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A State-Space Modeling of Non-Ideal DC-DC Converters ( I )
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ABSTRACT
A new method for the modeling of non-ideal dc-dc converters whose switching times are finite is proposed.
The effects of finite turn-on, turn-off times, delay time, storage time, reverse recovery processon the system

stability, dc transfer function and efficiency are investigated. It is verified how system poles are changed and

how dc transfer function and efficiency are decreased by non-ideal switching.

the ordinary system. This results in the non-linear and

INTRODUCTION time-varying. The source in the switching system is
considered as the disturbance in many cases,

The modeling of the network which contains switches To convert this non-liner time-varying problem to
has drawn much attention because of the unusual pro- an easier form there have been a few attempts. A feasble
perties of switches in comparison with other circuit ele- method is the state-space average modeling, which ave-
ments. This is the reason why there are so many mode- rages out the time-varying term and perturbs the non-
lings in the power electronics which are not found in linear term to obtain an LTI(Linear Time-Invariant)
other fields,

The difficulties in the modeling of the switched net- input A= A()x+B ()

R — y

work are mainly due to the non-linear and time-varyin
y ! Yying y=C(t)x+D (t)u

duty function

nature of the switch, Furthermore the mechanism of the

switching system is far different from an ordinary sys- 1

tem. Fig. | shows this difference. By switching the to- “ disturbance

pology of network is changed and the system matrices (a) switching system

A, B, C and D are, therefore, changed. So to control the .

output of the switching system the ststem matrices must tput x=Ax+Bu(s)

be varied by switches instead of the source as done in - S =CxtDu(r) y

u(r)
[ MFRE I B W W O LRR f
**L B RMESE R R T LR AT ALB b istucbances
It c.p

PEZ AT 19874 1 H27H (b) ordinary system
1 IF - 1987 8 H20H
2K #EIE 1987 9 231 Fig.1. Comparison of systems.
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expresion. 1) This modeling is applicable only when the
switch is nearly ideal. A recent work, the fast switch
modeling is applicable to the non-ideal switching case,
2) However the output filter of the switching system
is assumed to be ideal in the fast switch modeling, The
system dynamics can not be explained by this modeling,
So far, there has been no exact modeling suit for high
frequency or high power applications where the switc-
hing time is important. 3. ¢

A new modeling which is believed to be very suitable
for this case is presented in this paper, Neither the out-
put filter nor the switch needs to be ideal, Switchs are
described by switching functions and a state equation
is set up with them. Then the resultant state equation
is averaged and perturbed, The proposed modeling pro-
cedure is explained for boost converter case, however
it is also possible to apply this modeling technique to
all dc-dc converters such as buck and buck-boost con-

verters,

MODELING PROCEDURE

It is assumed that all passive elements are LTI however,
no switch is assumed to be LTI and ideal. The converter
is also assumed to be operated in the continuous con-
duction mode, Fig. 2 and Fig. 3 show the circuit to be

modeled and its switching waveforms respectively,
A. Exact State-Space Model

In order to derive a state equation, states x,, x, are
allocated to the current of the inductor L and the voltage
of the capacitor C. Then the derivatives of the states
are expressed as the functions of the states, source and

circuit parameters:

Lx; =u—Rgx; —v (1a)
Rl e
+ T Ti
. | .
+ u X1 | IC | x + +
\ 2
1= Q | - y
- y '8 p C -
- !
1 a } e
Lo e - —

non - ideal switches

Fig.2, Boost converter.
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Fig.3. Switching waveforms of boost converter.

L

Note that this state equation is also valid for the non-
ideal switch case as well as the ideal switch case. What
is rematined is to express v and i as the functions of
already known variables. From the switching waveforms
we can observe that these are the switched portions of
the x, and x, respectively. So they can be represented

as follows:
v=s: (t)xs, i=5,(t)x, (2)

where s,(t) and s,(t) are defined as the switching

functions and given by
_ v i
si{t) =", sa (t) =+ (3)

Fig. 4 shows these switching functions, Provided that
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Fig.4. Switching tunctions s,(t) and s,(t).

the switching times are known then the switching fun-
ctions are fully determined. Substituting eq. 2 to eq. 1
the state equation and the output equation of the boost

converter are obtained.

