the exponen-
tial distribution is specified for the duration.
Second, the assumptions in the derivation
imply that duration and magnitude are not
correlated since
Cov(D, Mp)=E(Sp)—E(D)+-E(Mp)=0
but they are dependent. Therefore in any
analysis which includes an assumption of in-
dependence between magnitude and duration
is too restrictive. Third, the deviation Y? in-
terpreted as a random variable from the
stratified random sampling(i.e. i.i.d. but dep-
~ endent on duration) gives

E(YP)=3P(YPeY ) E(YY), 0
Var (YD) =3P, (Y2 Y4} (Var(Y4)
+LE(YH) —E(YP)T?) ®

For a given duration &, the above equations
(3) to (6) reduce to the following equations
since E(d)=d and Var(d)=.

E(Sq)=d E(Ma) by definition
=d E(Y?) if i.i.d. €)]
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Var(8s)=d?Var(Mu) by definition
=d Var(¥Y®) if iid.  (10)

The last relationship in the equation (9)
as well as the equation (8) hold without any
asgumption fwhen the interpretation of both
results is purely computational, The severity
Sa has stationary and independent increments
with the following property: as far as predic-
ting the value of a random variable depending
on the future 84, Saey, -+ of the proesss(Sa)
is concerned, all past information concerning
8§o==0, -+, S4-1 becomes worthless once the
present value $; is given, The magnitude My
(as a sample mean) and the severity become
appreximately normal for any distribution of
the deviation with a finite wvariance for long
duration. The duration needed to achieve an
approximately normal distribution depends on
how nonnormal the deviation is.

Among the families of distributions which
possess the reproductive property, the Gamma
distribution is of particular use to describe the
distributions; severity S84, magnitude My and
surplus Y9, Let the surplus ¥4 be the Gamma
distributed random variable with the proba-
bility density function

(33 L D=2t 520

11D
E(Ydy=k/2, Var(Y®)=k/2% 7,

=2/3/k (12)
Then, Ag=E(Y4)/Var(Y?), ky=E?*(Y4)/Var
(Y4) and the 7, are the scaling, shape para-
meters and the skewness coefficient, respecti-
vely. Thus, the distribution of the severity
Sas becomes fi(sq; A, d-&)=F(s; 2 d-k) and
the distribution of the magritude My becomes
Ju(ma; d-2, dek)=fu(m;d-A, d-k) where
the index d for the parameters i and % is
dropped for convenience. It should be noted
that the exponential distribution for the sur-
plus Y4 with k=1 and the scaling of the
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original series with A will greatly simplify
the distributions, especially for the right-
skewed streamflow. The reproductive property
applies to the distribution of sumg of indepen-
dent random variables whose  distributions
are in the same parametric family whether
or not the distributions are identically distri-
buted.

In the above theoretical development, several
assumptions had been made for the analytical
tractability. Specific questions about these ass-
umptions are: (1) Are the random variables
{Y4} mutually independent or uncorrelated?
(2) Are the statistical properties of the defi-
cit Y¢ independent with the duration d? Or
do not the parameters of the Gamma for the
deficit vary with the duration? How can the
sample size limitation be reduced without a
regionalization or a simulation to test the

assumptions?

3. Data Analysis

The proposed method of frequency analysis
used the monthly flows instead of the annual
flows for a study of multi-year durations to
reduce the frequency curve irregularity res-
ulting from the sample size limitation. It co-
nsists of a decimation of the monthly series
to obtain twelve flow sequences by taking the
monthly flow .in successive years for each
month on the premises that the average of
the persistence(or the dependernice) . for each
decimated monthly flow series is that of the
annual flows. The operation simulates the
regionalization obtained by combining concu-
rrent annual streamflow records of twelve
hypothetical stations located within a homog-
eneous region under a cyclically changing
climate.

To devise an effective approach, the mon-
thly variations of drought characteristics
should be examined carefully. Monthly deficit
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statistics relative to those of the annual flow
using the mean as a truncation level are
shown in the Figure 1, The mean deficit has
a cyclic variation but the C, of deficit has a
completely different structure. It not only
underestimates the C, of the annual flow
deficit but also has two distinet peaks corre-
sponding to the peak and the trough of the
mean monthly streamflow. Figure 2 and Fig-
ure 3 show the proportion of deficit for the
monthly streamflow and the three mean dro-
ught characteristics. The means of duration,
magnitude and severity have cyclic variations
but the proportion(or the probability) of
deficit years overestimates that of the annual

streamflow,
3

o 1
ocT JAN APR JuL ocT

Fig. 1. Monthly Deficit Statistics Relative to
those of the Annual Streamflow

These observations suggest that the stand-
ardization{or the linear cyclic transformation)
ghould be based on the deficit statistics. The
standardization with the deficit statistics not
only normalizes the mean and the standard
deviation of deficit but also normalizes the
mean severity to zero due to the equation
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Fig. 2. Monthly Duration Statistics Relative
to those of the Annual Streamflow
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Fig. 3. Monthly Mean Drought Statistics Relative
to those of the Anpual Streamflow

(3). Thus, in order to transform the monthly
decimated surplus-deficit series to the annual
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surplus-deficit series, the following operation
is suggested:
Y-y

%
where 1, é7=mean and standard deviation
of the monthly surplus or

deficit,

ty, dy=mean and standard deviation
surplus or

o Gyt Uy (13

of the annual
deficit.
For the transformed deficit series, the samples.
which violate the physical limitation of the
range might be discarded before any further
drought event study.

