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A Study on the Method for Evaluating the Signal
Reliability of Digital System
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Abstract

It is known that digital circuits may produce correct output signals even when some faults
are present in them. A reliability measure, known as signal reliability, is the probability that
the circuit output is correct. In this paper, the reliability measure is analyzed first and a new
procedure for evaluation of the signal reliability is presented. This procedure simplifies signal
reliability calculations and can easily be mechanized.

even when some faults are present in it. Lately,
some authors have introduced the methods for
the evaluation of the signal reliability_“'sl (10]

1. Introduction

The reliability of digital circuits can be

evaluated using two different measures. The
first measure is the functional reliability which
means the probability that the circuit realizes
the desired design function. The second
measure is the signal reliability which means
the probability that the circuit output is
correct. The functional reliability measure
assumes that the circuit fails whenever a fault
is present in it. But it is known that a digital
circuit may produce correct output signal
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In this work a different approach to the
evaluation of signal reliability is presented.
The method derives functional description
of each output of the circuit, which also
represent the structure of the circuit. In order
to include the effect of faults in the function
realized by a circuit, three state variables are
used to specify the state of each line in the
circuit. This method evaluates the signal
reliability in a recursive way.

II. Preliminaries

The reliability of a logical circuit depends
upon the possible failures and their probabilities

of occurrence. We assume that the possible
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failures are multiple lead failures of stuck-at
type, ie., any line X in the circuit may be
stuck at one (s-a-1) or stuck at zero (s-a-0).
Each line may take one of three states-normal,
stuck at one, or stuck at zero. The variables are
defined for these three states as follows:

Nx =1 : iff line X is normal
Fx =1 : iff line X is s-a-1
f_ =1 :iff line X is s-a-0

We note that the three states are disjoint,
therefore

In terms of these variables, the proposition
Px, which represents the totality condition
under which the line X can have a signal value
1,is

P =XN +F

X X X

where X is the input proposition for the line X,
What this says is that the line X will have a
signal value 1 if X=1 and line X is fault-free or
if the line X is s-a-1. The above expression Px
is called P-operation on line X, Similarly,
the totality condition under which the line
X can have a signal value O is represented by
the proposition

P'=X'N_+f

X X X
which means that the line X have a value 0
if X=0 and line X is fault-free or if line X is
s-a-0, The expression Px' is called P’ -operation
on line X. Next, we will give some definition
relevant to the following discussions[1].

Definition: The signal reliability of a cir-
cuit is the probability that the logical output
of the circuit is correct for every normal
input.

Definition: Let Gn be the output proposi-
tion of the normal circuit G, and G_ be the
output proposition of the circuit Wltfl faluts.
Then the function H—(GneaGf), and E= Gn@ Gf
are called signal reliability function and

(111)
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signal unreliability function of the circuit G
respectively.

The signal reliability function is expressed
as follows:

= L [P
H—(Gn @ Gf) —Gnt+Gn Gf—Hl + Hy

where H;=G G, and Hg= G Gf Since
(G G) and (G’ G ") are dlS_]Olnt the pro-
bab111ty of H is tﬁe sum of probability that G
is a 1 and Gf is also a 1, and the probability
that G_isa 0 and Gf is also equal to O,

Similary, the signal unreliability function
is expressed as follows:

E= Gn ® G

=G_G/
n

' —
£ +G G;=E, +E,

f
where E1*Gn Gf and Ey= =G’ Gf Since (GnG )
and (G G ) are also dlSjOlnt the pobability of
E is the sum of probability that Gn-—l and Gf-
0, and the probability that Gn=0 and Gf=1.
In the next section we present a procedure for
evaluating the signal reliability using a very
simple example,

IHL. Signal Reliability of a Combinational
Circuit
As an example for deriving signal reliability

function, we consider an AND gate of Figure 1.
having two inputs X and Y and its output Z.

>—z

Fig. 1. An example AND gate circuit.

For simplicity we use the same letter for each
line of the gate as its logical variable. Based on
the discussion above, the proposition Pz and
Pz’ of the totality of conditions under which
line Z can have a signal 1 and O are represented
by

P =(P P )N +F

z X Y z z
' ! r

PZ —-(Px+Py)Nz+fz

_ ' ’
—(Px +PxPy)Zn+fZ
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respectively, where
Px =X Nx + Fx
P'=X'N_+f
X X X
= +
Py Y Ny Fy

1 ’
= +
Py Y Ny fy

The signal reliability function of AND
gate is determined by developing H, -function
and Hy-function as follows.