_ ilﬁl 1
EHE B -
= u a

X2 %ﬁ)—‘ t:‘%?‘: X2 0
y=[0 1][?} (4b)

Eq. 4 is of the form

x=A(t)x+Bu (5a)
y=Cx (5b)

Note that the exact model of the converter is time-
varying form, which is the general property of the swit-
ching system. This exact model can be used for simula-
pion. B. State-Space Averaging and Perturbation

To eliminate the time-varying term in the matrices
A(t), B(t), and C(t), averaging is taken for the matrices.

A general state space averaged expression is as follows:

x=Ax+Bu (ba)
y=Cx (6b)

where

A=4[Tawa, B=L [TBoa

—_ 1 T
c-4 [Tca )
In the boost converter case, the matrices are evaluated
as follows:
_Rs  _ 3
— L L - 1
A= B=B= |+
s; 1 [ B L
< ~CTR 0
C=C=[0 1] (8)

The s, and s, are the averages of s,(t) and s,(t) res-

pectively. They are evaluated from Fig. 4 as follows:

T
s :—»}:fo si(dt=1—h+t,f for Hupn<h<Hpax
(9a)

T
Sz:%[1 sy (t)dt=1 —h+t,f for Hmin <h<Hpax
(9b)

where

h=h,=1—h,, t,=tg+ t,+t,r—tg,

t t
tr=tat HF—r—ts— 5

f= _Jf, Hm1n= (td+tr'+tr1)/’r. Hmax=ll ([s+tf) /T
10

ta: turn on delay time, t.: rise time, ts: storage time,

t;: turn off time, t..: reverse recovery time

The Hmin and Hmax are determined by the switch
turn-on / off overlap condition, Assuming that the diode
reverse recovery charge Q.. is proportional to its for-
ward current, then Qrr can be rewritten as fllows by

introducting a new variable 7:

Qo= [T de=— [ (s, (et

=— iL (t)égzLLL
=TI, (t)
or r=*§“21LL 1n

The inductor current i (t) has been assumed to be
constant and 7 is found to be the life time of the mino-

rity carrier, Now eq. 6 is of the form

x=A(h)x+B(h)u (12a)
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y=C(h)x (12a)

To eliminate the non-linearity in eq. 12 the matrices

are expanded in power series as

A =A(Hy) + 28| gy 4o

=A,+A, (h—H,) (13a)

B(%) and C(h) are expanded similar to A{k) as

(13b)
(13c)

(h—H,)
(h—H,)

B(h)
Ch=

=B, +B, -
CotC, -

Substituting eq. 13 to eq. 12 and taking the following

perturbations
h=Ho+4 h x=Xo +% y=Yo+¥ 14
we obtain
(Xo+5) = (Ag+A,h) (Xo-+ %)+ (Bg +B, 1) U
(Yo 4’{’) = (Ca +C 1’1) (Xo + X) (15)
In eq. 15 input # is assumed to be constant and is

not perturbed. Ignoring the bilinear term ilx, eq. 15 is

separated into the dc and the ac equations as follows:

Xo— Ao Xo+ By Uy

Yao=CoXo (16)
and
= Aok (A, Xo+ B, Uo)
y=Cox+C, Xsh i)

From eq. 16, the operating point Y, can be evaluated

by setting X, to zero as

(18a)
(18b)

Ay Xo-+Bolpg=0
Y|)= vCoAq_‘Bo[J‘o
From eq. 17 the ac transfer function G{s)can be ob-

tained as

c(g:—%% - Co (s Ag) ™ (A, Xo+B1Uy) +C, Xo
S
(19

We can check the system stability by examining the

characteristic equation

[sI—Ael=0 )
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In the boost converter case, these matrices, Ao, A, ---,

C, are found to be as follows:

_Rs 1-Hottf
A L L
P l1=Hed i 1 ‘

] C CR;

[ 1 1

0L T
A= Bo=| U1, Bi=0

_ 10 0l

|~ C
Co=[0 11, Ci=0 (1)

