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1. Introduction 

ON M LOOPS 

By Leong F，∞k 

In a loop <G,' ) , the foJlowing identities are known to be equivalent 

J1l1: xy'zx = (x'yz)x; M': (yx.z )x = y(x.zx) ; M3 : x(y'xz) = (xy'x)z. 

L∞ps satisfying these identities are caJled Moufang loops 

We observe that x appears twice on both sides of each of the identities. We

are interested in another set of new identities formed by replacing one x on 

each side by x' where 8 is a map of G. There are altogether twelve of them 

as listed below 

ML - z양· zx= (x8.yz) z 

AIl : xy· zx6= (x·yz) Ie 
pp , 

iHî.
p 

‘ x"y . zx= (x'yz)x 

’ , . , 
M싱 : xy.zx"= (x " .yz)x 

A4:j bx8·z)x= y(z8· zx) 

MZp bz·z)16= y(z·n8) 

M; : bx8.z)x=y(1·보) 
2 , 8 , 8 M;A ’ (yx , z ) x" = y (x" .zx) 

iVI;,: x' (y , XZ) = (x잉' x)Z 

MZp ’ zb· x6z) = (1y· x8)z 

M3p : x%·zz) = (1y· x6)Z 

렁 : x (y , x’z) = (x8y·z)z 

Hala Orlik Pflugfelder has proven that a loop G' satisfying M:. is a Moufang 
pp 

- 1 , 
l∞p and that x - ' x "E N, the nucleus of G [2]. She caJls loops with this identity 

as M 1∞ps ” 
PI. Kannappan has shown that the relations M~ ’ i = 1, 2, 3, in a ∞p are 

pp 

equivalent [3]. 

This pa야r pr。ves that the identities M;i and ML. i= 1, 2, 3 In a lo。p are 

equivalent. The identities M사 and Mb, 1= 1, 2, 3 ln al∞p are also equivalent if 

8 is a onto map. Loop satisfying the identities 씨p and 씩， are M 1∞ps. , 
Moreover, they possess the additional pr얘ertyofx-'. x εZ， the centre of G. 

2. Loops satisfying identities M~l or M~p 

LEMMA 1. A 1ιoop <ιGι →) sa짜aιt“따isfy’”깨" 

(“‘“nverse pγroperη‘τty끼) • . 
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• PR∞F. (a) Mμ x.y . zx= (x • • yz)x 

-} 'T" L __ (J , . .8 - } Define lx by - lx·x= 1. Let z = z. Then xy=(z ·y x)x. It lS clear from 

ML that R ·:z = 1%· z Thus 18y=z’(y- 1x.x) and y = y - 1X' X' 

Let y= X. We have x. - IX = 1. Hence G has the R.l. P. (right inverse property). 

Let y=x- lz- l Z6(z-lz-l) · zz= 16 by R I P s。 (:1) - l= z-l:-l by RI P. 

agam. 

Let z--I= 18y : :-l.:z=(:-ly-l·y:)z= [ y:)-lyz ·x = 1. Hence G has the LI P

(left inverse property). 

(b) M; : bz8.:)z= y(1’ .zx) 

Deflne lz by lz·x= l. Let : =-lx, Then [y18. -lz)z=yz’ Put yx’= X, we 

get x. -1 x= 1. Hence G has the R. l. P .. 

Let y=Z-I(X’)-l X=Z - I(X’) -1 . (X’z . x) since x’ .::x= x':;.x from ^찌 Thus 

G has the L. l. P .. 

(C) M; : z%· zz) = (zS· z) z 

Deflne z - l by z·z-l=1. Let z= z-l. Then zey= (1’y·z)1-l Put z’y = x 

1-l.z=L T hus G has the R. I P Let y= z -l 
8 , -1 x.(x -"XZ) =x.z . ‘ . x-I.xz=z. so G has the R.l. P .. 