Figure 4 shows the duration variations of
deficit statistics after the standardization and
data pooling along with the corresponding
numbers of event ng and the sample sizes Ng
where Ny=d-ns., Both mean and standard
deviation are increasing but the coefficient of
variation remains relatively constant, especially
for short durations where the sample statistics
are more reliable. 1f the Gamma distribution
has been chosen for the deficit, this observ-
ation implies that the skewness(or the shape
parameter ky) to which the distribution is

48 28 20 13 4 2 5 3 2 2 =9, 102
48 56 60 52 20 12 35 24 18 20 N 14 30

pm— /TN st.pev.

]
€, ¥ -

MEAN

! !

5 10

0
Flg. 4. Duration-dependent Deficit Statistics after
Standardization and Data Pooling
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-~~~ physical limitation imposed by the afhital flows
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Fig. 5. Scattergram of the Standardized Mean
Difieit of Drought

reproductive remains constant.

In order to see the serial dependence be-
tween successive deficits in a given event, the
following standardization of the mean deficit
is performed:

LE(Z) - pd)L0 (19)

where ug, #¢=mean and standard deviation
of the standardized surplus or deficit Z4, Fig-
ure 5 shows the scattergram of these stan-
dardized mean deficits and the physical
limitation posed by the range of the annual
flow deficit. First, the maximum mean deficit
.can not attain the limit because of the well
sustained minimum dry vyear streamflow.
Second, a severe drought year is unlikely to
follow after a previous severe drought year.
‘On the whole, there is no significant lag-one
serial dependence between successive mean
deficits.
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4, Frequency Analysis

For the frequency analysis of drought sev-
erity or magnitude, a frequency of duration
néeds to be studied in addition to the analysis
of deficits for a complete probabilistic descrip-
tion of multi-year drought events. Let the
total number of drought event be n=%nq and
the total number of drought years be N=4Ng
where Ny=dsn4, Then the following sample
estimates can be defined:

P, (D=d}=ngq/n, P ({YPeYd}=Ny/N,
(15)
and E(D)=N/n,
Assuming the geometric distribution for the
duration yields a constant failure probability
n/N=1/E(D) and gives explicit expressions
for g and Ny in the equations (15),

PD=dy=F%(1-% )", P.(voye)
=(%) (%) ae
Thus, the geometric distribution replaces less
reliable proportions with more reliable propor-
tions but assumes a specific dependence bet-
ween first two moments:
Var(D)=E?*(D) - E(D),

To apply the previous data analysis proce-
dure for the drought duration, several pre-
cautions should be exercised (Figure 6). First,
the standardization and data pooling is a de-
ficit orientated procedure in that the variance
of duration has not received appropriate acco-
unts. Thus, the 14 year and the 15 year dur-
ation events need to be deleted as outliers
(if we use the Tschebycheff's estimate of
maximum duration; Lee, Sadeghipour and
Dracup, 1986) just like what has been done
to the deficit which lies outside of the phy-
sical limitation. Second, the computation of
the probability P,{YPeY4} shows some abnor-
mality at 5 and 6 year duratioh events which
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is not so apparent in the probability P,{D=
d}. The hazard function of duration ig rather
sefisitive to these abnormalities and the freq-
uehcy averaging procedutre ig preferred to the

data pooling for the frequehcy analysis of

drought duration. The Weibull distribution is

probably the most widely used distribution

for the hazafd funetion.
F(d;aB,0)=1—exp

=

)‘ a0, £>0

an
where (a¢—0) is called the scale parameter of
the characteristic life, and the 8 is called the
shape parameter or the Weibull slope. Then,
the hazard function A(d) becomes

oy L@ Bd—d)r
MO=12p @y = @=ay
d>520 (18)

where E(D)=(a—38)I"(1+1/8)+1, Var(D)=
(a—0)[I(1+2/8)—-1*(1+1/8)]. This distri-
bution gives a better approximation or an
extension to the conventional approach in that
it can have a nonconstant failure rate and it
yields to the exponential distribution when
8=1.

