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SUBMANIFOLDS OF KAEHLERIAN MANIFOLDS

IN-Bae Kim AND June HwanN KwoN

0. Introduction

The research of submanifolds in Kaehlerian manifolds is a wide and
interesting branch of differential geometry, and many geometers have
concerned themselves with the study of structures induced on submanifolds
and geometric properties of CR-submanifolds (see [1, 2,4, 5,7, 9, 11, 15,
17] and [18]). In order to investigate these submanifolds from an
integrated view-point, Y. Tashiro and one of the present authors ([15])
introduced the notion of metric compound structures on a Riemannian
manifold.

In the present paper, we sce that the above mentioned structures or
submanifolds are characterized by the rank r of a map » and some scalar
fields associated with the rank. The rplane section on submanifolds
are certain subbundles of normal bundles and related to the rank r. The
main purpose of the present paper is to investigate geometric structures
of a submanifold with concurrent and umbilical r-plane sections in
Kaehlerian manifolds. Conditions for such a submanifold to be conformal
to a warped product, a Euclidean space or a sphere, and to be isometric
to a sphere or a Sasakian manifold will be obtained.

In Paragraph 1, we shall define some scalar fields associated with the
rank of a map v and characterize the notion of CR-submanifolds of
almost Hermitian manifolds in terms of the rank and scalar fields. In
Paragraph 2, we shall discuss r-plane sections on a submanifold M of
Kaehlerian manifolds. After a brief survey of the mean curvature vector
field of M in Paragraph 3, we shall give geometric structures of the
submanifold with a concurrent r—plane section in Paragraph 4. Paragraph
5 will be devoted to research of properties of the submanifold M with
an umbilical r—plane section.
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Throughout this paper we assume that manifolds and quantities are
differentiable of class C=. Unless otherwise stated, indices run over the
following ranges

A, BC,D,..=1,2,3,......... s M,
hi gk ...=1,2,...,m,
DTy S, = nt+l, at2,...,m

a,b,ec,d,...=1,2,...,r
respectively and summation convention is applied to repeated indices on
their own ranges.

1. Cofpstant rank of a map v

Let M be an m—dimensional almost Hermitian manifold with the
structure (G,J), where G is the almost Hermitian metric tensor and J
the almost complex structure of #. The structure (G,J) satlsﬁes the
relation

Ji=—1,
I being the identity tensor field of M , and
an GUX,JY)=G(&X, Y)

for any vector fields X and ¥ on A7.

Let M be an n-dimensional differentiable manifold and ; immersion
of M into M. In terms of local coordinates (z*) of M and (y4) of M,
the immersion i is locally expressed by the parametric equations

yi=ya(zh).
I we put -
BA=0p;y4, 0;=0/04,
then B =(B;#) are z local vector fields on M spanning the tangent
space T,(M) at every point z of M. A Riemannian metric tensor g
=(gj;) of M is naturally induced from G of M as
g;;:=G(B;, B;).
We can choose m—» mutually orthogonal unit normal vector fields Cp=
(Cs%) to M, Then the vector fields B; and C, span the tangent space
T, (M) of M at every point z of M and the matrix B defined by
B=(B;,C;)
is regular. We have
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—(gi 0
‘BGB=(§) aq,,)'
and §,,=G(C,,C,) form the induced metric of the normal space T,*(M)
of M at each point z of M.
If we put
Bp=(1 ~u)
Vi Jop
then the map f=(f;*) is an endomorphism of the tangent bundle T
(M) of M and ft=(f,,) is that of the normal bundle T+(M) of M.
The matrix v=(v,*) is a map of T+(M) into T(M), that is, wv.}n,
for any normal vector field N=n,C, to M are tangent components of
JN. Since components of the almost complex structure J are skew-sym-
metric, so are the components f;;=G(JB;, B;) of f and f,,=G(JC,,
C,) of f*.
The transforms of the tangent vectors B; and the normal vectors C,
of M by J are expressed in the form

1.2 JB;=f*B}+v,,Cy,
(1.3) JCy= =0, By+f,C
where v,;=v,tg;;. Applying J to (1.2) and (1.3), we have the relations
(1.4) fiifit= =08 tvpoh,
(1.5) F3i0pi= 04 fops v/ fit=—fosvs"
(1.6) Srafap=—0rpF 0 vy,

where ;% and 9,# are components of the identity I. The relation (1.1)
is equivalent to

1.7 gml i it =gji—vp;0p:.

