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1. Introduction

With the aim of carrying over Hilbert space type arguments to the theory
of Banach spaces, Lumer [7] introduced the concept of semi-inner product
space with a more general axiom system than that of Hilbert space. Giles [6]
imposed some restrictions on semi-inner product spaces and obtained the Riesz
representation theorem for semi-inner product spaces. Motivated by the
concepts of semi-inner product space due to Lumer [7] and 2-inner product
space introduced in [1], Siddiqui and Rizvi [9] introduced the concept of 2-
semi-inner product space. In an earlier paper [8], we studied the concepts of
orthogonality and Gateax differentiability in 2-semi-inner product spaces and
gave a characterization of strict convexity in terms of 2-semi-inner product.
In the present paper we prove an analogue of the Riesz representation theorem
in 2-semi-inner product space similar to the one proved by Giles [6] in semi-
inner preduct spaces.

2. Preliminaries

The following concept of 2-normed space was introduced in [4] :

Let E be a vector space with dim(E)>1 and ||-,-|] a real function on ExE
which satisfies the following axioms:

(a) |lz,»|=0 iff = and y are linearly independent;

(b) llz:3ll=Ily, | 5

(c) llAz,sll=14] llx,5ll, AER;

(d) llz+y, zlI<llz, 2l|+|ly, 2lI.

We call ||+,+|| a 2-norm on E, and E, equipped with ||-,+|, is called a 2-
normed space written as (E, (|-, -|]).

For non-zero vectors 1,y €E, we denote by V(z,») the subspace of E
generated by z and y. A 2-normed space (E, ||-,-||) is said to be strictly
convex if

llz+, 2l|=llz, 2l +]b» 2l |12 2ll=1, |ly, 2ll=1
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and 2V (2, y)==2=y([2]).

We recall the following definition from [9] :

Let £ be a vector space with dim(E)>1 and [+,:] a real function on ExE
% E which satisfies the following conditions:

(S) [x+z, y/zl=[z, y/z]+ [z, v/z], 22,9 2EE;

(S:) [Az, y/z]=A[z, /2], AER, z,5,z2€E;

(Ss) [z, »/2]1>0 if x and y are linearly independent.

(S) [z 3/2]1<[z, 2/21'% [y, 321"

[+y+/+] is called a 2-semi-inner on E. E, equipped with [.,./-], is called a
2-semi-inner product space (henceforth abbreviated to 2-s.i.p. space).

Every 2-normed space can be made into a 2-s.1.p. space and a 2-s.i.p. space

'is a 2-normed space with
|z 2l|= [z, /2]
provided [z, a/z]=I[z, z/z] ([9]).

1/2

A sequence {z,} in a 2-normed space E is called a Cauchy sequence if there
exist y, z=E such that y and z are linearly independent with
irlgollr,—xm, yH:,,EfB llz,~z,, =l|=0
A sequence (z,} in E is called a convergent sequence if there is an z&E such

that
lim ||z, —z, 3=0

N—rO

for all y2E. We then write z —x as n—o0.
A 2-normed space E is said to be complete if every Cauchy sequence con-

verges in E,

Let ¢=E and [c] denote the vector space generated by c.

Let E be a 2-normed space. A map f: Ex{[c]} »R is a linear 2-functional on
Ex{[c]} if for a,b=E the following holds:

(1) fla+b,c)=fla,c)+f(b,c)

(i1) f(la,b)=7f(a,b), where 1 belongs to R.

Remark: Let f be a linear 2-functional defined on Ex {[z]} where [z] is

the vector subspace generated by z=E. Then f is continuous at (a,z) if given
>0, there is a >0 such that |f(a, z) —f(b, z)|<<e whenever ||la—&, z||<d.

As in [8], we consider here 2-s.1.p. spaces with the homogeneity property:
[z, Ay/z]=2[z, y/2], AER.
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3. Main results

We start by extending the definition of uniform convexity to 2-normed
spaces as follows:

DEFINITION 3.1. A 2-normed space is uniformly convex if given ¢>0 there
exists 7>1 such that z,yEE, ||z, z||=|ly, zl|=1 for all z€E-V(z,5),
llz—y 2lI>2e=llz+y =zlI<2n.

REMARK 3.2. The above definition is equivalent to the following:

Given €>¢>0, there exists >0 such that if z,y€E with |lz,2l|< 2 |zl

g~£—1,— for all z€E—V(z,5) and |||z, 2l|—|ly, 2|/ <z’ and ||z—», z{|>=z then
. llz+y 2ll<llz, 2||+|l zl|—4.

It can be shown that uniform convexity—=strict convexity.

