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BAYESIAN SHRINKAGE ESTIMATION OF THE 

RELIABILITY FUNCTION FOR THE LEFT 

TRUNCATED EXPONENTIAL DISTRIBUTION

Man Gon Park

1. Introduction.

Consider the two parameters exponential distribution with 

positivity GBHstiaint on the truncation parameter defined by 

the probability density function,

(1) 产(지。, 人) = 人-】exp[一人5)], x>09 X>0,

where 涉〉0 for the density to be left truncated.

The model (1) will be referred to as the left truncated 

exponential disiHibuticm.

It is well-known 바lat the left truncated exponential distri

bution is really appropriate as a lifetime distribution model 

for reliability and life-testing.

Evans and Nigm (1980) investigated that the use of the 

two parameters exponential distribution with no positivity 

ccmstrai교t on the truncation parameter as a lifetime distribu

tion model is unrealistic and may lead to inefficient infere

nces and prediction.

Both classical and Bayesian estimation of the reliability

function for the two parameters exponential distribution 

with or with no positivity constraint on 바ie truncation
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parameter have studied by many authors, including Basu 

(1964), Varde(1969), Grubbs(1971), Pierce(1973), Sinha and 

Guttman(1976), Sinha and Kale(1980), Martz and Waller 

(1982), Trader(1985) and so on.

Trader(1985) considered the truncated normal distribution 

as a prior distribution for the truncation parameter in the 

left truncated exponential distribution.

The shrinkage estimation techniques have been advocated 

by a number of authors as a procedure for lowering the 

mean squared-error (MSE) of the minimum variance unbiased 

estimator (MVUE) or maximum likelihood estimator(MLE) 

[see Thompson(1968), Mehta and Srinivasan(1971), Pandey 

and Singh(1980), Pandey and Sriva당tava(1985) and so on3.

In recent year, the use of Bayes shrinkage estimation of 

the parameters for binomial, Poisson and normal distribu

tions were considered by Lemmer (1981) at first. But he has 

been little paid attention to lifetime distributions-exponen- 

tial, WeibuII etc,

Pandey and Upadhyay(1985) considered the Bayes shrinkage 

estimation of the parameters for Weibull distribution, and 

discussed the relative s-efficiencies of these Bayes shri효kage 

estimators with respect to the unbiased estimators of En

gelhardt and Bain(1977) on the basis of a Monte Carlo study 

of 500 random samples.

In this study, we will consider some Bayes shrinkage 

estimators of the reliability function in the left truncated 

exponential distribution.

First, we will give the MVUE and Bayes estimators of 

the reliability function with the noninformative and con

jugate prior distributions in 나lis model.
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Next, using the Bayes estimator instead of the guessed value 

which is close to the true unknown value, such as that 

given by Pandey(1985), we will propose some Bayes shri

nkage estimators of the reliability function in this model.

Finally, we will compare the relative s-efficiencies of the 

Bayes shrinkage estimators with respect to the MVUE by 

the Monte Carlo simulation and numerical evaluation techni

que in the sense of MSE.

2. MVUE and Bayes estimators of the reliability 
function.

Let …W”g)be 반le first r ordered observations

of n failure times form the Left truncated exponential disti- 

bution(l) under test without replacement.

For a given time the reliability function, the proba

bility that survival until time Z, is given by

(2) & = 1-*0) =「产愆;)血

= exp ( —-兰으),

where F is the cummulative distribution function of the 

failure time x.

Basu(1964) obtained the MVUE of the reliability function 

at time t to be

71•—1 /-I t — \ 7 2 / 亠 / .

———一歹으스) ，皿W工①+：力

1 ,

0 5 t>xw+yr ,

⑶邕=

where yr=Z +
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The likelihood function is given by

(4) 乙(。，시女d, 皿2), ,•,> 女")8人一' exp{ —(勿(1)—0)]}' 

0<0<xWi X>0.

