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ORDERS OF END,(M) AND U(END,(M))
FOR f.g. TORSION MODULE M OVER p.i.d. D

Eunc TA1 KM

1. Introduction

In this paper we find the orders of the endomorphism ring Endp(M)
and its unit group U(Endp(M)) for the finitely generated torsion module
over the principal ideal domain D whose residue class fields modulo prime
ideals in D are all finite.

If M(#0) is a finitely generated module over the p.i.d. D, M is the
direct sum of cyclic modules: M=Dz;@®---@ Dz, such that

ann z;2ann z;2---2ann g, ann z;*D
and the ideals ann z; are unique for module M. If the module M is the
torsion module and if we put ann z;=(d;), d; are nonzeros, nonunits
and d,ldz|+|d,. We call dy,ds, -+, d, the invariant factors of the torsion
module M. If d;=p; 1%.1p; ofi.2-+p; 1 %.¢; is the prime-power
decomposition of d;, then there exist z; 1, z; 3, ***, z;,,,; €M such that
Dz;=Dz; 1®--®Dz; ,, annz; ;= (p; ;%.i).
We call p; j4.i(1<i<s, 1<j<¢;) the elementary divisors of M.

Now let D be a principal ideal domain. We denote the cardinal number
of the residue class ring D/ (a) modulo ideal (a) €D by N(a) (the norm
of ). Then it is easily verified that N(a) N(6) =N(ab) for any a, b€ D,
and N(ab) is finite if and only if N(a) and N(&) are finite.

The following lemma can be found in [2].

LEMMA 1.1. Let p be a prime element in p.i.d. D and let e be a positive
integer. Suppose that N(p) is finite. Then the order of the general linear
group GL(n, D/(p%)) is given by

N(p)(1- ) )(1- ng)2>"'(1“W)'
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2. Endomorphism ring End, (M)

We consider the problem of explicitly determining the ring Endp (M)
of endomorphisms of finitely generated module M over p.i.d.D. and
we will find the order of Endp(M) when M is the torsion module.

THEOREM 2.1. Let M=Dz,®D---@®Dz, where the order ideals ann z;
=(d;) satisfy ann z,2and z;2---2 ann 2, and ann z;#0 for i<r but
ann z;=0 if i>r. Then the ring Endp (M) is isomorphic to R/K where
R is the ring of matrices Ac€Mat,(D) of the form

all alz ........ alr a1r+1 ...... als
azldz/dl a22 ......... azr a2r+1 ...... azs
(*) A= arldr/dl a,-zd,./dg”'d,, Qrr+1°°*""" s |, @;j €D
0 0 ceereeres 0 Gpigye1-@pits
O 0 sésvsunvs O asr+1 ...... ass

whose lower left-hand corner consists of O’s, all the indicated a;; are arb-
itrary, and the (i,j) entry for j<i<r is a;;d;/d;, and Kis the ideal
in R of the matrices of the form

bl].dl 612d1 ..... blrdl ..... blsdl
bondy baadrer by dyeeeeebod
(**) B= brldl br2d2 """ brrdr """ br T b,’jED
0 O e-eee 0 eeeoer 0
0 0 «ooeee 0 ceeee 0

whose (3,7) emtry is 0 if i>r, byd; if i<r and i<j<s, b;d; if j<i<
r, and all the indicated b;; are arbitrary.

Proof. Let n€Endp(M) and suppose 7(z;)) =w;eM, 1<j<s.

Then if z€eM, :c=i: a;zj, aj<D and hence

i=1
7(z) =1(Xa;z;) = Ham(z;) = La;w;.

This shows that % is determined by its effect on the generators z; of M.
Moreover, djw;=d;n(z;) =7(d;2;) =0, which shows that ann w;2ann

zj, so if ann w;j=/(g;), then g; is arbitrary if j>r, and g;|d; if j<r.
Conversely, suppose that for all j we pick an element w;eM such
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that ann wj;2ann z;. Suppose zEM and z=}a;z;=Xib;z; are two
representations of z. Then we have a;—b;cann 2;. So a;—b;c€ann w;
and consequently X a;w;=2b;w;. This shows that 7 : Xa;z;— Xa;jw;
is a map of M into M. Direct verification shows that y€Endp(M).
Our result is the following. We have a bijection y—> (wy, **+, w;) of
the ring Endp(M) onto the set of s-tuples of elements of M satisfying

s
ann w;2ann z;. We now write w;=J, ¢;;z;, ¢;;€D and we associate
i=1

with the s-tuple (wj, -*-,w;) the matrix A=[c;;] in the ring Mat,(D)
of sXs matrices with entries in D. This matrix may not be uniquely
determined since ¢;; may be replaced by ¢;;” such that ¢;;"=c¢;; (mod d;)
if i<r. This is the only alternation which can be made without changing
the w;. The condition that ann w;2ann z; is equivalent to

C,‘jdjEO(mOd d,)
This, of course, means that there exists e;;ED such that c¢;;d;=d.e;;.

