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NOTES ON THE PSEUDO-COMPLETE ALGEBRA

AN Hyun Kim

1. Introduction

In (5], Rickart proved that, when F is a Hermitian fun-
ctional on the Banach %-algebra A, in order for F to be
representable, it is necessary and sufficient that

(i) F is-bounded,

(i) |F(x)P<pF(z*x), z€4
where # is a positive real constant independent of x. In
this note, conditions for a functional to be admissible on
a locally convex *-algebra are defined and sufficient condi-
tions for a functional F to be representable are also given

in Theorem 4.2,
2. Preliminaries

DerINITION 2.1. By a locally convex algebra A we shall
mean an algebra A over the complex field C, equipped with
a topology 7 such that

(i) (A7) is a Hausdorff locally convex topological vec-
tor space,

(ii) multiplication is separately continuous.
A will be called a locally convex %-algebra if A has a con-

tinuous involution.
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DerFINITION 2.2. Let A be a locally convex algebra. An
element = of A is said to be bounded if, for some nonzero
complex number A, the set {(Ax)*:nEN} is a bounded subset
of A.

The set of all bounded elements of A will be denoted by
A,

NotaTION. By B, we denote the collection of all subsets
B of A such that

(i) B is convex and idempotent,

(ii) B is bounded and closed.

If BEB,, then A(B) will denote the subalgebra of A ge-
merated by B, i.e., A(B)={\z:Ax&C and xz=B}, and the
equation ||%||z=inf {A\>0:2 & AB} defines a norm which
makes A(B) a normed algebra.

DErINITION 2.3. The locally convex algebra A is called
pseudo-complete if each of the normed algebras A(B) is a
Bsnach algebra.

If A is a locally convex algebra and zEA, we define
the radius of boundedness of x by

B(x)=iaf A>0 : {(A"1z)*: n=N} is bounded]

with the usual convention that inf ¢=c0.

The following simple facts about 8(x) are obvious:

1°. B(x)>0 and B(rx)=\|B(x) where A&C and 0-00=0,

2°, B(x)<oo iff x& A,

3°. In particular, if A is pseudo-complete, then B(x)
equals to the spectral radius of o« [1].
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DerinitioN 2.4, Let A be a locally convex *-alzebra, and
let F be a linear functional on A. If F(x*)=(F(x))™ for
all =z in A, then F will be called Hermitian, If F(x*x)>0

for all * in A, then F will be called a positive functi-
onal.

LeEMMA 2.5, Let A be a pseudo-complete locally convex
*-algebra and let x, be any element of A such that S(x,)
<1. Then there exists an element ¥, of A such that 2y,—
Yo?=2Z¢. In addition if z; is Hermitian, so is ¥,

Proor. Consider the function f defined in terms of the
binomial series as follows:

f@==-E{1% o

Then f is well-defined and 2f(2) —{ f(z)12== for all {z|<1.

Now consider the vector valued function —«-}f(l’/lz)(—xo)".

7=1
We show that this series converges. Let ¢>0. Since
B(x,) <1, there exists a B&B, by [17 such that 2,&A(B)
and {]@y]|<1. Since f converges for [z]<1, there exists
an 7o stch that for p,g>n,

( ¢-1 1/2 o b
| 5(12) (0| <e.

Since A(B) is complete, we have that vector valued series
converges fo anelement vy, of 4(B) such that 2y,— 2=,

TreorgMm 2.6. Let A be a pseudo-complete locally convex
x-algebra and let F' be any positive functional on A. Then
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|F(w*hu)| < B (R)F(u*w) for all u=A and A Hermitian.

ProOF. By Lemma 2.5 and [5, Theorem 4.5.2], the above

theorem is obvious.

Let F be a positive functional on A and define
Le={x€A: F(y*x)=0 for all y in A).
Then Ly is a left ideal of A([3, p.288]). Now we define
Xe=A/Ly and denote £+ L, by Z.

DEFINITION 2.7. A positive linear functional F which sa-
tisfies the following conditions will be called admissidle:

(1) sup {F{z¥a*azx)/F(z*z):xcA) <o for all ac A,
(2) For each x& A, there is a 2,&4, such that E=%,,

CoroLLary 2.8. If A is a pseudo-complete locally convex
*-algebra such that A=A, then any positive functional
is admissible.