The noninformative joint prior distribution of 0 and X is 

taken as ESinha and Guttman( 1976)3

(5) gl(。，人)=，禮 ° = °o,人=*o

I b/Xa , otherwise,

where a>0, 人〉0, 0o9 為 are the prior

values in the vicinities of the true values 0 and X, respec

tively, and the prior distribution has weight (1—&) in the 

prior values and weight b in the rest intervals.

We obtain the joint posterior distribution of 0 and X as

(6) gi(们 시：z⑵, …, 工心))

__ ____________ Z(。，시：Z(2), …, (涉, 入)  

rcn I 乙(。，시：r①, “⑵, •••, 次出9

J 0 J。

Therefore, from (4), (5) and (6), the Bayes estimator of 

the reliability function with the noninformative prior distri

bution under the squared-error loss can be written as

(7) 1겨饥 = 剧项」皿1), "(2), …,

「气])c°°
=- I R,gi(。，시z①, “⑵, 印

J0 - 0

= F—2(Zh + L @2 +?3 + ：)+Q(0 + S00)

P r+a~2 (A, 02” ？3)+Q(Ql) 

where

포心芹으 느e (I으)“牛
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Q(gi) = (l-小"exp(-一<—),

01 = %, p2 = y,, p3 = yr + nxw, gi = 3，, +源;①一阳為.

Also, we can use the conjugate joint prior distribution of 

6 and X as EEvans and Nigm(1980)]

(8) g0,
(1 —Z>) , if 9 — Oq , X — XQ

b * exp]一一 丄누"?-°、)], otherwise,

where to be a proper prior distribution we must have c>2, 

d〉0, A>0, and 0<d<m9 \>0.

From (8), the joint posterior distribution of 0 and X 

becomes

(9) 血(们 시%①, z⑵，…, Z。))

=_______ L(R 시;七⑵, …, 心0)為(0, 汶)______
―Ta 产 ~T

L(09 시”⑴, z(2), …, ©G))g2(0, X、)dxd们 
儿 *0

where A=min(m, “①).

Therefore, from (4), (8) and (9), the Bayes estimate고 of 

the reliability function with the conjugate prior distribution 

under the squared-error loss can be written as

(10) R*£2 = 以l), N(2),2")

r A 「8
= Rg2(仇 시"⑴, 工⑵, •••, x^dkdO 

0 • 0

-已&-2( 01 +方+ 1, ?2 +，裁;⑴+£사一 如’너"一
= (就 + 兀 +고)4, 力3 +日 + 五m + £)+ a(Qi + 8— 四))

Pr+c~2(Pi + h, p2 + nxw -i-d + hm — ^n + h'jA^ 
力3+日+为 m) +Q(gD

3. Bayes shrinkage estimators of the reliability 
function.

Let us consider a shrunken estimator of the form
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o）+由，

where 6 is the MVUE of 0 and Oq is a prior value

which is close to the true unknown value 涉.

This shrinkage estimator for 0 was considered by Thompson 

（1968） at first, and showed that T is more efficient than 

MVUE for mean parameter in the sense of MSE when sam

ple size is small and 60 is in the vicinity of true value 0 in 

the normal, Poisson, binomial and gamma population.

Now we propose two classes of the Bayes shrinkage esti

mator of the reliability function：

（12） 7、口二"J •為一R* 口）口

=krRf + （1一庇）R%,

（13） T Rt2=k，2（Rt 一 R*f2）+ -R*f2

= k2-Rf + （l—k2）R*t2^

where OM庇，k2<X9 瓦 is the MVUE of R, R*tl is the Bayes 

estimator of Rt with the noninformative prior distribution 

and R% is the Bayes estimator of Rf with the conjugate 

prior distribution.

