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A note on C—Closed and Compactification
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I. INTRODUCTION

On this paper, the characterization. of
a Compact space by the nets and the im-
ages induced by any family of continuous
function. Using the C-closed, A-transfor-
mation based on the Compactification, in-
vestigate the their properties on Haus-
dorff space or Regular space.

I. PRELIMINARY

DEFINITION 1)

Let A be a family of continuouson con-
tinuous functions on topological space X.
A net{X;} in X will be net an A-net, if {f
(XD} converges for each f in A.

DEFINITION 2)

Let A={flacs/\} be a family of conti-
nuous functions f; on topological space X
into Haussdorff space Xs. Let S be the
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collection of all A-nets in X. Define dé on
S setting that {xi} 6 (%) if and only if
lim {fa(x:2}=1im {fa(x)} for each f. in A.

DEFINITION 3)

A- transformation (¥ ¢) of X if and only
if e:X—Y and ¢(x) is the equivalence class
in Y containing a net x in X

DEFINITION 4)

A space X is called C-closed if every
countably compact subset of X is closed
in X. Equivalently X is C-closed if every
non—closed subset A of contains a sequence
%, which has no cluster point in A.

TYCHONOFF THEOREM)

Let ITaepr Xa be the product space of
(Xo]ac A} A a collection’ of projection maps
of Tlaen Xa onto Xe. Since every A-net in
Ilaen Xa onverges in TTaen Xe is compact
if and only if Xe is.compact for each @

in /.
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Let E be a topological vector space, E*
the continuous dual of £, and ¢ (E} E) the
weak topology on E* induced by E. For
every neighborhood U of N in £, let U’be the
polar of U in E¥ Then U’ is a closed
subset in (E* ¢ (E* E)) satisfying that cl
(x(U%) is compact for each x in £ and
every E-net {y;} in U°, where

y(x) = lim {yi(x)} for all x in E.

. PROPOSITIONS AND THEOREMS

PROPOSITION 1]
6 is an equivalence relation.

PROPOSITION 2]

Let Z=578 be the collection of all
equivalence classed in S. An equivalence
class in Z containing an A-net {x;}. (It will
be denoted by {%;}. ) For each fr on Z by
setting that fe({%;})=1lim {fa(Z;)). The A
={fa|a&N\} seperates points of Z; i.e.for
any two points zy,2, in Z, there is an fa
in A such that fa(zp#= fa(z,). Each fe wil
be called the extension of fe to Z.

PROPOSITION 3]

Let A={falacA} be a family of contin-
Hausdor ff
space Xa such that the topology on X is the

uous functions fe on X into

weak topology induced by A, E, ' two
subspaces of X such that ECFCcl(&). (dE&)
is the closure of £). Then the following
are equivalent:

D Every A-net in E has cluster point

in F

2 Every A-net in F converges in F.
PROOF]

Let {y;) be an A-net in F. For each i,
pick a net (zij] in E converging to yj. for
each fa in A {fa(y:)} converges to a point

24 and lim{fa(x;;)} =fa(y;), so that for
each neighborhood Na of 2z, there is an x«
inE such that fe(x)&EN.. Thus for any
finite subset H of A and Ngy= {Na | Na is an
open neighborhood of z, a &H}, there s
an xr in E such that f,(xy) is in N, for
each @ in H. Direct {(H, t)| H is a finite
subset of A, N, is an open neighborhood of
7z, ac=H) by setting that (Hy, 1402 (Hy, ty)
if and only if HyCH, for each a in H,.
Then {xy) is an A-net in £.D
that {xg} has a cluster point xin £ Since

implies

X is Haussdorff and {f. (xg)} converges for
each @ in A, so that {f.(xu) converges to
f.(x) for each @ in A. This implies that
lim {fe (9:))=fo (%) for each @ in A. thus
{y:} converges to x. 2) implying 1) in ob-

vious.

PROPOSITIONS 4)
Every Haussdorff sequential space isC-

closed.

PROPOSITIONS 5)
If X is a Haussdorff space and every

countaly compact subset of X is sequential,
then X is C-closed.