Now we assume that the rank of the map v : TL(M) —> T(M) is
equal to a constant 7(0<r<min{n, m—n}) almost everywhere on M.
Then there exist linearly independent vector fields V,=V»*B; on M
and N,=n,»,C, normal to M such that

(1- 8) vqhzn(a)q V(a)hv
Moreover we may normalize the vector fields N, such as

G (Ny, N,) =03,

If we put

(1 9) 'lbazG(JNbs Na)a
then these are r(r—1)/2 scalar fields on M. From the relations (1.4)
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to (1.9), we have

(1.10) [ X=—X+v,(X) V,,

(1- 11) fVa=__’lab Vb’ (7 (fX) zlabvb(X)’
(1. 12) f'LNa=/2abNb’

(1.13) g(fX, fY)=g(X, Y)—v,(X)v,(Y)

for any vector fields X and Y on M, where v, is the associated 1-form
of V,. Putting X=1V, into (1.10) and using (1.11), we obtain

(1' 14') Ua ( Vb) = 5ab - 'Iac;tbc-
Therefore the relation (1.6) is reduced to
(1~ 15) (fl) :N=—N+ (5ab"‘2ac;lbc)G(N’ Na)Nb

for any vector field N normal to M. Moreover we see that the transforms
(1.2) and (1.3) are reduced to

(1.16) JX=fX+v,(X)N,
for any vector field X on M, or specially

(1.17) IVo=—23Vi+ 025 2Asc2c) Np
and

(1.18) JN=—G(N, N,) V,-+f'N
for any vector field N normal to M, or specially

(1.19) IN,=—V,+AsN;.

We define the distributions D and D, of the tangent space T,(M),
z€M, by
D=span { Vi, Vs, ..., V,.},
D= { XG Tz(M) 'g(Xa Va) =0}s
which are orthogonal complementary to one another. Then it is easily
seen from (1.16) that D, is a holomorphic distribution for J and of
even—dimension. Thus we have

THEOREM 1.1 ([7]). Let M be a submanifold immersed in almost
Hermitian manifolds and v be the map of T-(M) into T(M). Then
M is even or odd-dimension according as the rank of v is even or odd.

A. Bejancu ([1]), D.E. Blair and B.Y. Chen ([2]) have recently
introduced the notion of CR-submanifolds in Hermitian manifolds, which
contains that of holomorphic (or invariant), anti-holomorphic (or anti—
invariant) and generic submanifolds (for instance, see [5], [11], [17]
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and [18] as to these submanifolds). Since the distribution D, is holo-
morphic, we can easily verify that M is holomorphic (resp. anti-holo-
morphic or generic) if and only if r=0 (resp. r=n» or r=m—n).

If 0<r<min{n, m-n} and the scalar fields 1, vanish identically, then
it follows from (1.17) that the distribution D is anti-holomorphic and
hence M is a CR-submanifold. Conversely, if M is a CR-submanifold,
we can define scalar fields 2,; by A,;=G(JE,, E;) for orthonormal vector
fields E, in the anti-holomorphic distribution of M. It is clear that the
scalars 4,; vanish identically. Thus we can state

THEOREM 1. 2. Let M be an n—dimensional submanifold in m—dimen
sional Hermitian manifolds. Suppose that the rank of the map v : TL(M)
—> T(M) is equal to a constant r and the scalar fields A,; are given by
(1.9). Then

(1) M is a holomorphic submanifold if and only if r=0,

(2) M is an anti—holomorphic submanifold if and only if r=n,

(8) M is a generic submanifold if and only if r=m—n.

(4) M is a CR-submanifold if and only if A,;,=0.

