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Location of Transition States by the Conjugate Reaction Coordinate Method
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A relatively simple method of locating the saddle point is presented. In this method a single determination of the saddle point 

location by constrained energy minimizations for points selected on the assumed saddle surface provides us with the struc

ture, location and energy of the TS, the reaction path at the saddle point and characterization as the TS. Some examples 

were given.

Introduction

The determination of transition states (TS) plays a central 

role in visualizing and predicting mechanisms of chemical rate 

processes, since they represent saddle points between the two 

local minima on energy surfaces corresponding to reactants 

and products. The experimental determination of TS 

geometries, however, is extremely difficult; the theoretical 

determination also presents great difficulties albeit various 

computational methods of saddle point location have been 

proposed.1'4

In this paper we report a relatively simple method for 

locating the saddle point (7) from which the TS itself can be 

obtained. The method automatically characterizes the TS by 

determining two rectangular coordinate axes (with origin at 

the 오addle point T) representing the reaction path, £, (reac

tion coordinate, RO and the direction orthogonal to it,们(or

thogonal coordinate, OC) on the saddle surface of the 

hyperbolic paraboloid (eq. 1) shown in Figure 1.

i (f, A e+B 7)1 ⑴

where A <0 and B>0

Method

The potential energy E of a molecule depends on a set of 

molecular coordinates {q,}：2, and a constrained minimum 

energy surface with respect to the two, x and y, can be ex

pressed as

Figure 1. Hyperbolic paraboloid potential energy surface, 

£ = AF + Btj1, where A<0 and B>0, showing the reaction coordinate(^) 

and the orthogonal coordinate(r)) with the origin at the saddle point(T).

E (x, g) =min, {E(Qi, s,.......  qn_2, x, y) \ (2)

The energy E(x,y) defines a minimum energy surface in the 

sense that the molecular system is constrained to achieve an 

energy minimum regarding the remaining n-2 coordinates.

A saddle point on this surface should satisfy the following 

conditions.5

(i ) 으站 =0 for all coordinate i, 任。

d<h
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(ji) 으■巴 VO for。시y one coordinate S, (3b)

d<lr

(iii) ■흐■§〉() for all other coordinates S (3c)

Assuming that the energy surface is quadratic in the close 

region of the (nondegenerate) saddle point, we have in general,

E (x, y)=奴 2+包广+2(：尤g+2&+2eg+f (4)

where a,b,c,d,e and f are constants. Application of condition

(i) for q,= x and y leads to the location (x*, y*) and energy E* 

of the saddle point (T) in terms of the constants a-f.

M-ce 宀 ae-cd ⑸

c2~ ab ' c2 — ab

E*=f- (ax*2+by*2+2cx*y*) ⑹

If our assumption of a quadratic potential surface holds for 

the close region of the saddle point, we may transform eq (4) 

to a simple form of the hyperbolic paraboloid, eq (1), by rota

tion and translation of the coordinate frame (x,y). Thus rota

tion (Figure 2) defines a new rotated coordinate frame (X,Y) 

which in turn is transformed into the final coordinate frame 

(卩7)by translation of the origin on to the saddle point (x#,y*).

, 、rotation ,寸、八 translation ― .
(x,y)-------- (X, Y)---------- 住，T))

Interrelationships between the coordinate systems can be 

given by equations (7) and (8).

X=x cos a - y sin a ⑺

Y = x sin a +g cos a

where angle a is defined relative to the rotated axis X as 

shown in Figure 2.

f =xf cos a sin a

7)sin a+/cos a (8)

where x =x-x* and g'=为一0*.

Algebraic manipulations involving equations (4) and (8) lead 

to eq. (1), which should satisfy the condition (ii) and (iii) above.

Figure 2. Rotation of coordinate frame from (x,y) to(X,Y).

where e (£, T)) =E — E^

(1)

a cos、— b sin%

cos 2a
<0

-a sin2a ~b cos、、，、
B =---------------- > 0

⑼

cos 2 a

The angle a can be given in terms of the constants a, b 

and c.

(10)

Determination of the constants a-f will therefore enables one 

to obtain the location (eq. 5) and energy (eq. 6) of the saddle 

point with the reaction path 估)relative to the original coor

dinate axis x (eq 10). Geometry optimization at the saddle 

point (x*, y*) will give us the transition state structure.

Procedure

(i) First of all select two variables x and y among all those 

which are needed to describe the potential energy surface. 

