Passive Earth Pressure Transition Behind Retaining Walls
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ABSTRACT

An analytical solution procedure is described to estimate the developed passive lateral earth
pressures behind a vertical rigid retaintng wall rotating about its toe into a mass of cohesionless
soil. Various stages of wall rotation, starting from an at-rest state to an initial passive state to a
full passive state, are considered in the analysis. Condition of failure defined by a modified Mohr-
Coulomb criterion, together with equilibrium conditions, is used to obtain the necessary equations
for the solution. Using methods of stress characteristics and numerical finite difference, a complete
solution within and on the boundaries of the entire solution domain is made possible. The varia-
tions of the soil shear strength and the wall friction at various depths and stages of wall rotation
are also taken into account in the analysis. The results predicted by the developed method of
analysis are compared with those obtained from the experimental model tests on loose and dense
sand. The comparisons show good agreements at various stages of retaining wall rotation. Fin-
ally, results of analytical parametric study are presented to demonstrate the effects of wall fric-
tion on the resultant thrust and distribution of developed lateral earth pressures.

INTRODUCTION

The estimation and prediction of the lateral earth pressure development has been one of the most
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important aspects in geotechnical engineering. The development of active lateral earth pressures
in particular has received a considerable amount of attention, since a majority of retaining stru-
ctures are designed based on the active lateral earth pressures due to the tendency of outward
movement. However, design of many geotechnical structures requires consideration of passive
lateral earth pressures. Several analytical and experimental studies have been made in the past to
investigate the magnitude and distribution of passive lateral earth pressures developed behind the
retaining walls 57%12  These studies have been very helpful for understanding the mechanism
of the development of passive lateral earth pressures. However, most of the analytical studies
fail to provide adequate comparisons with experimental model test results. This may be in part
due to the uncertainties associated with the variations of the soil strength and the wall friction
with respect to the magnitude of wall movement. A need for an analytical solution which takes
into account the variation of materal properties at various stages of wall movement therefore has
been realized.

This paper presents an analytical solution method which describes the transition of the passive
lateral earth pressures from an “at-rest” state to an “initial passive” state to a “full passive” state
behind a vertical rigid wall rotating about its toe into a mass of cohesionless soil. The at-rest
state is defined as a stage of no wall movement. The initial passive state refers to a stage of wall
rotation when only the soil element at the top of the wall experiences a sufficient amount of
deformation (limiting deformation) to achieve a limiting passive condition. The full passive state
occurs when the entire zone of soil elements from the top to the toe of the well are in limiting
passive condition. The transition of the lateral earth pressures from an at-rest to a full passive
state is discussed and the developed method of analysis is used to compare with the model test
results. Furthermore, an analytical parametric study is made to investigate the effects of wall fric-

tion on the resultant thrust and distribution of lateral earth pressures at various stages of wall
rotation.

THEORETICAL FORMULATION

The equilibrium in two-dimensional plane strain state®! can be written in differential equat-
ions as

0% %xz _
ox tTTa: 0
0% xz %z M
Ox + oz 7

where the coordinate x is measured positive from the top of the retaining wall toward the backfill and
the coordinate z is measured positive from the top of the retaining wall toward the toe. 7 indicates
the unit weight of the soil. It is obvious from Eq. 1 that an additional equation is necessary to solve
for three unknown stresses. One can use any familiar failure criterion for this purpose, which will
lead to the solution only at the limiting state, i.e., at failure. Sokolovskii”® solved this problem
with a Mohr-Coulomb failure criterion in 1965. In this paper however to describe the transition
of the passive lateral earth pressures from an at-rest to a full passive state (limiting state), an

assumption as the necessary third equation-a relationship between the major and minor principal
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stresses-is made.

2 —principal stress ratio ¥

In Eq. 2 the angle & describes the slope of the line tangent to the Mohr's stress circle (Fig. 1).
Note that if the angle & equals to -¢ (internal soil friction angle), Eq.2 reduces to Rankine’s
passive lateral earth pressure expression.