2. r-plane sections on submanifolds

In the sequel, we assume that M is a submanifold immersed in a
Kaehlerian manifold M and the rank of the map v : T4 (M) —> T(M)
is equal to a constant r almost everywhere on M. Let ¥/ and p be the
operators of covariant differentiation with respect to the metric G on M
and to the induced metric g on M respectively. Then the Gauss and
Weingarten formulas are given by

2.1 PxY=pxY+h(X,Y),

(2- 2) 7xN= ‘—ANX‘l‘Vx‘LN
for any vector fields X and Y on M and N normal to M, where & is
the second fundamental form, F! the linear connection induced in the
normal bundle T+ (M), called the normal connection, and Ay the second
fundamental tensor with respect to N. The second fundamental form A
and tensor Ay are related by

(2.3) G(h(X,Y),N)=g(AnX,Y).
Differentiating (1. 16) covariantly along M and taking account of (2.1),
(2.2) and (2.3), we obtain
fVYX_g(AaX’ Y) Va+va (VYX)Na'j_f'Lh(X; Y)
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=Wy X+ Py X—0,(X) A Y+R(fX, Y) +Y (0, (X)) N;+0,(X) Pyt N,
where we have put A, X=AyX. Taking tangential and normal com-
ponents of the equation, we have
2.4 7y ) X=0,(X)A,Y—g(4.X,Y)V,,
(2.5) (X, Y)=h(fX,Y)+ (Pyv.) (X) N, +v,(X) Py N,.
Since, for example, the relation
G(f*h(X,Y),N,)=—G(X, Y), f*N,) = —A3g(4;X,Y)
is satisfied by (1.12), it follows from (2.5) that
(VYva) (X) == abg(AbX’ Y) +g(erAaY) _Lab(Y)vb(X)
or equivalently
(2.6) VxVe=—238X+fA,X—~ Ly (X) Vs,
where L,;(X)=G(N,, Fx*N,) is a scalar field on M and skew-sysmmetric

in ¢ and b. Similarly, differentiating (1.18) covariantly and taking
tangential and normal components, we have

2.7 FfANX—Af'yX—G(N,7x*N,) V,
=G(Na Na) (anX_'zabAbX“Lab(X) Vb)’
(2- 8) (VX'Lf'L)N=G(N’ Na)h(X’ Va) —va(ANX)Na'
It follows from (1.9), (1.19) and (2.2) that
(2‘ 9) Xlzab= Vg (AbX ) —Up (AaX ) +’lachb (X ) —Zbch (X ) .

The mean curvature vector field H of M in M is defined by
H=(1/n) (trace A,)C,.
For a unit normal vector field N to M, z=(1/n)trace Ay is called the
mean curvature belonging to N. If the mean curvature vector field H of
M vanishes identically, then M is said to be minimal. A normal vector
field N is said to be an wmbilical (resp. a geodesic) section on M, or
M is called wmbilical (resp. geodesic) with respect to. N, if AyX=tX
(resp. AyX=0) for any vector field X on M. If M is umbilical (resp.
geodesic) with respect to all unit normal vector fields to M, then M is
said to be totally umbilical (vesp. geodesic). If there exists a scalar field
7 on M such that AzpX=rX for any vector field X on M, then M is
called a pseudo—umbilical submanifold. A normal vector field N or the
endomorphism f+ of the normal bundle T*(M) is said to be parallel in
the normal bundle if PxN=0 or Fx‘f+=0 for any vector field X on M.
Now we define the subbundle D! of the normal bundle T+(M) by
Dl=span {Nl, Nz, veuy N,-}
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and denote by D, the orthogonal complement of DL. If each normal
vector field N, in D* is an umbilical section on M and all of them are
not geodesic sections on M, then the subbundle D+ is called an umbilical
r—plane section on M. If each N, is parallel in the normal bundle, then
Dt is called a parallel r-plane section on M, 1f DL is an umbilical as
well as a parallel 7-plane section on M, then we call it a concurrent
r—plane section on M. The following lemma is easily seen and justifies
the preceding terminologies of r—plane sections.

LEMMA 2.1. Let N be any vector field in the subbundle D-.

(1) If all the orthonormal vector fields in DL are wumbilical sections
on M, then so is N.

(2) If all the orthonormal wvector fields in D+ are parallel in the normal
bundle, then Fx*N belongs to D+t

If the subbundle D! of the normal bundle is an umbilical (resp. a
parallel or concurrent) r-plane section on M, then M is said to be a
submanifold with an umbilical (resp. a parallel or a concurrent) r—plane
section.

3. Mean curvature vector field

Let M be a submanifold immersed in a Kaehlerian manifold M such
that the rank of the map v: TH(M) —> T(M) is equal to a constant
r almost everywhere on M.

