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ON CERTAIN LIPSCHITZIAN INVOLUTIONS
IN BANACH SPACES

SEHIE PARK AND SANGSUK YIE

1. Introduction

In [8],[4], K. Goebel and E. Zlotkiewicz investigated conditions
under which lipschitzian involutions or lipschitzian maps with nonex-
pansive square of a closed bounded convex subset X of a Banach space
B have fixed points. A map T : X—> X is called an involution if T2=
I, where I denotes the identity map, and a k-lipschitzian if || 7o — Tyl|
<kllz—yl| holds for all z, y&X. A 1-lipschitzian map is said to be
nonexpansive.

In the present paper, the main results of [3], [4] are so strengthened
that some information concerning the geometric estimations of fixed points
are given.

Our tool in this paper is the following in [7], which is a consequence
of the well-known variational principle of Ekeland [1], [2] for approx-
imate solutions of minimization problems.

THEOREM 0. Let V be a complete metric space and f: V—> V be a
map such that there exists an LE[0,1) satisfying
d(fz, f2z) <Ld(z, fx) for any z< V.
If F(x)=d(x,fx) on V is l.s.c., then
(1) limfzz=p exists for any €V,
d(frz,p) < T_é_:rd(x, £,
and p is a fized point of f, and

(2) for any u€V and >0 satisfying
F(w) < (1—-L)s,
f has a fized point in B(u,e). Further, if f is a quasi-lipschitzian with
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constant k, then either u is a fixed point of f or f has a fixed point in
B (u, e)\B(u, s) where s=d(u, fu) 1+k) 1

Note that B(z,¢) denotes the closed ball with center u and radius e,
and B(u,¢) the corresponding open ball.

A map f: V—> V is called a quasi-lipschitzian with constant % if
| fz—fpll <Ellz—pl| holds for all x&V and for every fixed point p of
f.

2. Main Results

The modulus of convexity of the space B is the function & : [0,2]
—> [0, 1] defined by the following formula

5() =inf 1~ IF22) : 5, 5B, 1), llz—sllze}.

Note that the function §(¢) is nonincreasing and convex.
Moreover, for any z, y€B(0,7) and any a such that 0<a<2r and
lz—yl|=a, we have

EE2i<a-a(E)r [3].
Now we have our first result:

THEOREM 1. Let X be a closed convex subset of a Banach space B and
T : X——> X a k-lipschitzian involution. If L :=k(1—3(2/k))/2<1,
then for any uE X and >0 satisfying

llu— Tull < (1—L)e,
either u is a fized point of T or there is a fixed point of T in B(u, ¢/
2) N X\B(u, s) where s=\||u— Tul|(#+3)"-1.

Proof. For any z€X,
17 (£ 22) ~all=i7 (2 T2) - 7

< kni*‘TTi— Tz

— £ llo— Tz

z+Tx\_ z+Tr

I (2472 ) 72 SHEIge
—flla— Tzl

2
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Thus, by the property of modulus of convexity, we have

I x-I-ZTz T (x+2Tx)“<<1 5(2)) £ lle— Tzll.

Now if we put G=——21—(I+ T), then

GGl =1 EEELEE gy

=lnTGx-Gxn
%(1 5( ))zllx-—Tx”

- (-s(F) 1o

=Lllz—Gz]|.

Therefore, by Theorem 0(1), lim G*z=p exists for z€ X, and p&Fix
G=FixT, the fixed point set. Since T is a k-lipschitzian, G is a (k+
1) /2-lipschitzian and quasi-lipschitzian. Therefore, by Theorem 0(2),
for any v X with {lu— Tul|< (A —L)e, we have |lu—Gul=|lu— Tull/2
<(1—L)e/2. Hence, u is a fixed point of G or there is a fixed point
of Gin B(u,e/2) NX\B(u,s) where s=|lu—Gul/A+ E+1)/2) =|lu—
Tul|/ (k+3). This completes our proof.

COROLLARY 1. [3, Theorem 1]. Let X be a closed convex subset of a
Banack space B and T : X —> X a k-lipschitzian involution such that
k(1—5(2/k))/2<1. Then T has at least one fixed point.

COROLLARY 2. Let X be a closed convex subset of a Banach space B
and T : X—> X a k-lipschitzian involution. If Q0<k<2, then for any
u<sX and €0 satisfying

llo— Tul] < (1—'%)8

the conclusion of Theorem 1 holds.

Proof. Let L=k/2 and G=—1—(I+ T). Then L<1, and
|Gz~ szus(l 5(%)) £ilz~Gal

<%lla—Gall

=L|\lz—Gzl|.
Thus, by Theorem 1, we have the same conclusion to Theorem 1.
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Corollary 2 improves [4, Theorem 1].

