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On #-Continuous Functions into Urysohn Spaces
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1. Introduction

S.V. Fomin [1] has introduced the concept of #-continuity. The present note is to
vestigate closedness under §-continuous functions into Urysohn spaces.

Throughout this note, spaces always mean topological spaces. Let S be a subset of a
ace X. The closure of S and the interior of S are denoted by CI(S) and Int(S), re-
ectively. A point x€X is said to be 8-cluster point of S [7] if SNCI(U)+¢ for each
ien neighborhood U of x. The set of all #-cluster point of S is called the #-closure of
and is denoted by Cle(S). If Cls(S)=S, then S is called §-closed. The complement of
| #-closed set is called 6-open.

Definition 1. 1. A function f: X—Y is said to be 8-continuous [1] and weakly-
mtinuous [2] if for each x€X and each open neighborhood V of f(x), there exists an
ien neighborhood U of x such that f(CH(U))CCIV} and f(U)CCIV), respectively.

It is known that #-continuous functions are always weakly-continuous, but the con-
srse is not true [2].

For the function f . X— 7Y, the subset {(x, f(x)| x£X} of the product space XxY is
illed the graph of f and is denoted by G(f).

Definition 1. 2. The graph G(f) is said to be f-closed with respect to Xx Y [4] (resp.
-closed with respect to X [4], O-closed [6] and stromgly-closed [3]) for each

., ) & G(f), there exist open neighborhoods U and W of x and y, respectively, such that
CUYx CLWN NG (A =¢ (resp. [CUU) XxWING(f) =¢.(Int(CL) x Int(CIW) )N G =¢
nd (UXCIW)ING(fy=¢).

2. Main Theorems

Lemma 2.1. If f. X— Y is §-continuous functions, then f7(CUV)) is 6-open in
T for every open set V of Y.

Proof. Let V be any open sets of ¥ and x&f7*(V). Then there exists an open set
;in Y such that f(x)EGCYV. Therefore, there exists an open neighborhood U of x
uch that F(CUU))CCUG). Hence, we obtain x&€U C CI(U)C f(CI(V)). This shows
hat f(Cl(V)) 1s f-open in X,

Theorem 2.2. If f.: X—Y is O-continuous and Y is Urysohn spaces, then
(21, 22) | flan) = flx2)} is B-closed in Xx X.
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Proof. Let @={(x:, x:)| flx:) =flx2)}. If (%, x2) €D, then f(x:) + f(x2). Hence there
exist open neighborhoods Vi and V. of f(x:) and f(x2), respectively, such that
ClV.)NCIl(V,) =¢. Since f is f-continuous, f{CI(V1)) and f(Cl(V:)) are 8-open neigh
borhoods of x; and x:, respectively, by Lemma 2.1. Hence fCU V1)) x fNCIU V) is ar
#-open neighborhood of (xi,x) by [5]. By [8,p.88], this neighborhood can not meet ¢
Thus @ is #-closed in Xx X.

Theorem 2.3. If f. X—Y is 8-continuous and Y is Urysohn spaces, then G(f) i
8-closed with respect to XX Y.

Proof. Let (x, )¢ G(f). Then y¢f ) and there exist open neighborhoods V and W
of f(x) and y, respectively, such that CUV)NCIW)=¢. By #-continuity of f, ther:
exists an open neighborhood U of x such that f( Cl VNCIW}=¢. Hence, we obtai
(CH) xCIW)ING(H =¢.

The following Corollary 2.4 and 2.5 follow immediately from Theorem 2. 3.
Corollary 2.4. If f . X— Y is 0-continuous and Y is Urysohn spaces, then
G(f)y is 8-closed with respect to X.
G(f) 1s 8-closed in XX Y.
Coroellary 2.5 ([3]). If f: X—Y is weakly-continuous and Y is Urysohn spaces,
then G(f) is strongly-closed in XX Y.
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