If we substitute (2.6) into (2.5), then we obtain

flh(X’ Y) '—h(fX7 Y) = (g(anY! X) _/zabg(AbXs Y)
— L (Y)05(X)) No 2, (X) Py No
for any vector fields X and Y on M. Let E,, Es, ..., E, be an ortho-
normal basis for M. Then, by taking account of

R(X,Y)=h,(X,Y)Cpr=g(A,X,Y)C,

the skew-symmetrization of f and symmetrization of A, we get

g(ALE;, E)fACp=— (Apg (AsE;, E;) + Ly (E)vs(E;)) N,

+v, (E)V N,

or, summing over i,

3.1) SrH=—A,47yN,+H*,
where we have put

(3.2) H*=(1/n) Py, *No—Lap(Vs) Ny).
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Applying fL to (3.1) ahd using of (1.12) and (1.15), we have
(3 3) H——Ta ,—fLHL.
It follows from (3 9) that H* is a vector field in D,t. Thus we have

PROPOSITION 3.1. Let M be a submamfold in Kachlerian mamfolds
such that the rank of the map v : TL(M) — T(M) is equal to a cons-

tant r almost everywhere on M. Then the mean curvature vector ﬁeld
H of M is given by

H=z,N,—fLH",
where HY is a vector field in the subbundle D ..
Now we assume that the endomorphlsm F+ of the normal bundle is
paraIIeI in the normal bundle. Then it is immediate from (2.8) that
'U,;(ANX)N¢=G(N, Na)h(X: Vd)

for any vector field X on M and normal vector field N to M. Putting
N=fLH!' or H' into this relation, we get

(3.4) v, (At X) =0 or v,(AxtX)=0.
On the other hand, the relation (2.7) is reduced to
(3.5) FAf g X+ At X=—G(f 7 x HY, N,) V,.

Since AgtpiX and AHiX are tangent vector fields in D, by (3.4),
then so is fAs y+X. Combining this result with (3.5), we find
G(frxtHY, N,)=0
for any index a, which means that flyx'H' is a normal vector field
in the subbundle Dt. Theréfore it follows from fiDic DL and (1. 15)
that pxtH* belongs to D. Moreover the relation (3.5) is reduced to
AplgtX=FfAp*X or equivalently
g(As 4 X, Y)y=2(fAL'X, Y)
for any vector fields X and ¥ on M. For an orthonormal _basis (E;)
for M, if we put X=Y=E; and sum over i, we get §=0, where
0=—(1/n)G(Af x'E;, E;)
and it is the mean curvature restricted to the subbundle D, Since it
is easily seen that 0=G(HY, H'Y=|H'|2, then we can find Hi=0
identically. Thus we can state
PROPOSITION 3.2. Let M be a isubmanifold in Kaehlerian manifolds
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such that the rank of the map v: TH(M) —> T(M) is equal to a cons
tant r almost everywhere on M. If the endomorphism f+ is parallel in
the normal bundle, then the mean curvature vector field H of M is given
by

(3.6) H=1,N,.

If the subbundle D! of the normal bundle T2(M) is a parallel
r—plane section on M, then we have FxiN,=0 and L,;(X)N,=0 for
any vector field X on M and index a. Thus the following is immediate
from Theorem 3. 1.

COROLLARY 3.3. Let M be a submanifold with a parallel r-plane section
in Kaehlerian manifolds. Then the mean curvature vector field H of M
is given by (3.6).

4. Concurrent r-plane section

In this Paragraph, we consider a submanifold M with a concurrent
r-plane section D' in a Kaehlerian manifold M. Then, for any vector
fields N,& D! and X on M, we have

A,X=1,X, Vx*N,=0,

where 7, is the mean curvature belonging to N,. Therefore the equations
(2.4), (2.6) and (2.9) are reduced to

(4- 1) (VYf)X:Ta(va(X) Y_g(X’ Y) Va)s
4.2) VxVe=1sh X+1, fX,
(4- 3) Xl,d,:‘[b'()a (X) T TaW (X) .

By Corollary 3.3, the mean curvature vector field H of M is given
by (3.6). Therefore it is easily seen that

(4.4) ApX=|H|2X,
where |H| is the mean curvature of M. Thus we have

THEOREM 4.1. Let M be a submanifold with a concurrent r—plane
section in Kaehlerian manifolds. Then M is a pseudo—umbilical submanifold.

