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CERTAIN SUBCLASSES OF ANALYTIC
P-VALENT FUNCTIONS

SaNg KEUN LEE AND SHIGEYOSHI Owa

1. Introduction
Let A, denote the class of functions of the form
LD fay==+E a2 (PEN={L2,-)

which are analytic in the unit disk U={z:|z|<1}. For f(z)
and g(z) being in the class A, f(z) is said to be subor-
dinate to g{z) if there exists a Schwarz function w(z), w(0)
=0 and |w(z)| <1 for 2=U, such that f(z)=g(w(z)). We
deriote by f(z)<g (z) this relation. In particular, if g(z)
is univalent in the unit disk U, then the subordination
Fflz)<g(z) is equivalent to f(0)=g(0) and f(U)Cg(U).

A function f(z) belonging to 4, is said to be in the class
S*, [a,b] if it satisfies

(1.2) w_i(_g) P 1+az

pflzy — 1+bz

for some a and & with—1<b<a=l, and for all z&U.
Further, a function f(z) belonging to A, is said to be in
the class K,[e, b] if it satisfies zf ' (z)/pES*,[a, b].
The class S* [, 5] was introduced by Goel and Mehrok
(f11, [21), and Janowski [3]. Further, the class K [a,b]
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was introduced by Silverman and Silvia [5].
Let S*,(a,&) be the subclass of A, consisting of functions
which satisfy the condition

zf'(2)
2f(z)
for some a and b with a=5, and for all z&U. Furthermore
we denote by K,(a,b) the subclass of A, conmsisting of func-
tions which satisfy the condition zf'(z)/p & S¥,(a,b).
The classes S*,(a,b) and K,(a,b) were introduced by
Silverman [4] and Silverman and Silvia [5], respectively.

1.3) —a|<b

2. Some Properties

We begin with the statement and the proof of the foll-
owing result,

THEOREM 1. If —1<b<axl, then

@1 S%lap)=s%, (1@, ach)

Further, if a=54, then

a

2.2)  S*(aby=s+ L=ete 1o

L.:.._J

Proor. We employ the same manner by Silverman and
Silvia [5). Let f(2) & S*,(a,b] with —1<b<axl, that is,

2f ' (z) 1+ az
(2.3) _j;ﬁi—)_<F(z) = T4dz

By using the result due to Singh and Goel [6], we have

@4 |Fe) - I;fggg; < (1“_'}}’252' (zU).

It follows from (2.4) that F(z) maps the circle [2|=1 onto
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a circle

__1_—__a ’I_ a——b
2.5 70 T 0 e e =

This implies that

|2f’(2) 1—ab|_a-b , .
2.6) ) T 18 < =g (—1<b<asl; zeU),
Noting (I1—ab)/(1-82)=(a—b)/(1—-b?) for —1<b<asl, we
obtain (2.1).

Next, let f(z)&S*,(a,b) with ax=b, that is,

zf! |
@.7) ij}_((z%)l ~d<b.
Then we have to find A and B with —1<B<A=] smch
that a=(1—AB)/(1-B?) and b=(A—B)/(1-—-B2 for az=b.
Because we find such A and B, then we have

|2f"(x) _ 1-ABlzl2|_ (A—B)lz]
@8 e LBzl | S 1oBUsP

which implies

zf'(z) _ 1+A=z
2.9) 2Fz) 1+ Bz

or f(z)eS*,[A, B].
Letting A=B+b(1—B?) for —-1<B<AZ]1, we obtain

(2.10) 5B+ (a—1)B2~bB+1—a=0.

The above equation (2.10) has the solutions B=+1,
{(1-5)/a. Since —1<B<A=Z1, we only take B=(1-4)/a.
Thus we have B=(1—8)/a and A=(b?—a®+a)}/b. This com-
pletes the proof of (2.2).

THeEOREM 2. If —1<b<axl, then
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@11  K[lab)=K,(-1282, a=7).

Further, if a=b, then

2.12)  K,(ab)=K,[ b"‘;“““, e ]

Proor. Note that f(z) € K,[a, b] if and only if 2f/(2)/p
&5%,(a, b, and that f(z) € K,(a, b) if and only if zf'(z)/p
&S5*%,(a, b). Therefore the proof of Theorem 2 follows form
Theorem 1.

Next we prove
THEOREM 3. S*,(ay, b)) &S*,(a,, b,) if and only if |a,—g|=
b,—b,, Furthermore, S*,[a, b, 1CS*,[a, b,] if and only if
(@b —aby| = (ay—a;) — (b,—by).
ProoF. Since S*,(a,, b,) ©5%,(a,, &,) if and only if
{wiw—-a|<b}={w!w—a,| <b,},
or, if and only if a,—b,=<a;—b;and a,+b =< a,+b, we
have S*,(a; b)) &S*,(a;,8,) if and only if |a,—a)|$,—b,
In view of Theorem 1, we note that S*,[al,blng*ﬂEaz,sz
if and only if
{wiw—A,|<B} = {w:|w—A4,| <B,},
where A,=(1—a;0;)/(1-5,2) and B,=(a;~-b,)/(1-53),
which equivalent to |A;—A,|<B,~B,. Thus we have
S*,[ay 5] =S*,[a, b;,] if and only if lab,—a,b,l<(a,~a,)
~ (b—by).

Finally, we have

THEOREM 4. K,(a, b,)CK,(a,b;) if and only if |a,—a <
b;—b;, Furthermore, K,{a, &,] CK,la, b,] if and only if |a.b,
—a1521§(02“01)—(bz*b1)-
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