LEMMA 3.3. Let N be a proper closed vector subspace in a 2-s.i.p. space E
which is uniformly convex, and let y&=N. Then there exists a unique nonzero vector
T, EN such that

ly—z, zll=inf {lly—z, zll; 2EN) (=)
for all z=E—V(y, N).

PROOF. Let 0<r=inf {|ly—z, z|| : z=N}. Then there exists a sequence {z
in E such that

[==]
'n}n=£

Ily—.zn, z||=r”lr (increasing to r).

We assert that {xn}:; is Cauchy. Suppose not, and let p be a poasitive real

number such that r,<p for all

Let €0 be given and let 5’<min{—;;, s}. Then there exists a subsejuence

{z. 1%

=1 such that for some positive integer J, we have
i e

IIxm—x”M. z||>¢ for all j>JI
for all z=E except possibly for one element z EL.
Hence,
M) litv—z,)——=z,, ), =ll>e for all j>J,.
Next, choose J,=J, such that
) llb—z,, =-lb—z, . zll=|r, —r, [<e

for all j=Jj,. We also have

(3) ly—=z,, 2l lby—=z,

’

» I<p<-, for all j.

1
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Combining (1), (2), (3) and the previous remark together, we conclude that
there exists a real number 4>0 such that

lo—z,)+6—z, ) =i<lb—z,, dl+lb—z, , -3

or,
(4) 2b—4- (2, +2, ) #ll<r, +r, 3 for all $2J,
But r lr implies the existence of J>J2 such that
rm—-rgéltl for all j>J.

Hence (4) becomes
) zllg—é-(r+-g-+r+-%——6)<r
)EN.

[ly— —2—(1 +Z

vl

]
Contradiction! smce—z—(z +.1:”“

Therefore [:rn} must te Cauchy and since N is closed and consequently

n=]
complete, then thkere exists a unique xUEN such that z, T,
Next, we show uniqueness of z, with respect to (*). So suppose z, and z;

both satisfy (*) and ||z, —ge z|[>0 for all zeE— V(z, -:r') Then

ly—z, =l _ ly—z =l .
and, ' '
(522 ) |5

from some ¢*>0. Then by definition (4.1), there exists 7<{1 such that
Llly—z)+ -2y, 2ll<2m<2
or,
ly— G- (et z2), 2l|<r

but —12—(x0+x'0)€N. Contradicticn to (*)! Therefore z must te unique.

LEMMA 3.4. Let E be a continucus 2-s.i.p. space which is uniformly convex and
complete in its 2-norm and let N be a proper closed vector subspace of E. Then
there is a vector % which is normal to N.

PROOF. Let 3s&N. Tken by tke last lemma, there exists a unique nonzero
vector z &N such that
”J’_.‘I', z||=inf[ib'—x, 2“ : zEN]}.

Put 2, =% then
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llzg 2ll=Ily—z, 2l|

<|ly—=z, z|| for all z&N
=|Izo+xo—.r, zll
=|lz,+ ]| for all tN

which implies that = is normal to N [8, 3.3].

0

THEOREM 4.4. In a continuous 2-s.i.p. space E which is uniformly convex and
complete in its 2-norm, to every continuous linear 2-functional f defined on Ex
{[2]}, 2EE, there exists a unique vector y=E such that

flz, z)=[x,5/2] for all zEE.

PROOF. If f(z,z)=0 for all z€E, then let y=0.
If f(x,2)%0 for some z=E, then N={z: f(z,2)=0} is a proper closed vector
subspace of E.
Hence by last lemma, there exists a nonzero vector ¥,EE such that ¥, is
normal to N.
When z&N, we have
flz,z)=[z,5/2]1=0 for y=ay, acsR.
When z=y;, we have
Az, z)=[z,9/z] =f(3; 2)
for the choice
=l__ﬂy°'2) 2EV(y,)
log =l | 050
Now since each &L can be represented in the form z=¢+21y, where t€N and
Iy is normal to N and Z=f(z,z)/f(ya,z), we have for all z€E
Az z)=flt+2yy 2)=f(t,z) +2f(y, =)
=[ty/z] +Alypy/z]=[t+2y, y/z]=[zy/2].
Uniqueness: Suppose there exist vectors y,y'€E, y+#y such that
flzz)=[z,3/z]=[xz,5'/z] for all zEE.

Then
ny/zl=[ny /z1<|b =zl |, 2l
-Qr
Iy, 1<y, 21| by, =)
==
[y 2l |<Ily", 2l| (1)

Similarly, we can show that
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s zlI1<Ily, 2l 2y

and hence
Ib’s zll=1ly, =l| (3)
From |y, z|]2= [v,9 /2], it follows that
b 21l 1b"s 2ll= [y 5 /2].
Hence, by [8], 5.1, we have y=y'.
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