Now we shall prove the following lemma.

LEMMA 4.2. The gradient vector field of each mean curvature t,

belonging to N, is represented by a linear combination of the vector fields
in the distribution D of T(M) enly.
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Proof. By a straightforward computation, we obtain
Pyl x Vo=—(2sY i+, Y75) X+ (Yr ) f X+ 7,75 (0(X) Y—2(X, Y) V3)
- abTEVYX—I—'TafyyX

from the equations (4.1) and (4.2), which implies that

R(X, YY) V,=(csYAu+ ApYrp+7,00, (Y)) X— (Y, ) FX

- (be1¢5+/1abXTb+TaTb‘l)b (X )) Y+ (Xfa)f Y:

where R is the curvature tensor of M. Using the first Bianchi identity,
we get .

4.5 (Xr)e(fY,2)+(Yro)g(fZ, X)+(Z7,) g(fX, Y)=0
for any vector fields X, Y and Z on M. In terms of an orthonormal basis
(E,)) for M, if we put Y=E; and Z=fE; into (4.5) and take account
of (1.10) and (1.13), we have

(11 r— 2+Xbclb¢)XTa+2(bea)vb(X) =(),

Thus the above equation completes the proof.

By virtue of Lemma 4.2, we can consider the case where there exists
a pair of mean curvature 7, and z; belonging to N, and N in D+ such
that dz,=60V; and dr;=0V, for a scalar field @ on M. Under the con-
sideration, we shall prove

LEMMA 4.3. If there is a pair of mean curvatures belonging to N,
and Ny such that their gradient vector fields are the same scalar multiple
of Vi and V, in D respectively, then the equation

(4- 6) V Xdlab: - (‘Eafclcb_rbfb;{cd) X
is satisfied for anmy vector field X on M. 4

Proof. Differentiating (4.3) covariantly along M and using (4.2),
we obtain

YX/Zab= (be) Vg (X ) - (Yra) Up (X ) - (7117:024%" fbrczm) g (X, Y)

+ (V YX) Zab
for any vector fields X ard ¥ on M, or equivalently
(4 7) delab: (be) V - (X'Ca) VB— (Tafc b Tyl ca)X

Sirice there exist 7, and 7, such that Xr,=0V, and XZ’],=0V by
hypothesis, the equation (4.7) is reduced to (4.6).

On a Riemannian manifold, a scalar field 2 satisfying

4.8) VxdAi=¢X
for a scalar field ¢ and any vector field X is said to be concircilar.
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The following Theorem A is well-known.

THEOREM A ([13,14]). If an n(>2)-dimensional complete Riemannian
manifold M admits a concircular scalar field satisfying (4.8), then M is
conformal to one of

(1) a warped product IXM of an open interval I of a straight line
and an (n-1)-dimensional complete Riemannian manifold M,

(2) a Euclidean space,

(3) an ordinary sphere.

The scalar field 2,5 on our submanifold M is a concircular one. Thus,
combining Lemma 4.3 and Theorem A, we state

THEOREM 4.4. Let M be an n-dimensional complete submanifold with
a concurrent r(=>2)—plane section D' in Kachlerian manifolds. If there
is a pair of mean curvatures belonging to N, and Ny in D* such that
their gradient vector fields are the same scalar multiple of Vi and V,
in the distribution D respectively, then M is conformal to one of

(1) a warped product IXM of an open interval I of a straight line
and an (n~1)-dimensional complete Riemannian manifold M,

(2) a Euclidean space,

(3) an ordinary sphere.

Finally we suppose that the mean curvature vector field H of M is
parallel in the normal bundle. Then we see that each mean curvature
7, belonging to N, is a constant. Moreover, applying z; to the equation
(4.7) and summing over b, we have

4.9) V xdtsdes=—| H|%t35,X
for any vector field X on M, which shows that 734, is a special
concircular scalar field on M. As for a special concircular scalar field on

a Riemannian manifold, the following Theorem B is well-known and
due to Y. Tashiro, M. Obata and S. Tanno.