The characteristic of convexity of the space B is the number gy=sup
e :6()=0}.

Some of Banach spaces can be fully characterized by the number &,
and the modulus of convexity. The following facts are known [3]

(1) If <1, then B has normal structure,

(2) B is uniformly non-square iff £,<(2, and

(3) B is strictly convex iff (2)=1.

THEOREM 2. Let X be a closed convex bounded subset of a Banach space
B with ¢;<1 and 6(2)=1, and T : X——> X a k-lipschitzian map such
that T? is nonexpansive. If L : =k(1—35(2/k))/2<1, then the conclusion
of Theorem 1 holds.

Proof. Since &< 1, B is uniformly non-square and in view of [5],
it is reflexive, and moreover it has normal structure. Since 72 is
nonexpansive, by Kirk’s fixed point theorem [6], the set C*={z : T2z
=gz} is nonempty. 6(2) =1 means the strict convexity of B and implies
that C* is convex. Obviously we have T(C*)=C* and 7T2=I on C*.
Hence, using Corollary 1 for the restriction of 7" on C¥, we can apply
Theorem 1.

Theorem 2 improves [3, Theorem 2].

THEOREM 3. Let X be a closed convex subset of a wuniformly convex
Banach space B and T : X —> X g k-lipschitzian involution. If L : =
B 1(1—1/k) /4<1, then for any ucX and >0 satisfying |lu— Tull<<
(1—L)e, either u is a fized point of T or T has a fized point in B(u,
e/2) N X\B(u,s) where s=\|lu— Tul|(k+3)-L

Proof. Let G=(I+T)/2 and let for z€X, y=Gz and z=Ty.
Then

lz—zl|=l| Ty—zll=|| Ty— T2z||
Zkly— Tzl|=kl|Gz— Txl|

=HIEEEE — 7ol = Lo 7
@y —2) &l =l|26z— Ty—zl|=lla-+ Tz~ Ty—al
= Tz— Ty|| <klz—yll=El|lz— Gzl
=blo—ZE L2 = Lo~ T4
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and
IEEE=D =y~ all =iz~ Gal
= S llz—Tall.
Thus, by the property of modulus of convexity, we have

Iz— @y—2)]] S—g—é‘l<1—~%)llx— Tzl

But since
llz— (2y—2) || =2lly—zl|=2I|Gz — Tyl|
=4||Gz — G2z
and |z — Tz||=2llz — Gzl|,
we have
_ 1
4Gz —Goal| <k5}(1— ¢ ) lle— Tz
ie., IGz—Gali< 571 (1—%) llz—Gall
=Ll|lz—Gzl|,
and le—Gzl|<(Q—L)e/2.

Thus G satisfies all the hypothesis of Theorem (), and we conclude our
result.

Theorem 3 strengthens [4, Theorem 2].

THEOREM 4. Let X be a closed bounded convex subset of a uniformly
convex Banach space B, and T :X—>X a k-lipschitzian map such
that T? is nonexpansive. If L : =kd 1(1—1/k)/4<1, then the conclusion
of Theorem 3 holds.

Proof. Since every uniformly convex Banach space is strictly convex,
reflexive and has normal structure, by Theorem 2 and Theorem 3, we
obtain our result.

Theorem 4 strengthens [4, Theorem 3].

References
1. 1. Ekeland, On the variational principle, J. Math. "Anal. Appl. 47(1974),
324-353.
2. , Nonconvex minimization Problems, Bull. Amer. Math. Soc. 1(19
71), 443-474.
3. K. Goebel, Convezity of balls and fixed point theorems for mappings with



222 Sehie Park and Sangsuk Yie

nonexpansive square, Compositio Math., Vol. 22, Fasc. 3(1970), 269-274.

4. K. Goebel and E. Zlotkiewicz, Some fixed point Theorems in Banach spaces,
Coll. Math. Vol. 23, Fasc. 1(1971), 103-106.

5. R.C. James, Uniformly non-square Banach spaces, Ann. of Math. 80(1964),
542-550.

6. W.A. Kirk, A fized point theorems for mapping whick do not increase
distances, Amer. Math. Monthly 72(1965), 1004-1006.

7. Sehie Park, Egquivalent formulations of Ekeland’s variational principle for
approximate solutions of minimization problems and their applications, in
“Operator Equations and Fized Point Theorems™ (eds. S.P. Singh, V.M.
Sehgal, and J.H.W. Burry), The MSRI-Korea Pub. 1(1986), 55-68.

Seoul National University
Seoul 151, Korea

and

Soong Jun University
Seoul 151, Korea