The angle ¥ is assumed to vary in magnitude from ¢, to-¢, where ¢, indicates the inclination
angle relating o; and o, at at-rest state. Note that a negative magnitude of friction angle is used
for the purpose of developing a general formulation, i.e., a positive friction angle describes the
transition of active lateral earth pressures. If the at-rest lateral earth pressure coefficient, K, is

known, the value of ¢, can be easily obtained from

Eq. 2 then becomes
— g Lsings
7 I Tsin g @

By varying the angle ¥ from ¢, to-¢, Eq.2 could represent both at-rest and full passive state.
However, when the wall experiences movements other than translational, the resulting rotation
may produce different principal stress ratios at various depths depending upon the stage of the wall
rotation, e.g., portion(s) of the backfill soil whose deformations exceed the limiting value may
achieve ¥'=—¢ state, whereas the remaining portion may still have ¢, >0 >—¢ state. There-
fore, the angle &, describing the relationship between the major and minor principal stresses,
may have to be described as a function of the depth, i.e., ¥=¥ (z). Note that in reality ¥ may
be a function of both z and z. However, the effect of x coordinate has been neglected for the
purpose of obtaining an approximate solution. Based on this assumption and Mohr’s coircle relation-
ship, three unknown stresses can be expressed as

Ox=¢g(1+sin ¥ (z)cos 26)

Tr=¢(1—-sin¥ (z)cos20) ®

Txz=gsin ¥ (2)sin 28

where o=

_0_1;_-_&_ at any depth z

and f=rotation angle from z-axis to the direction of &, (Figs.1 and 2).
Substitution of Eq.5 into Eq. 1 yields

%Z—[H—s'm U(z)cos28)+ g’; sin¥ (2) sin28
o . 00 1 _sin2f oU(zx) 00y _
20 sin ¥ (z) [sm 26 52~ 9 tanl (@ P cos 28 32 ] =0 (6)
97 _(sin® ()sin 2 01+ -22(1—sin ¥ (z) cos26)
ox oz

. 90 1 _cos20 o (z) . a0\ _
+20sin¥ () [cos 207 - <R S tsin g o= (@)

The point A in Fig. 1 indicates an orientation of the plane which satisfies o.tan? (z) =7.. The

rotation angle, g, from the direction of g, to this “pseudo-slip” plane therefore becomes
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as schematically shown in Fig. 2. Therefore the slope of the pseudo-slip line, Zi , becomes
4% tan (04w ©)
dx -
C . sin(0+ 1) _ cos(f+uw) .
Multiplying Eq. 6 by T Eq.7 by “eosT (2] and adding, one can have
[%?20 tan ¥ (2) gi +rtan ¥ (2) J_ra—a%gzi} cos(BF )
+[ 2520 tan ¥ ) -20—7 ] sin (0F =0 (10)
oz % oz TJ #
Multiplying Eq. 10 by Egg?—xiﬁ)— and using Eq. 9, the following expressions are obtained.
do—20 tan ¥ () df=7 (dz—tan ¥ () dax) —0-2L gz an
do-+20 tan ¥ (z) df=7[de-+tan ¥ (2) d) +a—@%%>—dx (12)

According to Sokolovskii (10), the derivatives in Eqs. 9, 11, and 12 could be replaced by finite

difference equivalents so as to find approximately the values of x,z,0, and 6 in three distinct

regions as show in Fig.3. These three distinct regions are formed by the pseudo-slip lines whose

slopes are given in Eq.9. Rewriting Egs. 9,11, and 12 in backward finite difference forms gives
Zi,j—z.;l,j:(x;,j-—x;_l,j)tan(ﬁi_l,j—yi_bj) (13)
2iyi— Ziyier) = (2, 5— Ti,j-1) tan (6iy 51+ piyi-1) (14)
(05— Oiz1,5) — 20i-1,; (s,;—0i-y,5) tanTi_y,;j

=7 (=iyi—2i-1,5) — (Fiyi— Tim1,5) tan@:_y,;]

—Gf—l,j(xiyj"xi—m)%g“ (15)
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These four equations completely describe recurrence formulas for the determination of the pseudo-
slip line coordinates (zi,; and zi,;), the pseudo-slip line slope (fi,;% 1,5}, and the associated ave-
rage stress (gi,;) in terms of previous values at coordinates (/—1,j) and (7,7—1). With known
values of x, 2,0, and ¢ at the boundaries, these recurrence formulas can be used to obtain solu-
tions at all nodal points within the entire solution domain as shown in Fig. 3. Solution process
starts from the line, O,A,, ie., the ground surface whose coordinates and stress values are known,
to the line O,A;, i e., the rear face of the retaining wall, through regions I, I, II. The detailed
description of the solution procedure is beyond the scope of this paper; it is described in refere-
nce®,

The detailed solution steps however require a description of the function? (z) and its derivative,
which define the transition of the lateral earth pressures from an at-rest to a full passive state.
As discussed before the function varies from ¢, at at-rest state to-¢ at full passive state. The
variation between these two extreme values is assumed as following.