TueEOREM B ([8,12,13]). Let M be an n(=2)-dimensional complete,
connected and simply connected Riemannian manifold. Then M is isometric
to an ordinary sphere if and only if M admits a non—trivial solution 2
of either the equation

V Xdlr' —le,

or
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(4.10) Fro(X:;Y;Z)+RQCw(Z2)g(X,Y)
+o(Yeg(Z, X)+0(X)g(¥,2))=0
for a positive constant k and any vector fields X,Y and Z on M, where
@ is a 1-form on M defined by

(4.11) w=dA.

The existence of non-trivial solutions 734, of the equation (4.9) is
supported by the following Lemma.

LEMMA 4.5. Suppose that the mean curvature vector field H of M is
parallel in the normal bundle. If there are two non—zero mean curvatures
7, and Ty belonging to N, and Ny in the r—plane section DL, then the
scalar fields ©,A,, and t Ay are not constants. Moreover, if there is at
least one non—zero constant mean curvature belonging to a unit normal
vector field in DL, there is a non—constant scalar field t,A,.

Proof. First of all, we notice that 7 1,=G(JH,N,). Assume that

7, and 7, are non-zero, but the scalar field 7.4, is a constant. Then
we have

G(JVxH, N,) +G(JH, 7 xN,) =—G(JAyX, N,) —G(JH, 4,X) =0,
which implies, by Theorem 3.1, that
| H|2V, 47,7, V,=0.
Since V,’s are linearly independent, we obtain
|H|2=Xr7,2 and 7,7,=1,7,=0
for ¢#a,b, which shows that 7,=0. This contradicts to the assumption
and hence the scalar field 7,4, is not constant.

To prove the remaining part of the lemma, it suffices to consider the
case where 7; is non—zero constant and 7,=0 for a# 1. Since the relation
Xp=101(X) —7193(X) is satisfied by (4.3), it is easily seen that

Xridy=— | H| %0 (X),
which implies that the scalar fields 734;; is not a constant.

Combining Theorem B with Lemma 4.5, we can state

THEOREM 4.6. Let M be a complete, connected and simply connected
submanifold with a concurrent r(=1)—plane section D in Kaehlerian
manifolds. If the mean curvature vector field H of M is parallel in the
r—plane section DL, then M is isometric to an ordinary sphere.
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By an extrinsic sphere we mean a totally umbilical submanifold with
non-zero parallel mean curvature vector field (see [3] or [16]). The
following is immediate from Theorem 4. 6 and generalization of a theorem

due to B.Y. Chen ([3]).

COROLLARY 4.7. A complete, connected and simply connected extrinsic
sphere with a parallel r—plane section D' in Kaehlerian manifolds is
isometric to an ordinary sphere.

5. Umbilical r-plane section

In this Paragraph, we shall consider a submanifold M with an
umbilical r~plane section D! in Kaehlerian manifolds. Then we have
A, X=1,X for any vector fields N,e D! and X on M. The equations
(2.4), (2.6), (2.8) and (2.9) are reduced to

(5.1) FyflX=r,0,(X)Y—7,8(X,Y) V,,

(5.2) VxVe=Todpa X+ 7, fX—Loy(X) V,,

(5.3) Tx N =h(X, Vo) —7,0(X) V,,

(5 4) X'zab:'rbva (X) —'Tavb(X) _AacLbc (X) +ZbrLac(X)
for any vector fields X and Y on M. If we define a vector field V on
M by

(5.5) V=r,V,

and denote the associated 1-form of V by v, then it follows from (5. 2)
that

(5.6) VxV=(Xr,—13Ls,(X)) V,+1,7.fX.
We shall prove the following lemmas.

LEMMA 5.1. If the mean curvature vector field H of M is parallel
in the normal bundle and belongs to the r—plane section D*, then each
mean curvature v, belonging to N, is a constant and each scalar field
75L4,(X) vanishes identically on M. Moreover the vector field 'V defined
by (5.5) is a Killing one.

Proof. Since H& D* and PxtH=(, then it is easily seen from Theorem
3.1 that H=r,N, and r, is a constant for each 4. Differentiating this
relation covariantly, we also find 7,L;,(X) =0 for each a. Therefore
the equation (5.6) is reduced to

(5.7 rxV=|H|*X,
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which implies that V is a Killing vector field on M.

