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Nonlinear Vibration Analysis using Variational Principle
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Abstract

Simple procedures have been formulated to compute approximate natural frequency of nonlinear
systems by the use of variational principle. These procedures are applicable to motion of large amp-
litudes, -even to systems which are not linearizable. The results obtained by these procedures have
been found to have good agreements with computer solutions and exact solutions for systems having

piece-wise linear springs and polynomial springs.
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Fig. 1 Dependence of natural frequency ratio (w/w.) upon nonlinear parameter a(=pgA?/wa?)
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Table 2 Dependence of natural frequency « upon initial condition A and spring parameters
K and b (see. Fig. 2 (b) case)

@
A K b

Exact Runge-Kutta Approximated Variational

1 1. 5000 1. 503 1.4679 1.5077

1 2 1. 8679 1. 864 1.8192 1. 8832

3 2.1734 2.174 2.1128 2.1954

1 1. 8046 1. 800 1.7762 1. 8092

1 2 2 2.1213 2.116 2.0759 2.1323

3 2. 3956 2. 398 2. 3375 2.4124

1 2.0641 2.067 2.0383 2.0672

3 2 2. 3469 2.353 2. 3042 2. 3551

3 2. 5981 2.596 2.5425 2.6115

1 1.2761 1.274 1. 2559 1. 2793

1 2 1. 5000 1. 500 1.4679 1. 5077

3 1. 6940 1. 698 1.6592 1. 7058

1 1.6222 1.624 1. 6054 1.6238

2 2 2 1. 8046 1. 800 1. 7762 1. 8092

3 1. 9696 1. 970 1.9319 1.9773

1 1. 9060 1.904 1.8914 1. 9070

3 2 2.0641 2. 066 2.0383 2.0672

3 2.2102 2.212 2.1753 2. 2158

Table 3 Dependence of natural frequency  upon initial condition A and spring parameters
K and a (See Fig. 2(c) case)

] w
A K a
l Exact Runge-Kutta Approximated Variational
1 1 0. 7586 0. 758 0.7843 0.7639
2 0. 4399 0.438 0.4798 0. 4681
3 2 1 1.0728 1. 072 1. 1091 1. 0804
2 0.6221 0.620 0. 6785 0. 6620
3 1 1. 3183 1. 314 1. 3584 1. 3232
2 0.7619 0. 762 0.8310 0. 8107
1 0. 8249 0. 825 0.8434 0. 8277
1 2 0.6110 0. 609 0. 6501 0.6253
3 0. 3437 0. 343 0. 3660 0. 3779
1 1. 1666 1. 166 1.1928 1. 1705
4 2 2 0.8641 0. 864 0.9194 0.8843
3 0. 4860 0.484 0.5176 0.5372
1 1. 4288 1. 428 1. 4608 1. 4336
3 2 1. 0583 1. 058 1.1260 1. 0831
3 0. 5952 0.593 0.6340 0. 6579
T 4] (20)0l] sl A
T vK
o= A (37 \/ 4b
tan-l\/—T w=y K+—7~ (39)
At g o Wydd #E dech
o gAME, 4(36)7 (16)o=2 ¥ Table 2¢] 27273 A9 228 slein|e] Ko b
f 2b o Wl & Z E7 vasl Runge-Kuttad]
o=y K+—757 (38) g At Qeh, Table 2614 B 5 1%o] A K,b

o B E, 498 Zel HE A4 436)E o ZE W glofA 1%l 9 AT} wASH F
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Fig. 4 Trajectories on phase plane: case (b)
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Table 4 Dependence of natural frequency w upon intial condition A and spring parameters a

and b (see Fig. 2(d) case)

w
A a b
Exact Runge-Kutta | Approximated Variational
1 0.7739 0.775 0. 7598 0. 7804
1 2 1. 0945 1. 093 1. 0746 1.1036
3 1. 3404 1. 340 1. 3161 1. 3517
1 0. 7071 0. 708 0. 7071 0. 7071
2 2 2 1. 0000 1.001 1. 0000 1. 0000
3 1.2247 1. 225 1. 2247 1. 2247
1 0.5774 0.575 0.5774 0.5774
3 2 0. 8165 0. 816 0. 8165 0. 8165
3 1. 0000 1.001 1. 0000 1. 0000
1 0. 6376 0.637 0. 6204 0. 6453
1 2 0.9017 0. 901 0.8774 0.9126
3 1.1043 1.104 1. 0746 1.1177
1 0.6221 0.621 0. 6204 0. 6249
3 2 2 0. 8798 0. 880 0.8774 0.9126
3 1.0775 1. 078 1. 0746 1.0823
1 0.5774 0.575 0.5774 0.5774
3 2 0. 8165 0.816 0. 8165 0. 8165
3 1. 0000 1.001 1. 0000 1. 0000
X1(displacement) X2{velocity) X2
T
A=2 5
NA NA A Y w2
a ;- a 9
S} AVARVAR! VARVARY N
s N 7\ e 24
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Fig. 6 Trajectories on phase plane: case(d)
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