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A Simple Matrix Factorization Approach to Fast

Hadamard Transform
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Abstract

This paper presents a simple factorization of the Hadamard matrix which is used to
develop a fast algorithm for the Hadamard transform. This matrix decomposition is of the
kronecker products of identity matrices and successively lower order Hadamard matrices.

This following shows how the Kronecker product can be mathematically defined and
efficiently implemented using a factorization matrix methods.

1. Introduction

The Hadamard transform has recently been
applied in digital communication, the trans-
mission of digital images, and also in pattern
recognition for image processing and feature
extraction.[1] 8] {7]

The elements of a Hadamard matrix take
on values of plus and minus 1 only. This leads
to simple implementation with electronic
technology and simplifies the analysis by
digital computer.

Furthermore, FHT can be used by factoring
the Hadamard matrix.[1][2] This in turn
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reduces the number of required operation and
provides a faster computer implementation.

This paper introduces a basic Hadamard
matrix partition and then successive Kronecker
product.[31 14l The result of this method
was easily shown to be the sparse matrix.[4] [6]

I1. FHT Development

It is well known that the matrix factoriza-
tion method has long been established.[3!
Generally, to achieve (In place) computation,
the existing methods require a shuffle right
after each operation has been performed.

In order to apply the FHT directly on the
lower Hamadard matrix ([H],) decomposition
and still retain the property by Kronecker
product use the following definition.
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Then, letting [H] N represent the sparse matrix
order N(n=log; N), the recursive relationship
is given by the expression:
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The proof of (11) is very simple. Using the
algebra of Kronecker product we have

[HJN: (‘ ”]2 ,X( IIN/Z) ([IJZ‘X\[H]N/Z)
= (| HI, [ T],) 50 (“]N/’z{ }”N.»z)
:[}'1]2‘\X\?[H]N,z (13)

From (12), the right hand side of (13) is just
[H] N and the proof is complete,

The proposed method is based on matrix
decomposition and ‘fork’ form in Fig. 1.
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Fig. 1. Sparse matrix of FHT by kronecker product.
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The procedure getting the sparse matrix of
the FHT can now be summarized as follows;
Stepl: Search the lower order of the Hada-
mard sparse matrix [H],, [I], and iteration
number (#).

Step 2: Multiply the Kronecker product by
the lower Hadamard Sparse matrix, according
to the interation number.

Step 3: In general, multiply Kronecker product
.[H]2f [I]N 2 by [11,, [H]n/2 according to
iteration number,

The simple recursive relationship in (11)
can now be used to formulate a sparse-matrix
decomposition of [H]y. Expanding the
second term in (11) with successively lower
orders of the Hadamard matrix results in

k
[Hly =i7=71(“]i® [H1, o0 [Hnyab)-
(14)

Each matrix in the product form of (14) is
sparse, in the sense that the i-th matrix has
only two non-zero elements, +1 or —1, in each
row and column. Thus the transform operation
requires kKN operations. For illustration [H]g
is depicted below according to the decomposi-
tion in (14).
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III. Conclusions

We have presented a simple method of
developing a fast Hadamard transform algo-
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rithm,

Most of the papers published to date, use
a sparse matrix of basic [H]4 decomposition,
but we showed here lower: order of Hadamard
[H], and then have represented them in
general form.

This methods is presented for its simplicity
and the clarity with which its decomposes a
Hadamard matrix in terms of sparse matrices
using Kronecker product.

References

[1] D.F. Elliott, K.R. Rao, Fast Transforms
Algorithms, Analysis., Applications.
Academic press, 1982.

[2] Henry Y.L. Mar, C.L. Sheng, ‘Fast
Hadamard Transform Using the H dia-
gram’”, IEEE Trans. Comput. C-22, pp.
957-959, 1973.

[3] Andrew H.C. and Caspari, K.L.: “A gener-
alized Technique for Spectral Analysis”,
IEEE. Trans. Comput. C-19, pp. 16-25,
1970.

[4] Moon Ho Lee, M. Kaveh, “The Center-
Weighted Hadamard Transform”, JEEE.
Trans. ASSP, to be submitted.

[5) R.C. Gonzalez, P. Wintz, Digital Image
Processing. Addison-Wesley published
company, 1977.

[6] Dan E. Dudgeon, R.M. Merseveau,
Multidimensional Digital Signal Processing.
Prentice Hall, 1984,

[7] Moon Ho Lee, Image Singal Data Com-
pression of Videophone Using Hadamard
Transform. Korean Electronics and
Telecommunication Research Institute,
project report, December 1985.

{8] Moon Ho Lee, M. Kaveh, “FastHadamard
Transform Based on a simple Matrix
Factorization’, IEEE Trans. Acoust.,
Speech, Signal Processing, vol. ASSP-34,
Number 6, Dec., 1986.

Acknowledgement

This work was supported in part by the
Korean Science and Engineering Foundation.*