Let 8 denote the stage of wall rotation so that §=0 for at-rest state 5=1.0 for initial passive
state, and $=2.0 for full passive state. In other words, for values of 8 between 0 and 1. 0, transition
from an at-rest to an initial passive state is described. Assuming that the behavior of the soil is
elasto-fully plastic as defined by the limiting deformation, the values of 3 between 0 and 1.0
describe elastic behavior of the soil, since the limiting deformation of the soil does not develop
yet. Therefore it can be assumed that the developed deformation of the soil for 0<{8 <1.01is dir-
ectly proportional to §, i.e., elastic range.

Values of 8 between 1.0 and 2.0 describe the transition from an initial passive to a full passive

state, i. e., elasto-plastic range. Fig.4 shows the schematic variation of ¥ (z), where B-DH
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Fig. 4. Variation of ¥ (z)—Inward Toe Rotation

indicates the thickness of the soil from the ground surface which experiences deformations excee-
ding the limiting value. At =1.0, the variation of ¥ (z) is assumed to be ¥ (z)=—¢at 2z=0
and ¥ (z2) =¢p at z==H, since by definition the initial passive state describes a stage of wall rotat-
ion when only the soil element at z=0 reaches a limiting passive condition. The original concept
of this approach was first proposed by Dubrova as reported by Harr in his “method of red-
istribution of pressures.”

The variations of ¥ (2) at various values of 8 assumed in the analysis can be expressed as for
0<B<L1.0, 1. e, in elastic region,

U (=) =go+ (p—go) 718

W) _prp N 1
o =B(p—d0) H an

For 1,0<8<2.0
within zone already in limiting passive condition [0<z<{(8—1.0)H), i. e., in plastic region,

U(z)=~

o (z) _
———52—————0 eF))

within zone not yet in limiting passive condition [(8—1.0) H<2<H], i. e., in elastic region,
¥ () =go— (g0 (8-5-)

L) — (g0 )

COMPARISON WITH MODEL TESTS

The developed method of analysis is used to compare with the model test results reported by
Narain et al. >, The model wall was 1.5 ft. in height and made of structural steel. The tests
were performed on dry “Ranipur sand”, a typical river sand in India, with two different relative
densities (Dr) of 31.5% and 70.25%. Hand tamping was used to obtain desirable soil densities.
The model wall was rotated inward about the toe, and the developed passive lateral earth pressures
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Fig.5 Model Test Comparison for Loose Sand-Inward Toe Rotation

behind the wall at various displacements were measured using three soil pressure transducers, loc-
ated at the depths of 0.33 ft., 0.88 ft., and 1.33 ft. from the top of the backfill. The displace-
ments of the wall, d, as indicated in Figs.5 and 6, were measured at its midheight.

Figs.5 and 6 show the detailed comparisons of calculated and measured passive lateral earth
pressures behind the wall at various stages of wall rotation. The internal friction angles of the
sand and the wall friction angle reported by Narin et al., together with other pertinent soil
properties used in the analysis, are shown in Table 1. The values of initial at-rest lateral earth
pressure coefficient, K, were obtained from the earth pressure distribution at-rest. The unit
weights of the sand, however, were backcalculated from the relationship between the soil density
and its angle of internal friction reported by Sherif et al.®”, since Narain et al. did not report
these properties. The values of 3, indicating the various stages of wall rotation as shown in the

figures, were obtained from limiting deformations defining the passive state. The limiting defor-
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Fig.6 Model Test Comparison for Dense Sand-Inward Toe Rotation
Table 1. Sand Properties-“Ranipur Sand”
Material Properties Loose Sand Dense Sand
¢ 38.5° 42°
0 23.5° 23.5°
K, 0.69 0.96
7 99. 8pef 106. 1pcf

mations, as taken average values of measured deformations corresponding to at or near largest
passive earth thrusts, reported by Narain et al., vary from 1.97 in. for loose sand to 1.58 in for
dense sand at the midheight of the wall.