Proor. By Theorem 2.6 and 2°,
{F(x*a*ax) xS A= Ap}<B(a*a) < for all ac=A.
Since A=A, for each T&EA  there exists a zy(=z)EA4,

such that T=x,,

3. Tepologically Cyclic Representation

Let A be a x-algebra over the complex field C and X a
vector space over . A x-homomorphism A—-L(X) is
called a x-representation of A4 on X, where L(X) is an
algebra of all linear transformations of X into itself.
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Lemma 3.1. Let A be a locally convex %-algebra and let
F be an admissible positive functional on A. If a, bEA,
then (a+8)y=(@o+bo).

THEOREM 3.2. Let F be an admissible positive Hermitian
functional on the commutative locally convex %-algebra A.
Then there exists a representation a— 7T, of A on a Hilbert
space H such that (T )*=T, for all acA,,

ProoF. Since A is commutative, L, is a two-sided ideal
and hence X is an algebra. Let ¥=x+4 L, and define a sca-
lar product in X by (&, ) =F(y*z), for x, y=A. The com-
pletion of X with respect to the inner product will be
called H, aad_then H is a Hilbert space.

Let %, be a fixed element of X, Since F is admissible,
we may assume that z,&A, Let 7<H and assume that
Z,—Z with z,eX;,

Then
||§02"-—£02m“2= (goén_ﬁozm, Eﬁzn—xozm)
=F((x()zn“xozm)*(xozn_xﬁzm))
:F((znuzm)*xo*x()(zn—-zm))
and

||§n“_§m!|2=F((zn—zm)*(zn—_zm))'
Since F' is admissible,

|1 %02, — o2, |2< M|z, — 2,,||* with M>0.

Thus {%,z,} is a Cauchy sequence with respect™to the inner
product norm, and hence the sequence converges to an ele-
ment ¥ of . Similarly we can show that if #,—Z with
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respect to the inner produet norm, then {%,%,} converges
to ¥. Now we define the mapping a—T, of A on H by

T,Z=a.%, x=H where a,=a.
Then, if a, €A,

ToaZ={(ab) Z=(ab) " X=abxX=a,b,%
=(ag(bex)) =T (byx)™
=7, 7% for all x&H.

Similarly T,.,=T,+ 7T, and T,,=AT, for all AcC. Thus
a— T, defines a representation of A on H.

Consider the restriction of the representation to A, Let
acA, Since F is admissible, we have

I T.(Z)|2=l]az]|*= (ax, ax)
=F{a*a*ax)
< Mi%||? for some M>0, =X,

Hence 7, is a continuous mapping on Xz, Since X; is dense
in H, T, can be uniquely extended to a continuous mapping
T, on H. However if ¥eH—-X: let {%,} be a subset of
X, such that #,—»x. Then

T.(®)=lim T,(x,) =lim T, (z,)=lim &z,

=ax="T,(%).

Thus 7,=T, and T, is a continuous function on H for
a= Ay, Since T, is continuous, we can show that (T )*=T %
by proving that (7T )¥(z)=Tx(x) for all x=X,,

Let ¥ and ¥ be elements of X, then
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(T.%, 3)=F(y*ax)=F((y*a)x)
-~ (xa (a*)i) = (xa TJ*J_")'

Thus for aCS A,, we have (T,)¢x=T*,

CoroLLarY 3.3. If A, is also an algebra e.g., the
product of bounded sets of A is bounded, then the res-

triction of the above representation to A, is a *-represen-
tation of A, on H.

Let X be a vector space over C and let K be a subalge-
bra of L(X). Let = be a fixed wvector in X and let X, =
{T(z): TeK}. Then X, is an invariant subspace of X
with respect to K. If there exists an element 2 of 2 nor-
med space X such that X, =X, then K is said to be topo-
logically cyclic and the vector z is called a topologically
cyclic vector. A representation x — T, of A on X is said
to be topologically cyclic if, when K={T,:xc A}, there
is a vector z in X such that X =X,

With these definitions we state the followinz corollary
to Theorem 3.2.

CorOLLARY 3.4. Let A be a commutative locally convex
#-alzebra with identity. Let F be an admissible positive
Hermitian functional on A. Then the representation obtained

above is topolozical cyclic with a cyclic vector Ay such that

F(2)=(T.ho ko), TSA.

Proor. Let hy=1=1+ X, Then by definition T.A=%,,
so that the set {T hp:xe=A} =X, and hence is dense in H.
Thus A, is a topolozically cyclic vector. Now let zEA,
then there exists x,&A; such that £=%, Thus
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F(I*(x~xp)) =F(x—x¢) =F(x) — F ().