LEMMA 5.2. Under the assumptions of Lemma 5.1, the Killing vector
field V on M satisfies the equation

(5.8) |HI2(pyP x V—Fp zV)=v(X)Y—g(X, V)V
or

(5.9 re(X;Y;2)+1H|2(2e(Z)g(X, Y)

+o(Y)g(Z, X)+o(X)2(Y,Z))=0
for any vector fields X,Y and Z on M, where w is a 1-form given by

(5. 10) . w=d| V|2

Proof. Differentiating (5.7) covariantly along M and taking account
of (5.1), we obtain

PeVxV=|H[2(w(X)Y—g(X,Y)+fryX).
Therefore the equation (5.8) follows from this equation and (5.7).

If the length | V| of the Killing vector field V is not a constant,
then the 1-form @ given by (5.10) is well-defined. It follows from
the 1-form @« and the equation (5.7) that

(5.11) o(X)=2g(rxV, V)=2]H|%(fX).

Using the equations (5.1), (5.7) and (5.11), we have

(Fro) (X)=2|H|2(v(X)v(Y) | V|%e(X, Y)+|H|%(fX, fY))
for any vector fields X and Y on M. By a simple computation, we can
verify the equation (5.9).

The following Theorem C is well-known and due to M. Okumura.

TueoreM C ([9]). If a Riemannian manifold M admits a Killing
vector field V of constant length satisfying the equation (5.8), then M
is homothetic to a Sasakian manifold.

We now suppose that the submanifold M is complete, connected and
simply connected. If the length | V| of the Killing vector field V is
non—trivial, that is, | V] is not a constant, then M is isometric to an
ordinary sphere by virtie of Lemma 5.2 and Theorem B stated in
Paragraph 4. If the length | V| is a constant, then Theorem C together
with Lemma 5.2 show that M is homothetic to a Sasakian manifold
(as to a Sasakian manifold, see [9] or [10]). Summing up these results
and Lemma 5.1, we can-state
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THEOREM 5.3. Let M be a complete, connected and simply connected
submanifold with an umbilical r—plane section in Kaehlerian manifolds.
If the mean curvature vector field of M is parallel in the normal bundle
and belongs to the r—plane section, then M is one of the followings:

(1) M is isometric to an ordinary sphere;
(2) M is homothetic to a Sasakian manifold.

Finally we suppose that both the mean curvature vector field H of
M and the endomorphism f*: TL+(M) —> T+(M) are parallel in the
normal bundle. Then it is easily verified from Theorem 3.2 that the
assumptions of Lemma 5.1 are satisfied. Therefore, if the length | V|
of the Killing vector field V is not a constant, M is isometric to an
ordinary sphere by Theorem 5.1. In the case where | V] is a constant,
it follows from (5.2) and (5.7) that

(5.12) v(fX)=0
or, from (1.11) and (5.12),
(5.13) V=0

and 734,,=0 for all a.
If we apply 7, to the equation (5.4) and sum over a, then we find
(X)) =|H|%(X),
which implies that all the mean curvatures belonging to N,’s except one
vanish identically, say z;%#0. Therefore we have V=r,V; and |H| =r,.
Since f* is parallel in the normal bundle, it follows from (5.3) that
h(X, V1) =r05(X) N,
or, applying N, to this relation,
Ta¥1 (X) =T17, (X) s
which implies that V, (a#1) must be vanished, that is, M must be a
CR-submanifold. We may assume that the constant 7; Wis equal to 1.
Hence V is a unit vector field on M, that is,

(5.14) 2(V)=1.

The relations (1.10) and (1.13) are reduced to
(5.15) fAX=—X+v(X)V,

(5.16) e(fX,fY)=g(X,Y)—v(X)v(Y)

for any vector fields X and Y on M. It follows from (5.7) that
(5' 17) VX V=fX»
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and from (5.1) that
(5.18) ) X=v(X)Y—g(X, Y)V.

The equations (5.12) to (5.18) show that M is just a Sasakian manifold.
Thus we can state

THEOREM 5.4. Let M be a complete, connected and simply connected
submanifold with an umbilical r—plane section immersed in Kaehlerian
manifolds. If both the mean curvature vector field of M and the endomor-
phism fL are parallel in the normal bundle, then M is one of the followings:

(1) M is isometric to an ordinary sphere;

(2) M is a Sasakian manifold.
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