As illustrated in Figs.5 and 6, the agreements are in general very good. However, near the

toe of the wall with relatively large deformations the agreement is not as good-the measured lat-
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eral earth pressure increases considerably with small increase in wall rotation unlike the measure-
ments from other pressure cells. For instance, for wall rotations corresponding to 5 between 1.67
and 1. 8 the lateral earth pressures measured at a depth of 1.33 ft. increase by about 71% (425
psf) for loose sand (Fig.5) and by about 22% (237psf) for dense sand (Fig.6), whereas the
increases in calculated pressures for loose and dense sands are about 43% (214psf) and about 13%
(109psf), respectively. It is also noted that parabolic-shaped pressure distributions are obtained
during transition periods from both analytical and experimental results (Figs.5 and 6) This sup-
ports many previous researchers’ findings, both analytical and experimental, suggesting such a

shaped pressure distribution.

PARAMETRIC STUDY

The developed method of analysis is further used to investigate the effect and significance of
wall friction considered important in the design of retaining walls. To study analytically the
effect of wall friction mobilization on the passive earth pressure coefficient (K), Graham®
assumed several different wall friction angle distributions along the wall at passive state and cons-

tructed a chart showing calculated values of K, as a function of soil friction angle (¢).

Table 2. Percentage Difference in Resultant Thrusts with Different Wall Friction Angles

Type of wall movement | Wall friction angle ' B8=0.5 ‘ 8=1.0 k g=1.5 1 B8=2.0
» i :Oo ‘
Inward toe rotation 0=10° % _ (1) ﬁ* * i 8 gg f igl)l 62 ‘ if‘l1 ?g
5=20° : ) \ ) :

B denotes the stage of wall rotation

*: Pomw=Poze y100(9)
ﬁa=o~

In the present study the effects of wall friction on the resultant thrust and distribution of
developed lateral earth pressures at various stages of inward wall rotation about the toe are an-
alyzed with three different wall roughnesses (3=0°, d=¢/3, and §=2/3¢). Table 2 summarizes.
the percentage difference in resultant thrusts between two different wall friction angles at various
stages of wall rotation. These values are obtained with the following parameters:

Height of the wall (H)=10ft.

At-rest earth pressure coefficient (K,) =0.5
Unit weight of the soil (7) =100pc{

Soil friction angle (¢) =30°

Wall friction angle (8)=0° 10°,20°

Following observations can be made from this study:

1. From an at-rest (3=0) to an initial passive state (4=1.0) the resultant thrusts remain more
or less the same for all degrees of wall roughness (Fig.7). However, for wall rotations grea-
ter than 8=1.0 the resultant thrusts increase with increasing wall friction.

2. In general the developed lateral earth pressures increase with increasing wall friction (Figs.8
and 9).

3. The rate of increase in lateral earth pressures below the midheight of the wall generally incre-
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ases with increasing wall friction for wall rotation corresponding to =1.5 (Fig.8), whereas
at f=2.0 (Fig.9) this rate of increase decreases with increase in wall friction.
The developed lateral earth pressures near the upper portion of the wall remain nearly unaf-

fected by the wall roughness (Figs.8 and 9).
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CONCLUSIONS

An analytical solution method which describes the transition of the lateral earth pressures from
an at-rest to a full passive state behind a rigid retaining wall experiencing an inward rotation
about the toe with horizontal cohesionless backfill soil, has been developed. The comparisons with
model test results in general have shown good agreements, indicating the effectiveness of the de-
veloped formulation. Furthermore, an analytical parametric study has been made to investigate
the effect and significance of wall friction on the resultant thrust and distribution of developed
lateral earth pressures.

The developed solution method can be further expanded to analyze the transition of the lateral
earth pressures associated with other types of wall movement, including the translation under
active or passive condition. However, the developed analytical method of analysis includes many
assumptions; namely, the limiting deformation to achieve a passive state, the validity of Mohr-
Coulomb failure criterion, and the relationship between the major and minor principal stresses.
These assumptions should therefore be studied further, as additional experimental data become
available, so that the true behavior of the lateral earth pressure transition under various types of
wall movement can be modeled more effectively. The effects of various parameters defining the

system then can be analyzed in-depth through an additional parametric study.
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