For a given records of the annual strea-
mflow, how the conditional distribution of
the random variables Sq and My can be mo-
deled? Assuming i.i.d. deficits based on the
scattergram(Figure 5), the equations(9) and
(10) can be utilized for the distributions of
severity and magnitude but the problem is
how to estimate the variance of Y< under the
sample size limitation. Using the Gamma
distribution with a constant shapz parameter
k based on the previous observation(Figure
4), the distribution of deficit Y¢ for each
duration can be scaled (divided) with E(Y?)
to yield one common Gamma distribution f»
(y; k&) since

E(Yd) =1, Var(Y¥=1/k (19)
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Then the distribution of magnitude standar-
dized (multipliedy with d-k/E(Ms) becomes
the Gamrha disttibution fu(mi; 1, d+%) such
that

[ S id tbration, d 15
1.0 T T ;

— Pr {D = a} ’
M LT ) i

e HAZARD FUNOTION

0.5 . /

0.0
Fig. 6. Drought Duratién Statistics after Stand-
ardization and Data Pooling

o ANNUKL DATA

~ MONTHLY DATA
—-—  FITTING TO MONTHLY DATA

"] 5 10 M
Fig. 7. Least-squares Fitting to the Scaled
Mean Deficit of Drought
E(Mg)=Var(Mg)=d-k (20)
and the distribution of severity standardized
with d+-k/E(Sg) becomes the Gamma distrib-
ution f5(s; 1, d+k) such that
E(Sa)=Var(Sy)=d -k D
Thus, one additional advantage of using the
Gamma distribution is that magnitude and

DURATION, 3 15

severity converge to the same standardized
Gamma distribution with % computed from
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the scaled deficit statistics. The coefficient of
variation and the skewress coefficient of both
scaled magnitude and severity are decreasing
as the duration increases since

Co=1/vdk, 11=2/v 'k (22)

The above procedure applied to the annual
flow is restricted to the historical durations
and gives no variability informations for dur-
ation which has only one observation. Figure
7 shows a simple least-squares fitting(which
is unbiased but not efficient with the coeffi-
cient of determination r?==(,83) to the scaled
mean deficit after standardization and data
pooilng up to 10 vear duration. This duration-
dependent procedure explaing the reason why
one cannot reproduce(underestimate) the his-
torical severity or magnitude for long durati-
ons using duration-independent deficit proper-
ties(Askew, et. al.,, 1971; Sen, 1977) since
the mean(and the standard deviation) of def-
icit tend to increase as the duration increases.
The conditional reliabilities(probabilities of
exceedance) for the 3, 4, 6 and 9 year droughts
which had only one observation in the annual
flow are approximately 0.35, 0.10, 0.65 and
0.50 respectively with the interpolation from
the table of standard Gamma variates. It
implies that the historical 4-year drought had
unrepresentatively extreme severity and mag-
nitude and that the 9-year drought for the
Feather River, CA,, which corresponds with
the famous California six-year drought had
extremely long duration(mean recurrence
interval=~360 years) but had the severity a
little less than the average.

With these conditional distributions of ma-
gnitude My and severity Sg from the deficit,
one might determine the compound distribu-
tions of magnitude Mp and severity Sp if the
distribution of duration has been identified.
Although the distributions resulting from
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compounding may be difficult to determine
analytically, owing to the integration or su-
mmation involved, the moments are more
easily found from the equations (8) to (6).
Note that the mean of Sp(or Mp) is just the

.weighted average of the means of Si(or Ma)

for the various values of 4 but the variance
of Sp(or Mp) is not the weighted average of
the variances of Sg(or My). Also, the dur-
ationd-ependent deficit properties have a sig-
pificant implication for the real-time forecas-
ting in that the mean and the variance of
annual deficits tend to increase for an on-
going drought event. Since the probability of
terminating that drought tends to decrease
up to mean duration and then. continues to
increase, there exists a unique trade-off bet-
ween the severity (or the magnitude) and the.
duration for a given drought event.

5. Conclusions

Instead of specifying a dependence structure
for annual streamflows, the duration-depen-
dent deficit characteristics - are considered
for the frequency analysis of multiyear
drought severity and magnitude. The general
shape of the time-dependent mean and
variance of deficit was generated using a
standardization and data pooling of the
monthly decimated streamflows due to the
severe sample size limitation present in the
annual streamflow records. The reproductive
property of the Gamma family of distributions

. is utilized for the deficit to describe the fre-

quencies of multiyear drought magnitude and
severity.

In summary, the proposed methodology of
severity and magnitude frequency analysis of
multiyear drought event consists of the follo-
wing steps:

(1) Parameter estimation of the Gamma

distribution for the ananul deficit by
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scaling with the duration-dependent
mean deficit for each duration,

(2) Standardization of the deficits for each
month with the deficit statistics from
the decimated monthly streamflow,

(3) Data pooling for each duration from
the standardized data sets to smooth the
duration-dependent scaled mean deficit,

(4) Frequency analysis of magnitude/seve-
rity from the standardized Gamma
dsitribution of magnitude/severity,

(5) Compounding or moments estimation of
magnitude/severity distribution with
the distribution or moments of drough-
t duration.
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