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#-IRREDUCIBLE SPACES

By Dragan S, Jankovi¢ and Paul E. Long

A topological space is called irreducible [1] if every pair of nonempty open
subsets of the space has a nonempty intersection. Irreducible spaces are also
known under the name of D-spaces [4], hyperconnected spaces [6] and S-connected
spaces [7]. The purpose of this note is to introduce the class of #-irreducible
spaces containing the class of irreducible spaces and to investigate its properties.

Throughout, X and Y will denote spaces and ¢l A (resp. int A) will denote
the closure (resp. interior) of a subset A of a space. A subset A of a space X
is said to be regular-closed (resp. regular-open) if cl int A=A (resp. int ¢l A=A).
The topology on X which has as its base the family of regular-open subsets of
a space X is called the semiregularization topology. A topological property is
called semiregular if it is shared by a space and its semiregularization. A point
rEX is in the f-closure [8] of a subset A of a space X(z&cl, A) if cl UNA+¢
for each open set U containing z.

DEFINITION 1. A space X is f-irreducible if every pair of nonempty regular-
closed subsets of X has a nonempty intersection.

It is clear that irreducible spaces are #-irreducible. Example 75 of [6] shows
that there are f-irreducible spaces which are Hausdorff and hence are not
irreducible. We also point out that f-irreducible spaces are not Urysohn,

Our first result is a restatement of the definition of #-irreducibility.

THEOREM 1. A space X is O-irreducible if and only if clecl U=X for each
nonempty open subset U of X.

Recall that a space X is almost-regular [3] if for each 2=X and each regular-
closed subset F of X such that z&F there exists disjoint open sets U and V
such that z=U and FCV.

THEOREM 2. An almost-regular space is irreducible if and only if it is O-irred-
ucible.

It is known that a space X is irreducible if and only if it is connected and
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extremally disconnected. We define a space X to be extremally 6-disconnected if
clel U is open for each open subset U of X and have the analogous character-
ization of f-irreducibility.

THEOREM 3. A space X is O-irreducible if and only if X is connected and
extremally 0-disconnected.

THEOREM 4. f-irreducibility is semiregular.

PROOF. This follows from the fact that a space and its semiregularization
have the same regular-closed subsets.

The following lemma is easily established.

LEMMA 1. Let A be a subset of a space X and B be a subset of A. Then
c];'BCAﬂc]aB.

A topological property P is called contagious [2] if a space X has P when a
dense subset of X has P.

THEOREM 5. O-irreducibility is contagious.

PROOF. Let D be a dense f-irreducible subspace of a space X. Let V bea
honempty open subset of X. Then V) D+¢ and since V| Dis open in D, by Theorem
1 it follows that clfch( VN D)=D. Therefore D=clf(Dﬂcl(V."]D)) and conse-

quently, D=cly(DNclV). By Lemma 1 it follows that DD(cly(DNCIV).
Therefore D”cl,elV. This gives that clelv=X since clelV is closed and D
is dense in X. By Theorem 1, X is f-irreducible.

A function f: X—Y is #-continuous [3] if for each z&X and each open set
V containing f(x) there exists an open set U containing z such that f(clU)C
clV. Since the identity function from a space into its semiregularization as
well as its inverse are both f-continuous, the following result generalizes
Theorem 4.

THEOREM 6. O-irreducibility is preserved under O-continuous surjections.

PROOF. Let f: X—Y be a f-continuous surjection, let X be @-irreducible,
and let V be a nonempty open subset of Y. Since fis surjective there is an
z=X such that f(z)=V. The f-continuity of f implies that there exists an
open set U containing x such that f(clU)CclV. Since it is known that a
function f: X—Y is f-continuous if and only if f(cl, A)Ccle f(A) for each subset
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Aot X, flclel U)cel, f(clU). Therefore f(cl,clU)Ccl,clV and since X is
f-irreducible, by Theorem 1 it follows that Y=£(X)=f(cl,clU)CclclV. This
shows that Y is f-irreducible.

LEMMA 2. Let (X, :i€l) be family of spaces and let A,_X for each i<I. Then
1A, s i€l =1lH{c A, : i€]).

PROOF. Let (z;)€cl[14; and let 2,€U, where U, is open in X, Since
(z)€U;x [1 X, which is open in [[X,
FE £
gb;fcl(Ut.:)‘ NX)INMA=(cl Ux TX)NMA=(cl U.NAIX T A..
i ) ] i 3 7 i i ] i J
Therefore cl U, A;#¢ and z,&cl,A,. This shows that (z;)E[]cl,4; and hence
cl, 1A, Tlel,A;. To establish the converse inclusion, let (z;)E[lcl 4, Then for
each basic open set U, % XU x T X; containing (z;), each cl U;,NA; #¢ so
= iZ£is 2
that
(U, X+ x U x T1 X;) NITA;= (elU, x - x elt; x IT X;) N 14,
T 1 Ea i%ia . 2
=(clU; N4, ) x-x (clU; N4;) X .];['A‘.;l‘-'gb.
1¥ia
Therefore (xi)eclan:‘li. and Hcl,AiCC]sﬂA‘..
THEOREM 7. @-irreducibility is productive.

PROOF. Let (X, : i€l] be a family of spaces. Suppose that[] X, is f-irreducible.
Since the projections are continuous, by Theorem 6 it follows that each X, is
f-irreducible.

Conversely, assume that each X, is f-irreducible and let U be a nonempty
open basic set in X,. Then U=U‘.1><--v:< U‘._xiql;[i.X‘.. and since clU=clU'.I><---
xelU, % T1 X,, by Lemma 2 it follows that clclU=clclU; x-xelelU; x

_I:l X, S,l:l::.e X, is f-irreducible, claclU“=X,-J by Theorem 1 and hence
la;;lU= [1X;. Therefore [[X, is f-irreducible.

It is known that real valued continuous functions on irreducible spaces are
constant, Qur final result shows that this fact is also true in the case of
f-irreducible spaces. Recall that a function f: X—Y has a f-closed graph if

the graph of fis a f-closed subset of the product space X xY.

THEOREM 8. The following are equivalent for a space X.
(a) X is O-irreducible.
(b) X is extremally 0-disconnected and for every space Y every O-continuous
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Sunction f: X—Y with a 0-closed graph is constant.

(¢) X is extremally O-disconnected and for every Urysohn space Y every O-continuous
Sunction f: X—Y is constant.

(d) X is extremally O-disconnected and every real valued continuous function on X
is constant.

PROOF. Let X be a f-irreducible and let f: X—Y be a f#-continuous function
with a f-closed graph. Suppose that there exist x,y=X such that f(z)=f(y).
Since f has a f-closed graph, there exist an open set U containing x and an
open set V containing f(y) such that clUNf '(clV)=¢. The f-continuity of
f implies that there is an open set W containing y such that clWcf '(clV).
Therefore clUMeclW=¢ which contradicts the assumption that X is f-irred-
ucible. So f is constant. Since by Theorem 3, X is extremally #-disconnected,
(a) implies (b).From the fact that #-continuous functions into Urysohn spaces
have fA-closed graphs it follows that (b) implies (c). Itis clear that (¢) implies
(d). To show that (d) implies (a), suppose that X is not f-irreducible. Then
there exists a nonempty set U of X such that V=claclU¢X. Since X is
extremally f-disconnected, V is open. Therefore V' is both open and closed.
Let f: X—R be a function defined by f(z)=0 if 2=V and f(z)=1 if 2=X-V.
Clearly f is continuous. This contradicts the assumption that every real valued
continuous function on X is constant. Therefore X is f-irreducible.
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