Hence the above condition is equivalent to the following condition on the
matrix A: there exists a matrix E=[¢;;]€Mat,(D) such that
A diag {dh dZ’ "ty ds} :dlag {db d2: *tty ds} E.

The set R of matrices A satisfying the above condition is a subring of
Mat,(D). Any A=[c¢;;]€R determines an 7&€Endp (M) such that 7(z;)
=2ic;;zi» It is easy to verify that the map A — % is an epimorphism
of R onto Endp(M). It is clear that 7=0 if and only if ¢;;=0(mod d;)

for A=[c;;]. Hence the kernel K of our homomorphism is the set of
matrices A such that

A=d1ag {dl’ d21 "ty ds}Q
where Q=Mat,(D), and Endp(M)=R/K.

Now a more explicit determination of the ring of matrices R can be
made if we make use of the conditions on d; that d;ld; if ¢ <j<r,
and d;=0 if i>r. The conditions c;;d;=0(mod d;) then imply:

c;;j is arbitrary if {<j since in this case d;=0(mod d;);

¢;;=0 if i>r and j<r since in this case ;=0 and d;#0;

¢;;j is arbitrary if i, j>r since d;=d;=0 in this case;

c,-,-EO(mod d,-/dj) if j<i£r.
Therefore changing the notation slightly we see that the matrix A of R
has the above form (*) in the theorem.

Now let A=[c;;]EKSR and A is the matrix of the form(¥). Then
every entry of i—th row of A is a multiple of d;, soif i>revery (i, j)
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entry is 0 since d;=0, and when j<i<r, d;|(a;;d;/d;) if and only if
djld,’j.

Hence the matrix of K is the form(#*) in the theorem.

THEOREM 2.2. Let M be the finitely generated torsion module over the
p-i.d. D and let dy,ds, -, d, be the invariant factors of M such that
dildsl---\d,. If N(d,) is finite, then the order of Endp (M) is given by

ﬁlN(dj) 2r—2j+1,
j=

Proof. Since M is the tosion module r=s in Theorem 2.1, and
every 7€End, (M) is represented by a matrix A€ R of them form

all alz llllllllll alr
A—| andaldy ageereees as,

and,/dy a,d,/ds-a,, |

Let T; be a complete set of residues modulo d; for each i(1<i<r).
Then by Theorem 2.1 any a;; can be replaced by the unique a; in
T;, or T;. Hence we may assume a;;€T; if i<j. Similarly, we may
assume a;; € T; if i>j. Matrices A€ R satisfying these conditions will be
called normalized by the sets Ty, Ty, -, T,. It is clear that the map
A —> 7 restricted to normalized matrices of R is a bijection onto End,
(M). Therefore the order of Endp(M) is the same as the number of
the normalized matrices. Since N(d,)=|T,| is finite and dy|ds|-+]d,,
all N(d;)=|T;| are finite. Hence

{Endp (M) | =i1;[jN(di) . il;[jN(dj)

=N(d1) TN(dZ) r_l'"N(dr—l) 2N(dr) X
N(d)"N(dz)™2--N(d,-1)
=N(d1) ZT—IN(JZ) r=3.. 'N(dr"l) 3N(dr)

— ﬁl N(dj)-2it,
-

3. Unit group U(End,(M))

Let M be a finitely generated torsion module over a p.i.d.D, and
for each prime element p=D, let M(p)= {z=M|ann 2= (p") for some
n>1}. Then there exist finite number of nonassociate prime elements
1, =+, #» in D such that
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M=M(p,) D---OM(p,).
In this case, it is easy to verify that

Endp (M) =Endp (M(#,)) ®---@Endp(M(5,)),
U(Endp(M)) = U(Endp (M (p1))) X--- X U(Endp(M(p,)))

Now assume that every element of the module M has order ideal which
is a power of the fixed prime element p in D. Then M is a direct sum
of cyclic D-modules of order ideals (p™), ---, (p"r) respectively, where
1<n<ny<---<n,, that is,

M=D21®-~-@Dzr,
ann z;=(p"),1<i<r.
Then by Theorem 2.1 Endp(M) is isomorphic onto the ring R/K
where R is the ring of matrices of the form
ay @gp e ay,
(*) A= P"z"ﬂlaZI a22 --------- azr

prrTMa,y prrT 28,004,

and K is the ideal of R of matrices of the form

P”lbu P"lbw ...... Pulbl,
() B=| P P e
pnlbrl thbrz ...... Pn'brr

LEMMA 3.1. Let p be a prime element of p.i.d.D, ny,ny, -, n, be
positive integers such that ny<n;<---<m,. Let R be the ring of matrices
of the above form (*) and let K be the ideal of R of matrices of the
above form (#%). Then for an element A=A+K&R/K, AcU(R/K)
if and only if (Det(A),p)=1.