(d) M:. : xy.zx’= (x ' yz)x’ 
pp 

See [3J. 

(e) M~_: (yx .z)x’=y(x .zx’) 
pp 

See [3]. 

(f) M~. : x (y . x’ z) = (xy .x’)% 
pp 

Define 1-l by z·z- l= l. Let y=z-l. 
-} ð , 8 x(x-1.x"z)=x"z. Let x"z = x. x - 1. x= 1. 

‘ ” So G has the L.l. P .. From M찌 x.yx =xY'X 

’ -1 -1 So x (y. x.z) = (x .yx.)z. Let z=(x.) - 'y 

x= (x .yx’ ) (1a-ly l) by the L. I. p . s。 G has the R I P . 

REMARK. In proving case (J), 0 is required to be onto in [3, p.105J. 

Apparently we don' t need it here 

T HEOREM 1. The identities M;, and M;p' i= I, 2, 3, for a looþ (G , ' > are 

..equiva/ent 

PROOF. We use the autotopism lemma which says that if (U, V, W) is an 
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.autotopism of an J. P. loop, then (JUJ, V, \V) and (W,JVJ, U) are al50 autotopisms 

where J is the inverse mapping. AI50 (U-' , V - ' , W-') is ålso an autotopism 

[1, p. 1l2! . Note that JL(x)J= R(x-') and JR(x)J= L(x-') 

A싸융(L(za) ， R(z) , L(z6)R(1))양 (L(x’)R(z) ， L(1-l) , L(18)) 

n 융씨 (replacing x -'z by z) 

(R(z8) - 1, L(18)(R(1) , R(z))융M;(hr앤e맹p미l녀ac디미l매I 

g ’ l ‘ -,’ -ι’ i “ (R(x") , R(x ')L(x") ‘ , R(x ‘))융 (R(x ‘), L(x)R(.c") , R(x")) 

융J1Ijp(replaclng yz l by y)· 

The pr。이 is completed with [3, Theorem 1, 2, 3]. 

3. Loops satis(ying identities M;p or M:J. 

LE~MA 2. 1\시pjArμ ; MLjM• 
PR∞F. Put y = l in A1;p. Then x

8
z. .x=XZ o x 

L_->." ~ fJ ~8 -- AIjpjz :·yx= (z· :y)z = (1 ·” )rjML. , , 
Put z = 1 in M ‘ Then xy.X"= p' 

8 I fJ _ \ 0----,-. 11 
MPA응zy· :x = (1 ·yz)z= (1·yz)z :;Mpp· 

LEMMA 3 띠션M;， if 0 is Onto 

PROOF M; 삶.z)x=y(x'z.x). Define (x') -1 by x’(x’) - 1= 1 

Let:= (18)-l , [yx’·(18)-l)z=1z, Soyz’. (X’)-l= y. 

Let y= (X’) -l Then (16) -l· za= L Thus lt has the R. I. p 
-1 , 8, -1 I -1 ’ 1" 8 Let y=Z-'(X") -' . ... X= (Z-'(X")-')(X"Z'X) by using the R.J. P.. Thus it has 

the L. J. P .. 

Replacing yx’ by y, we have yz(R(x) = yR(x’ l): L(1’)R(x). 
’ -1 • 1 __ 8 (R(x") -', L(x")R(x) , R(x)) is an autotopism. 

(L(x’), R(x) , L(x')R(x)) is an autotopism. 

z잉'zx= (x’ ' yz)x 

-‘ M섭씨，. 

LEMMA 4. M~，~M:. if 0 is Onto pl. ' pp 

, .• 
PROOF. M;,: (yx .z)x"=y(x".zx). 
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.1'= l =:>xz.x’=x’'zx. (yx . z)x'’ =.1' (x’'ZX) = .1' (X%'x’) . 
Define z-l by z · z-l= 1. Let : = 1-l- -- [yz·z-l)1’=yx’

1x· z -l=y. Let y=1 l. Then z -l·z= l. Thus it has 1he R I. P- -

Let .1'= Z-IX- I. x’= Z- IX-1.( :rzoX’) by using the R. J. P. 

