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FIXED POINTS FOR FAMILY OF MAPPINGS*
S.L. SINGH AND ARORA VIRENDRA

Common fixed point theorems for family of mappings on
2-metric spaces{Gahler 1963/64) have been established among
others by Lal-Singh (1978), Rhoades (1979), Singh (1979),
Ram (1982) & Cho (1985). Ram (1982) established the follo-
wing result:

THEOREM 1. Let {S,} be a sequence of mappings from a
complete 2-metric space X to itself, Let T be a continuous
mapping from X to itself such that T and S, commute and
S(X)ZT(X), n=1,2,3---. If there exists a positive num-
ber ¢<1 such that for every pair 7,7, 1#j,

(LY dS.z, Sy, <q max|d(Tz, Ty, a),
d(S.z, Tz, a), d(S,y, Ty, a),
Sz, Ty, a) +d(S,y, Tz, )1
for allx,y, @ in X, then T and the sequence {S,} of ma-

ppings have a unique common fixed point. We prove the

following:

* The intent of this paper 1s to offer common fixed point theorems for
a countable family of mappings onm 2-metric spaces.

AMSB(MOS) Subject Classifications (1980) 54H25, 54E99.
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THEOREM 2. Let {S,} be a sequence of mappings from a
2-metric space X to itself. Let T be a mapping from X to
itself such that

(2' l) Sn(X);T(X)a n=1’ 2) 3'"’
(2.2) T(X) is a complete subspace of X.

If there exists a positive number ¢<<1 such that for every
pair 7,7, i#j, the condition (1.1) holds, then T and S,(n=
1,2,3,--) have a coincidence point, i.e. there exists a point
z such that

Te=8,z, n=1,2,3, .

Further, if T and S, 7=1,2,3,---, commute at z then T
and S, n=1.2,3-,, have a unique commen fixed point.
Indeed Tz is the unique common fixed point.

Proor. Pick z; in X. Construct a sequence {7'z,} such
that Tx,=S,z,.,, n=1,2,3--. We can do this since S,(X)C
T(X). By (1.1),

A(Tz,., Tz, a)=d(S,. %, S;Ta1, @)

< g. max {d(Tx", Tx,.1,a),
d (S, 1%, Txn, aj,
A(SyZy-y, TZuy @),
(S s, Tz, @)
+d(Sr;xn-], Tx,, a)]}

=g¢.max{d(Tx, Tz, a),
d(Tz,., Tz, a),
d(Tz, Tz, a),
ltd(1z,.,, Tz,.\, )
+d(Tz, Tx, a)ll},
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giving
d{Tx,.,,, Tx, a)<g.max ‘d(Ta:,,, Tzx,.;, a),
1+ d(Tx,,,, Tx,0)),
and also
d{Txp,,, Tx, Tz, ;)=0.

Now, as in (Ram 1982 or Singh-Tiwari-Gupta 1980), it can
be shown that {Tx,} is a Cauchy sequence. Since T (X) is
complete, it has a limit in T(X). Call it p. Then there

exists a point z in X which is a pre-image of p under T,
that is Tz=p.

Now, for_any n,m, n>m by (1.1),

d(S\x, 1, Sez, a)<g.max|d(Tz,., Tz, a),
d(Suxﬂ-l, T‘rnwl, a),
d(S,z, Tz, a),

—%-[:d(snxn—l, Tzs a}

+d(S,=z, Txn-l, a)]}
=g.max {d(Tx«-l, Tz,a), 0,
d(smz, Tza CZ),

+1d(Tz, Tz, a)
+d(S,z, Tx,.,, a)]}.
Making 7—co, we obtain

d(Tz, S,z, a)<q¢+d(S,z, Tz, a).

Since a is arbitrary,
Tz=S,z.

This is true for any m. Hence 2 is a coincidence point of
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T and S;, i=1,2,5-.
Now assume that 7" and §,, for each ¢, commute at 2 i.e.,

TS;Z:SiTZ, i:1,2,3, see,
Also
TS8,2=8;T2=8,8,2=8,5,=.
Then by (1.1), for m+#mn,
d(Sﬂz’ SnSnz, a) =d(Snz’ S’QS.‘ﬂz’ a)
=d(S,z, S.S,z, @)
gq.max{d(Tz, 78,2z, a),
d(S,z, Tz, a),
d (SmSﬁz’ TS’Cz’ a) *
FLd(S,z, TSz, @)
+d(S,.S,z, Tz, a)]]
ZQ'd(Snz, Sﬂsuzs a)’
yielding
S8.z=8,2=Tz.
So Tz is a fixed point of S, for every n, naturally. Also,
since TT2=TS,2=8,T2=8,S,2=8,2=T2, Tz is a fixed
point of T. Thus Tz is a fixed point of 7 and the family

{S.}. The uniqueness of the common fixed point follows
easily.

CoroLLARY 3. Let T, T, and T be mappings from a 2-
metric space X to itself such that T, (X)YUT(X) CT(X),
and for every z,y, a in X

B.1) ATz, Tw, a)<g. max| d(Tz, Ty, a),
d(T\x, Tz, a),
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d(Ty, Ty, a),
%[d(Tlx, Ty, a)
+d(T,y, Tx, a)]}.

If T(X) is 2 complete subspace of X, then T,, T, and
T have a coincidence point 2. Further if T' commutes with
each of T, and T, at = then 7", T and T, have a common

unique fixed point. Indeed Tz is the unique common fixed
point.

ProoF. The consequences are immediate if one takes {S,}
::{Tl, Tz, T!, Tz, Tl,"‘} in Theorem 2.

REMARK 4. Corolary 3 improves a number of fixed paint
theorems for two and three mappings on l-metric and 2-
metric spaces (See, for instance, Singh-Tiwari-Gupta 1980,
Singh 1982, Singh-Pant 1983, Singh-Mishra 1983).

As a variant of Theorem 2, we have the following:

THEOREM 5. Let {S,) be a sequence of mappings from a
2-metric space X to itself. Let 7' be a mapping from X to X
satisfying (2.1) and (2.2). If there is a non-negative integer
m, for each S, such that for all x, v, @ of X and for every
pair 1,J with i£j,

d(Six, S,y a)<q. max"d(Tx, Tv, a),
d(Sz, Tx, a),
d(S,’y, Ty, a),
SHd(STa, Ty, a)
+d(S;"’y, Tz, a)]‘
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Then T and S;i(1=1,2,3,-) have a coincidence point z.

Further if T and S;?(i=1,2,3, --) commute at z then 7'

and the sequence {S,} of mappings have a unique common
fixed point.
Proor. Clearly S;*(X)CS,(X)ZT(X). Thus Theorem 2

pertains to S;*and 7. So there is a unique point £ in
T(X) such that

p=T2=5;'z
and

Sip=Tp=p, i=1,2,3, —.
From this

S: p=8.5;p=5{'S; p.

This shows that S,p is a fixed point of 7" and S;’. The
uniqueness of p implies that

P:S?=S;P.

REMARK 6. Results of Lal-Singh(1978), Rhoades(1979),
Ram(1982) and Singh-Tiwari-Gupta(1980) may be obtained
as corollaries. In particular, an improved version of Coro-
llary 1 of Lal-Singh(1978) is obtained when T is an identity
mapping in the above theorem.
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