Proof. f Ac U(R/K) there exists B€ U(R/K) such that AB=AB=
BA=], i.e.,
pribyy pribigieecp™iby,
AB=I+ P’llel PnzbZZ """ PnzbZr

pribyy ptebegreee prb,,

Therefore (Det(A)) (Det(B)) =Det(AB)=1+p¢ for some ¢=D hence
(Det(A), p) =1. Conversely suppose (Det(A),p)=1 for AcR/K. We
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can easily verify that the adjoint matrix Adj(A) of A is also an element
of R. Then
Adj(A) A=AAdj(A) =Det(A)I
and there exist u, v€D such that Det(A)u—prrv=1, since(Det(4), p*)
=1. Then,
wAdj(A)A=A(u Adj(A)) =uDet(A)I
= (1+p*v) I=1+4pmol, prrvl€ K.
Therefore A 2Adj(A) =u4Adj(A)A=1I, so A= U(R/K).
THEOREM 3.2. Let M be a finitely generated torsion module over p. 1.

d. D which has the elementary divisors p™, ptz, -+, pr, 1<n;<--<n,,
for some fixed prime element p in D. Assume that

1<m="=mp<tpm+1=""=M@ 4"
o A D 4t R~ D 1= " =B 4o b k() = P

Then if N(p) is finite, the order of U(Endp(M)) is given by
N(p) "il;lle(i) ®

where

k3

05:; ]énk(1)+---+k(min(i,j))k(i)k(j),
-1 1 Vofq——_1 _
Qo (£) =(1 N > (1 Np)? ) <1 N(p)ED )

Proof. We denote npy =Iy, 2w +k =2 ***s M +-1he» =L Then by
the above remark any 7€Endp(M) is represented by the matrix of the

form

[

(A Ags Aggeesereese Ay
PZZ_IIAZI AZZ A23 --------- AZS
A= p[:‘l_llAsl PIS_IZASZ A33 ......... A3$

pl“_llAsl Pl"—IZASZ pl’_l3As3'"Ass
where A;; is a k(i) Xk(j) matrix whose entries are in a prescribed
complete set of residues modulo p% if i<j and modulo pi if >,
respectively. Thus' A;; is regarded as a matrix in Matgcnxiciy (D/ (%))
if £<j and it is regarded as a matrix in Matziyxecy (D/p4)) if i>j.
Now U(Endp(M))=U(R/K), so |UEndp(M))|=|U(R/K)]|.
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We may write A=Aq,+P where

Apy Appeeee Az 0 Q verenenne 0

A= 0 A22 """ Az; plz"l1A21 O servovens 0
L N e

0 O +eeee- A, plimliA,y pleleA g0

Then utilizing Lemma 3.1 for A€ R/K, we have
A U(R/K) <> (Det(A), p) =1 <= (Det(4y), p) =1
& (Det(Ay), p) =1 for all 7,

since p is a prime element in D, 1<I;<ly<-++<l, and Det(4y) =
leet(A,-,-). Thus if AcU(R/K), every k(i) XE() matrix A; is
i=1

regarded as a matrix in the general linear gorup GL(k(s), D/p%)).
Now suppose that N(p) is finite. Then, since the order of group
GL(k(5), D/(p')) is given by N(p)!#®? Qi (p) where Qi (#)=

o1 N1 N1
<1 N(p) ><1 N(p)2> (1 N(P)k(i)> by Lemma 1.1, and the
number of choices for A;; is N(p)!#@*?> when i<j and N(p)!H®*r

when 7>>j respectively, it follows that the order of U(R/K) is given by

I N(p)Pi®kP [ILN(p)!#ORP NI N(2)1*%% Queor (9) =N(2)=[1Quco> (#)

t<J 3 i= i=
where

i<y >y i=
=i=Z}1 j}=:1 Lin i, k(D) () :.-=Z1 J;lnkm+~~-+k<min<i,j>>k(i)k(j) .

THEOREM 3.3. Let M be a finitely generated torsion module over a p.

i.d. D which has elementary divisors

1)1"1,1, Pznx'% R P}n)”ia 1—<—2£ta

where py, po, *+, P are nonassociate prime elements in D such that N(py),
N(ps), s N(p:) are all finite and 1<n; <---<m, ,, for all A.
Assume that

1sm == a0t ra,D+1=""" =M 4G, D1Eq """
'"<”2,k(1.1)+-~~+k(2,sr1)+1= UL RQLD AR, ) T M e

Then the order of U(Endp(M)) is given by
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NG (s k0. (2)
where ‘

1 $1 $2 :
o= ' ,Zi 3, kG2, D +-2 3, mini, kA D) R, 7)),
=1ls= N

) =(1—__1 S S VOO SRR ER
Ot ) =(1=wsy) (1= 3737)~ (1 ryiam )
Proof. Let M(p;) = {x€M|ann z=(p;7) for some integer m>1}. Then

M=M(p;) DM (p2) D--DM(p,),
Endp (M) =Endp (M($1)) @+ @Endp (M(Py)),
| U(Endp(M)) = U(Endp(M(p1))) X+ X U(Endp (M(2)),
and p;"a.1, -+, p,”4,r, are elementary divisors of M(p,) for each A. There-

fore by Theorem 3.2, we have the desired order of the unit group
U (Endp (M)).
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