It has the L. J. P . . 

Replacing .1'x by .1', we have .1'zR(x’) = .1'R(x - 1)%L(x)R(x’) , 
(R(x - I ) , L(x)R(xð

) , R (x ð
)) is an autotopism 

(L (x) , R(x’). L (x)R(x’)) is an autotopism 

‘ xy' ::x’= (z·y:)x8. 

'. J\l 2‘:이1 1 • 
PA pp 

LEM :VIA 5. ;펴=:>，\싸 σ 8 is onlo 

3 ð PROOF . . \1;, : x" (y 'xz) =(x.1" x")z 

Define X- I by x . x- I= I . Let .1'=X- I x’(x - I . xz)=x’z. 

x -I . xz = z, Let %= X- I Tbus X-I.X = 1. 
-1 - 1 It has the L. J. P. , Let z= x -'.1' 

Then x’=(x’·yz) (z-ly-l) using the L. L P and zy·z’= x’' y%. 

/t has the R. J. P. 

Replacing xz by z, we have .1'zL(xð
) =.1'L(x)R(x’)%L(x -1) 

. (L(x)R(xð
) , L(x- I ) , L(x

ð
)) is an autotopism , 

(L(x’ ). /I (X ) , L(x) R(x
8
)) is an autotopism 

z ’.1" zx= (X ' .1'Z)X’ 
'. M섭J싸 

LEMMA 6. J\킹후A깅lif8isonto 
8 ~ , 8 PROOF 꽤 x (y . x"%) = (X".1" X) Z= (x' .1'x ï z 

-l~ 8, '-- _ -1 , 8, 8 -J ’ Define -'(xï by -'(xï . x"= l. Let .1'= -'(X"). 
-1 , _8\ _8 __ \__ _ -1 , __ 8, 8 Then xC'(xï . x"z)=XZ ‘ (xï.x"z = z 

-1 ,.6, 8 -1 , _8 Let z = -, (X") . .', X" . -, (xï = 1. .'. It has the L. J. P .. 

Let z = (X’)-1.1'-1. Then X=(X' .1'x’)(x’y-I) using the L I.P

It has the R. J. p , • 

Replacing x’z by %, we have .1'zR(x ) = .1'L(x’)R(x) . zL(x’) - 1 

’ -1 (L (x")R(x) , L (x")-' , R(x) ) is an autotopism 
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(R(x) , R(x’), L(x’ )R(x)) is an autotopism. 

” . yx.zx"=x" (yz).x. 

kl:,=,>M: p). -r H~ pl ' 

THEOREM 2. Let G be a loop with the ident“y ;VJ;p or M길 (i=1 , 2,3). The", 

-1 ’ x -" x"EZ VxEG 

PROOF. Fr。m lemma 2 to Iemma 6 we see that Ml :>Ml and M‘,='>M:_. ’ lp""'" "A lA _OA~ .,. pr' .. -pp 

Therefore, x-l.z’ EN γzεG. By Moufang’s theorem, [1, p. 1I7l . ( X
6,x ,y ) is 

a group VygG· By puttlng z = 1 in M;p Or ML, we get z%1=1yz8 RepIacing 
L . _ -1 ___ _ 1__ __ _ -1 tJ -1 tJ -1 tJ y by yx-~ ， We have X-'Xv.y=y. X-'Xv. x-'xvEZ 

THEOREM 3. The identities M;p and 써); in a loop G are equivalent, ‘=1,2,3 

-1 6 PROOF. By Theorem 2, x -, x εZ γxEG. Then x"=xzx' ZxεZ. Using this 

and the equivalence of Moufang identities M' , i = 1,2, 3, we can complete the 

pr∞f easily. 
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