By the way, F(I*(z—xy))=((z—z,) ", 1)

=(%,1)— (%1 =0
Consequently F(x)=F(x,). Therefore (T ko ko) = (Zoho ho)
=(%,1,1) =F(x,) =F(x) for all zcA.

4. Representable Functional

Let F be a linear functional on the locally convex
*-algebra A and let @ — T, be a representation of A on a
Hilbert space H such that the restriction of the represen-
tation to Ap is a *-representation of A, on H. Then F is
said to be representable by a — T, provided there exists
a topolozically cyclic vector Ay=H such that

F(a)=(T.hoh) for all ac= A,
Let @ — T, be a representation of A on H and let
M={hcH : T .h=0 for all acA}.
If M={0}, we say that the representation is essential.
LeMMma 4.1. If the representation @ — T, is essential,

then each of the subspaces H,={T,h:a=A} is cyclic with

h as a cyclic vector.
Proor. [5, p.206].

THEOREM 4.2. Let F be a Hermitian functional on the
pseudo-complete commutative locally convex %-algebra A.
Then in order for F to be representable, it is sufficient
that
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(1) for each x&A, there is a xy=A, such that T=3%,,
2) |F(x)P<uf (x*x), €A,
where » is a positive real constant independent of x.

Proor. Assume that F satisfies the conditions and denote
by A, the pseudo-complete locally convex %-algebra obtained
by adjoining the identity element to A. Extend the func-
tional F to A; by the definition,

Flx+a)=F(x)+ua for xe&A and « a scalar.
Then

Flz+a)*(x+a)) =F((z*+a) (z+a))
=F(z*z+a¥*a+ax+ac)
>F(xkx) 2| |F(x)| +ulal?
>F(ztr)—2lajun! Flz*x)' +ulal?
= (F(x*x) —lalu )2

Thus F is a positive linear functional on A, and Theorem
2.6 guarantees that the first condition of admissibility is
satisfied on 4,. To show that the second condition is
satisfied, let x+ae A, Then by hypothesis there exists
To& Ay such that T;=2%. Consider zy+«. Then since Xg=X%
and (2—xy)EL,,

|IFL(y+8)*((Zot+a) — (x+a)) 1|
=|F(y+ B)*(zo—x) 12
=|F(y*(z—x)) + F(B(xo—2))|2
=|BF(z,— )|
§|B}2F[($oqx)*(xo_x):|:0-

Consequently (x,+a) " =(z+a), .
Therefore F' is an admissible positive Hermitian func-
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tional on A,;, Hence by Corollary 3.4 there exists a repre-
sentation x— 7T, of A; on H defined by T .anx=(a+a)x
and such that

F(a+a):(Ta+gho’hD) fOl’ some hoEH.

Now let N={h€cH:T,h=0 for all acA}.

Consider the restriction of a—7, to the space N*, where
Nt={h=H:(h,n)=0 for all =N},

Since {h&N':T,h=0 for all a=A}={0}, the restriction
is essential.

Let ho=hy +hy’ where /S N' and hy’”<=N. Then for all
a=A we have

Fa)=(Tho,ho) = (T (hy' + k"), ko' +ho'")
={(Th', k' +h')=(he, TH*(h'+h'"))
= (ho,s Ta*ho,) = (Taht},y hG’) .
Thus there exists Ay’&N* such that F(a)=(T,h, 1) for
all acA. Let Hy={T,h’:a=A}. Then, since the restric-

tion of the representation to N’ is essential, by Lemma
4.1 H, is cyclic with h; as a cyclic vector.

CoroLLARY 4.3. If A has an identity element, then every
positive functional which implies condition (1) is repre-
sentable.

ProoF. If A has an identity element, then by the Cauchy-
Schwarz inequality, we have

|F(x) P LF(LF(x*2)

for any positive functional F. Thus, condition (2) is au-
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tomatically satisfied.

CoroLLARY 4.4. Let F' be an admissible positive Hermitian
functional on the pseudo-complete commutative locally
convex *-algebra A. Then there exists a x-representation
of Ay on a Hilbert space H.

Proor. If A is commutative and pseudo-complete, then
Aq is an subalgebra of A [1]. Therefore by Theorem 3.2
and Corollary 3.3, the proof is obvious.
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