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CERTAIN SUBCLASSES OF ANALYTIC 

P-VALENT FUNCTIONS

Sang Keun Lee and Shigeyoshi Owa

1. Introduction

Let Ap denote the class of functions of the form

(ia) •广愆)=/+3un={[,2,…})
为=1

which are analytic in the unit disk。= {2： |이 <1}. For f(z) 
and g(z) being in the class APi f(z) is said to be subor
dinate to g(z) if there exists a Schwarz function w(z), w(0) 
=0 and |w(s：)|<l for zUU, such that f(z) =g(w(2：)). We 
deriote by (z) this relation. In particular, if g(z)
is univalent in the unit disk U9 then the subordination 
jf(z)Vg(z) is equivalent to /(0) =g(0) and /(U)CLg(U).

A function f(z) belonging to Ap is said to be in the class 
S*p [_a9 b~\ if it satisfies

()■斯/Y匸M

for some a and b with —and for all zWU.
Further, a function f(z) belonging to Ap is said to be in 

the class K低a」기 if it satisfies zff (z) /p&S^p[a, .
The class S*江勿们 was introduced by Goel and Mehrok 

(匚匸1, [2]), and Janowski [3〕. Further, the class Kx[a,
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was introduced by Silverman and Silvia [5]・

Let S*力(a, 6) be the subclass of Ap consisting of functions 
which satisfy the condition

(1.3) 心z) 
W)

a <b

for some a and b with a^b9 and for all Furthermore 
we demote by Kp(a9 V) the subclass of Ap consisting of func
tions which satisfy the condition (z)/p W S%(czM).

The classes (a9 b) and Kr(a9 b) were introduced by 
Silverman [4] and Silverman and Silvia [5], respectively.

2. Some Properties

We begin with the statement and the proof of the foll
owing result.

Theorem 1. If —l<b<a^l9 then

(2.1) Sg 们三S*启二毁，縛二
k 1—1—p2 /

Further, if a 务饥 then

(2.2) S%(aM) 三S*,[ /—£.+ a , 丄〒으

We employ the same manner by Silverman andProof.

Silvia [5]・ Let f(z) U S* 见么们 with —that is,

(2.3) 毛黒—<F(z) = 븐읍全.
pf(z) 1 + bz

By using the result due to Singh and Goel [6], we have

M 終킈입 3wU).

It follows from (2.4) that F(z) maps the circle |히 = 1 onto

F（z） 一 l-a이이 2
*히 1 一妇邳(2.4)
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a circle

(2.5) l—ab 
1-b^

a—b
T二^

This implies that

（26） I潟一는务卜津（T湿〈淳 1； E

Noting (1—aZ>)/(l — Z，2)立怎一，)/(1—Z>2) for —l<b<a^V, we 
obtain (2.1).

Next, let (z) US*?(0M) with a~Nb, that is,

-a<b— --- a
”(z)

(2.7)

Then 斯 haxe to find A 껴记 r— LW 方 <乙스M고 -SHCil
that a— (1 —AB)/(1—B2) and b~ (A —B)/(l —B2) for a^b. 
Because we find such A and B, then we have

/9 약) 。户(z) 1 — 이2 v (A—B)|이
"W) 1 一B|히2 - = 1 一成I”厂

which implies

(2.9) 읏籍« 프急,
pf(z) l + Bz

or f(z) eS^CA, B].
Letting A = B + b(l — B2) for —1<B<A^1, we obtain

(2. IQ) bB3+(a-l)B2-bB + l-a = O.

The above equation (2. IQ) has the solutions B = ±L 
(1—b)/a. Since —1 we only take 8=(1 —
Thus we have (1 — b)/a and A = (&2—<324-ez)/&. This com
pletes the proof of (2.2).

Theorem 2. If —l<b<a^l9 then



24 Sang Keun Lee and Shigeyoshi Owa

（2.U） 5,如는急 子手）.
Further, if a^b, then

（2.12） 码（収）三Kj 字二쭝W , 呈두으］.

Proof. Note that f{z） U ■邕［必们 if and only if zfr （z） /p 
们，and that f（z） G Kp（a. b） if and only if zff（z）/p 

wS*D（a,b、）. Therefore the proof of Theorem 2 follows form 
Theorem 1.

Next we prove

Theorem 3. （ax）S）으S*"%, 缶） if and only if \a2—ai\^ 
&2—&i. Furthermore, 缶］으$&官如乃2］ if and only if
Ia2br 一缶缶| W （a2 一4）一 （02 一 爲）.

Proof. Since S*力（㈤, 缶） 으$七（7吃 缶） if and only if 
{如|也一<지〈缶}匚{也：|也一싱〈32},

or, if and only if a2 — b2 ax and al + b1 a2 + b2t we
have S七怎（S*力怎2力2） if and only if |a2——&i. 
In view of Theorem 1, we note that 
if and only if

（wtlw-AiKBx} »（w：|w-A2|<B2},

where 孔= （고一妇为）/（1 一但2）anj B,= /（1-bj2）,
which equivalent to 血一―乩 Thus we have 

=S^pLa2^2］ if and only if \a2bt—atb2\（a2
_ （万2—Zh）.

Finally, we have

Theorem 4. 码（角,缶）으&怎%久） if and only if 1%—角匡 

b2—blt Furthermore, KpVa^b^^Kp^b^ if and only if \ajbv 
— 시W（“2— 缶） ~~ （&2 —&1）.
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