PROPOSITION 6]

If a Haussdorff space X admits a conti-
nuous one-to-one map into a C-closed
space,then X is C-closed.

PROOF)

Let f:X—Y be a continuous one-to-one
map, where Y is C-closed. Let A be a
countably compact subset of X. Then f(A)
is cauntably compact subset of Y. SinceY
is C-closed, f(A) is closed in ¥. Therefore
FUfA)=A4 is clsed in X.

THEOREM 1)

If in a regular space X, every point has
a C-closed neighborhood, then X is C—losed.
PROOF ]



Let A be a countably compact subset of
X and ¥ & cl(X) we have claim that xEA.
Let U be an open subset of X such
that x&U and U is C-closed. By regularity,
we choose an open set V such that xEV
and cl(V)CU. Since cl(V)NA is countably
compact subset of U, it is closed in U.
But x&=cl (cl(V)NA)X Therefore x& A.
This shows that A is closed in X.

THEOREM 2)

Let A be any farriily of continuous func-
tions on a topological space X. then X is
compact if and only if

1) f(XD is contained in a compact subset
C for each f in A

2) every A-net has a cluster point in X.
PROOF )

Q) Let x be an ultranet in X. for each
f in A, (f(x)} is an ultranet in C, hence
converges in C; that is, {x;} is an A-net.
2) implies that [x;} has a cluster point x
in X. Since {#:} is an ultranet, {%) con-
verges to x¥. Thus, X is compact.

D) The converse is easily proved.
COROLLARY)

Let A be a family of continuous funct-
ions on X into Hausdorff spaces such that
the topology on X is the weak topology im
duced by A, E,F two subspaces of X such
that EC FC cl(&).
and only if

1) cl(f(E)) is compact for each fin A4

2) every A-net in E converges in F.

PROPOSITION 7]

e is cantinuous and ¢(X) is dense in ¥
PROOF ]

If {x;} converges to % then lim{f.Ce(x))
={fo(2)} = Fu(x) =F.(e(x)) for each f, inA.
implying that {e(x;)} converges to e(x).

then F is compact if

Thus e is continuous. For the density of

e(X) in?Y, let (&} be in Y, then lim{f.Ce
(xd}=f ({%}) for each [ in A, implying
that {e(x)} converges to (% ).

COROLLARY
Let {%) be in Y, then {e(%;))} converges
to (%} in Y.

THEOREM 3 )

e is an embedding of X as a dence sub-
space of Z if and only A separates points
of X and the topology on X is the weak
topology induced by A.

PROOF )

For Z and e, previous defined, ¢ is one-
to-one if and only if A separates of X.
Since for each x in X, fi(e(x))=f,(x) for
each f in A, so that e is an open mappirg
from X onto e(X) if and only if the top-
ology on X is the weak topology induced by
A. Thus PROPOSITION 2] implies this the-
orem.

PROPOSITION 8]

Every A-net{y:;} in ¥ converges in Y.
PROOF]

For each ¥ in (i}, let x be an A-net
in X belonging to y;. For each f, in 4, (£
(3i)) converges to a point z and lim {4}
= fLy:), so that for every open neighborh-
ood N, of z, there is an x. in X such that
f.(x.) is in N,. By the same techniquesin
the prof of PROPOSITION 1] we can get
an A-net (xy) in X such that f.({xp))=
lim{feCxpd} =2 = lim {fo(3:D). Thus (y;)
converges to (xg}.

PROPOSITION 9]

Y is compact if and only if cl(f(X))is
compact for eachf in A.
PROOF]

By the COROLLARY of THEOREM 1! and
previous PROPOSITION and the way con-



structing ¥, Y is compact if and only if

AdY)) is compact for each f in A. Since
cl(f.(Y) is compact for each f, in 4 thus
the statement follows.

THEOREM 4]

(Y, e) is a ompactification of X andonly
if.

D for each f,in A cl(f,(X)is compact,

2) A separates points of X.

3 the topology on X is the weak topo-
logy induced by A.
PROOF )

This theorem follows immediately THEO-
REM 3] and PROPOSITION 9].
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