4. Comparisons of the relative s-efficiencies of the 
Bayes shrinkage estimators with respect to the 
MVUE.

The relative s-efficiencies of the Bayes shrinkage estima

tors with respect to the MVUE of the reliability function 

are given by

（14） REF』/",瓦）=Var（瓦）/MSE（7M）,

（15） REF2（為% •為） =Var（血）/MSE（T오2）,

where Rt is the MVUE of R, TRtl is the Bayes shrinkage 
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estimator of R£ with the noninformative prior distribution 

(5) and TRt2 is the Bayes shrinkage estimator with 나須 

conjugate prior distribution (8).

A Monte Carlo study has been performed on the relative 

s-efficiencies of the proposed Bayes shrinkage estimators 

with 호espec上 to the MVUE and the numerical values of the 

relative s-efficiencies of proposed Bayes shrinkage estimators 

with respect to the MVUE have been evaluated by use of 

the computer system.

The Monte Carlo simulation on the relative s-efficiencies 

of TRtl and TRi2 with respect to Rt has been performed as 

the following four parts.

Part 1： 500 random samples of the first r ordered failure 

times were generated from the left truncated ex- 

pontial distribution (1) with the parameters X and 

6 such that 0/6q is fixed at 1 and 人/A。： 0.50(0.25) 

1. 75 varies with (n, r), and REF\ (Tg,血)were 

evaluated for a—1, 6 — 0.2 (0. 2) 0. 8 and 2 

(0.2) 0. 8 to avoid complexity on the table 1.

Part 2： 500 random samples of the first r ordered times 

were generated from the left truncated exponential 

distribution (1) with the parameters X a교d 0 such 

that \/X0 is fixed at 1 and 0/60. 50(0. 25) 1. 75 

varies with (n, r), and REF】(7戋、Rt) were eva

luated for cz=2, b = 0.2(Q2) 0.8 and &i = 0.2(0.2) 

0.8 on the table 2.

Pa호t 3: 500 radom samples of the first r ordered failure 

times were generated from the left truncated ex

ponential distribution (1) with the parameters A 
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and 0 such that 이。& is fixed atl and X/Xo： 0.50 

(0.25) 1.75 varies with (/?, r), and REF2 (T血, 

&) were evaluated for c=4, d=2, h=L 〃z=2, 

Z，=0.2(0.2) 0.8 and ^2=0.2(0.2) 0.8 on the 

table 3.

Part 4： 500 random samples of the first r ordered failure 

times were generated from the left truncated ex

ponential distribution (1) with the parameters X 

and 6 such that X/A,o is fixed at 1 and 0/0^ 0.50(0. 

25) 1.75 varies with (n, r), and REF2(T72/2, Ri) 

were evaluated for c=5, d — 29 h = l, b =

0.2(0.2) 0.8 and 知=0.2(0.2) 0.8 on the table 4.

Throughout the table 1-4, we obtain the following 호esults： 

(a) TRtl is more efficient than MVUE Rt in the sense of 

MSE for all possible values of n9 r, a, b and kr contai

ned the effective interval which is in the vicinity of 

true value X or 丄

(&) TRt2 is also much more efficient 나lan MVUE Rt in the 

sense of MSE for all possible values of 佑 r, c, d,知 m, 

b and k2 contained the effective interval which is in 

the vicinity of true value \ or 0.

(c) When the guessed value Xo is true, that is X/\o ［당 1, 

TRtl and TRt2 are most efficient in the sense of 

MSE.

(d) TRt2 is more efficient than TRti in the sense of 

MSE.
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5・ Conclusions.

In the comparisons of the Monte Carlo relative s-effici

encies of the proposed Bayes shrinkage estimators fo호 the 

reliability function with respect to the MVUE in the left 

truncated exponential distribution based on type H censoring, 

the proposed estimators are more efficient than MVUE in 

the sense of MSE for all possible values of n, r9 a9 b9 c, d、h, 

kr and k2 if X/Xo and/or 0/0q approach 1. Also, the Bayes 

shrinkage estimator with the conjugate prior distribution is 

more efficient than the Bayes shrinkage estimator with the 

noninformative prior distribution.
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