C. Pole Frequency Deviation Effect

Now let’s investigate the effect of non-ideal switches
on the pole frequency, Considering that the s, and s, of
eq. 9 are 1 —h+t,f and 1- A+t respectively, we can
see that duty cycles are changed from #’s toh—t . f, h—1t.
/ by non-ideal switching. Then we can investigate the
duty cycle variation effect on the pole frequency to see

open loop system stability. Applying eq. 21 to eq. 20,

we obtain
R 1 (]AH0+11“ (1“Ho+tzf)+Rs/RL
s+ (ot kst LC

=s5' 42l wast+wh= 0 22

The normalized natural frequency @,* and damping
factor &€*, which are the ratios of the practical ones in
relation to the ideal ones with zero duty factor are given

by

*__ Wy .
Wn @n|ty, t,, Ho=0
\/Rs/Rﬁ— 1—He+1,f) (1—H,+t.f) (23a)
Rs/Ri+1
and
¢ ¢
{ t;,tz,Hu=O
:\/ Re/R.+1 . |
Rs/Riu+ (1—Ho +1,f) (1—Hp+t.f) Wn
(23b)

The w,* and £*are plotted in Fig. 5

switching transistor whose current level is several tens

for a typical power

of amperes, In fact the switching parameters are a fun-

ction of collector current, however, they are assumed to
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Fig.5. Pole frequency deviations,

be constant for illustration purpose. The switching times

and resistances selected in this paper are as follows:

1,=0.2us, t,=0.6us, Lrr=2us, tz=5us, 1 7=0.8us,

T=2us (24a)
1, = —2.2us, t, =—6.9us, Rs=lohm, Ry =50chms
(24b)

We can see that the damping factor increases as a
function of switching frequency. Therefore we can con-
clude that the practical switch increases system stability
and this effect becomes dominant as the switching fre-
quency increases, This fact may not be true for some
switches where the values t, and t, are quite different
from those used in this paper. However, in practice, the
result obtained in this paper is true since ts is much

larger than other switching times and t,, t, are roughlyts,

D. DC Transfer Function Deviation Effect

To check the effect of the non-ideal switch on the

ol 4ol

ok

ZF 2lE(]) — 23 —

dc-transfer funcition, eq. 18b is evaluated using eq, 21.

The dc-transfer function Ggc is then

Gdc: TYJ—Z: *Co A(;;] Bo
(1—Hy+ 1, 1)
%f (1--He+ 1, ) (1~ Ho + 1, 1)

25

Fig. 6 shows the dc transfer function as a function

of duty factor for several different switching frequencies,

Fig.6. DC transfer function degeneration,

The switching times and resistances used here are the
same as those given in eq.24.Note that the practicalboost
converter has the maximum dc gain less than infinite,
This is mainly due to the inductor resistance Rs.

The maximum dc gain occurs at the point Hy* given

as
9Gge. -
aH., uo_—_‘Hn
H¥=1— R (26)
or [ 1 R +’ tzf
L

And the maximum value is as follows:

Gae (H¥) = — b 2

2 %z (ty—1ty) f

E. The Efficiency Degeneration Effect

The efficiency # of the boost converter can be eval-
uated by comparing the input and output powers, It

is assumed that the converter has no ripple,
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VZ/R,
UL, &

n=

v

Evaluating X, from eq. 18a we can find out the V,
and 1. Substituting these to eq. 28 the efficiency is

obtained as

(1—Hg+1,1)?

7= R/RiF0—H+ ;1) (I—Hs F 1) 9

To concentrate our attention to switching effect the

inductor resistance R_is set to zero. Then the efficiency

7 becomes
_Vd/R, _1—Hg+t,f a0
Ul lrg-o 1—He+t,f

Fig. 7 shows the efficiency degeneration effect by the
non-ideal switch as a function of switching frequency
for several duty factors. Remark on the fact that the
efficiency does not decrease linearly as the switching
frequency increases, This is due to the interaction bet-
ween the output filter and the switch. Those who want
to determine the maximum switching frequency for

guaranteeing the efficiency may use this corrected curve

1

o in o
~

Fig.7. Efficiency degeneration
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instead of rough calculation,

CONCLUSION

The extension and generalization of the state-space
average modeling to the non-ideal switching case has
been performed. Stability of boost converter is improved
by the non-ideal switching. DC gain is degenerated and
it is identified that a maximum dc¢ gain point which
depends on the load and source resistances and switching
frequency exists. The efficiency does not decrease, ho-
wever, linearly as a function of switching frequency.

The extension of this modeling to the discontinuous
conduction mode case may be possible. And switching
parameter variation by current or voltage may be taken
into account if detail solution is required. These are

remained for further works.
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