H; =G G;=(XY)P,
= XY [(X N, +Fx) (Y Ny + Fy) N, + Fz]
= + +F)N_+
XY [(N,+E ) (N, +F )N, +F ]

=XY('f'N +F)
X y z z

- ’ - o !
Hy = Gn Gf (XY) Pz
- [ ’ ! '
=(X'+Y) [(PX +Py)Nz+fz]
— ' ! ' '
=(X +XY) [(PX + Px Py )NZ+ fz]
_ ’ , '
=X +XY) [[(X Nx+fx)+(XNx+Fx)
"N+ +
Y Ny fy)] N, fz]
’ 4 ’
= + +
X [[Fx Fx(Y Ny+fy)] NZ fz]
+XY'[[(f, + £, Fy'] N, +f,]

Here we will use the conventions that K_,
K,, and K, correspond to the probabilities of
the state variables Nk’ Fk and fk’ and that
lower case letters represent the probabilities

of input signals. Then signal reliability of
AND gate is

P [H] =P [H;] +P [Ho]
=Xy [(I—Xo)(l—Yo)Zn"'Zx]
+(1-x) [[(1-X,) + Xy (1-y)Y +

Yo)l Z_ +Z,]

+x(1-y) [[Xo + (1-Xo) (1-Y,)]

Z_+Zo)

(112)

If we assume that the probability of a fault
occurring is the same for all lines, i.e., X;=X,=
Y=Yo=Z1=Zy=s/2, and the probability of a
signal is the same for all input lines, i.e., x=y=
z=1/2, the signal reliability is further simplified
as follows,

P [H] = 1/4[(1-s /2)? (1-s) +5/2]

+ 1/2 [[(1-5/2) +s/4] (1-s) +5/2]
+1/4 [[s/2 + (1—5/2)%] (1—s) +5/2]
=1-s+552/8 — s3/8

We note the result that the signal reliability
of an AND gate is 50 percent even when a
fault always exists on every line (s=1),

The signal reliability can be determined by
developing signal unreliability function, but
almost the same amount of calculation is
required.

We have discussed the procedure for evaluat-
ing the signal reliability of a combinational
logic circuit by basic AND gate. This procedure
can be applied to a general combinational
network. We will give the algorithm for pro-
ducing signal reliability expression of a general
network in the next section.

X— u
Y v
z
Fig. 2. Illustrating example circuit.
IV. Algorithm for Derivation of Disjoint
Form of H; (or H,) Function
Algorithm:

1) Find the minimal disjoint form of output
function of normal circuit Gn(or Gn') using
sum of products of input variables.

2) Find the output funciton of the circuit
with faults Gf (or Gf' ) using path-sensitizing
form.

3) Obtain the product of G_ (or G_') and

n n
G¢ (or Gf').
In this step, the following relations are used:

XP. =Xf', XP'=Xf
X X X X

’ _ o~ [ [— [
x'P =X'F_, X'P'=XF,
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4) Transform the above expression into
disjoint form and perform P- and P'-operation.

Ilustrating Example:

Consider the circuit shown in Figure 2.
A. Derivation of the minimal disjoint form of
H,; -function.

1) Gn=(XY+Z)'=X'Z'+Y'Z'=X'Z'
+XY' 72’

— !

2) Gf— [(PX Py)u+ Pz] v

- i [N '
—[(Px +Py)u PZ]v

_ 1 ! ! 2 ! !
3) H=XZ [(Px +Py)u Pz]v
13 ! ! ! t ’
+XY Z [(Px +Py)u Pz]v
Y ' ’ oot i
=X Z [(FX +Py)u FZ]V

ot N
+XY Z [(fx"'Fy)u FZ]V

ot ot ’ '
4) H; =X Z [[(Fx+FxPy)Nu+fu]

'
F, N +F ]
! ! r '
XY Z G+, F YN +E]

]
Fz Nv+Fv]

B. Derivation of the minimal disjoint form of
Ho -function

1) Gn'=XY+Z=Z+XYZ'
' _ [ '
2) Gf—[[(PxPy)u+PZ] vl

=[P P u+P ]V
3) Ho=ZI(Py P Ju+t PIV+XYZ [P, P

" _ ot
+P,lv —Z[(PxPy)u+fZ]v

+XYZ (fx' fy')u + lev’

4) Ho =Z[[(P_P

xyN

’
u+Fu) fZ+fZ]NV
’ ’ ’ !
+,] +X Y Z' [0, £, N, + FF,

+ FZ] Nv + fv]

(113)
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If we assume that the probability of a fault
occuring is the same for all lines, i.e.,
Xy =Xo= Y1=Y¢=Z;=Zy=s/2, and the proba-
bility of a signal is the same for all input lines,
ie., x=y=12z=1/2, the signal reliability is further
simplified as follows.

Pr{H] = 1/4 [[[(1—s/2) +s/4](1—s) +s/2]

(1-s/2) (1—8)+s/2]

+1/8 [[[(s/2 +(1~-5/2)%]1 (1—s) + 5/2]
(1-s/2) (1—-s)+5/2]

+1/2 [[[1/4 (1 —s)+s/2]s/2
+(1—=s/2)] (1—s) +s/2]

+ 1/8 [[[(1-s/2)2 (1~s) +5/2}(1—s/2)
+s/21 (1—s) +5s/2]

=1-11s/8+3s2/2-27s3/32
+s4/4—s5/32

V. Conclusion

Generally the evaluation of signal reliability
of a digital system is very complex and dif-
ficult. Several methods have been proposed to
reduce the calculations by now, but they were
still not so efficient. In this paper, three binary
variables are introduced to specify the state of
each line in the circuit and, as a result, the
calculations are lessend considerably. It seems
that this method provides a new insight into the
problem of digital system reliability,
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