The two chosen should be those which are considered to be 

most significant in connection with the given reaction; they 

are normally a pair which varies in a conjugate manner (hence 

is called a conjugate reaction coordinate, CRC, method), e.g., 

a pair of bonds that is forming and breaking concertedly as 

in M2 reactions and in Cope and Claisen rearrangements etc, 

a pair of bonds that is either forming or breaking concertedly 

but not in a synchronous manner as in the hetero-Diels-Alder 

reactions6 and in other dipolar intermolecular cycloaddition 

reactions etc., and a pair of angles of rotation in a conforma

tional change of a molecule etc.

(ii) Make an initial guess at the saddle point T and obtain 

an approximate square grid region of the potential energy 

(quadratic) surface around it, then select a set of points {x,y} 

within this region. The number of points should be greater 

than six since there are 6 unknowns (a-f) to be determined 

in a simultaneous solution of the constants in eq. (4).

(iii) The potential energy E is evaluated by the energy 

minimization with respect to the rest of the n-2 coordinates 

over the grid of selected points (x,y) which span the saddle 

point. The position of the saddle point is found by inspection 

of the calculated values of E. Then use only those points fall

ing on the two columns corresponding to the assumed RC and 

OC on the saddle surface (Figure 3) in determination of the 

best values of the constants a-f by either solving a 

simultaneous equations consisting of more than six equations 

(4) with the known x, y, and E, or by either multiple linear 

regression?

(iv) Using the constants a-f, obtain x*, y*, E* and a. 

Confirm that the point corresponding to (x*, y*) is a true TS 

by checking A<0 and B>0 using eq. 9.

(v) Refinement can be achieved by minimizing the gradient 

norm.

Results and Discussion

It is obvious that the success with this method depends on 

the good initial guess of the saddle point and the number of 
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points (the greater, the better) used in the calculation of the 

constants a-f. Since we are assuming a quadratic surface (eq. 

4), the points lying outside of the quadratic region will not help 

improving the constants.

The most important merit of this method is its simplicity, 

besides the following attractive features: (a) this method gives 

the reaction path 估)at the saddle point by a single determina-

Figure 3. Typical potential energy hypersurface with two-RC's. 

Multiple regressions were performed in two ways; (i) with all data 

points within square grid, (ii) with points within columns of assumed- 

RC and -OC.

tion of the saddle point, (b) the signs of A and B automatical

ly confirm that the point (x*, y*) is a true TS; in other methods 

extra computation is required to confirm the TS by Force Pro

gram, (c) the magnitude of the constant A and B provides in

formation on the TS structure; a small value will indicate a 

relatively flat saddle point and hence a loose TS whereas a 

large value indicates a tight TS, (d) relatively inexpensive con

strained energy minimization can be used so that substantial 

reduction of computer time is possible compared to other 

method (vide infra), (e) it appears that a rather simple and 

crude initial guess of the saddle point based on chemical in

tuition can yield a satisfactory starting point for this method.

Examples

To test the practical performance of the method we have 

carried out calculations using the MNDO energy minimiza

tion program8 on some chemically important classes of 

reaction.

Cope and Claisen Rearrangements. A conjugate pair of 

bonds involved in these types of reaction is one that is break

ing (x) and the other that is forming (y). In the model Cope 

rearrangement,3 the points were selected by varying x and 

y in the range of x= 1,57- 1.61 A and y = 1.78-1.82 A in 0.01 

A increments. The results obtained using the procedures 

above are shown in Table 1. The method (ii) in which only 

those points Alling on the two columns corresponding to the 

RC and OC in Figure 3 gives, as expected, a better correla

tion. The agreement with the results of other method,3 is ex

cellent. Likewise in the Claisen rearrangement,3 the points 

were obtained by varying x and y in the range of x= 1.44—1.48 

A and y = 1.86- 1.90 A similarly as above, in 0.01 A in

crements. Again the method (ii) is better and agreement with 

Table 1. Summary of saddle point locations by the conjugate reaction coordinate method. The method (i) includes all points within the 
square grid while the method (ii) o기y those falling on the RC and OC columns in Figure 3

Reaction Method NDP" X* b *' y 하， Es A B Ye

Cope ⑴ 25 1.5934 1.8021 61.0770 -91.07 315.17 0.947

rearrangement L5W i.8(y 61.(V

(ii) 11 1.5936 1.7994 61.0714 -126.37 329.43 0.991

Claisen (i) 25 1.4553 1.8781 32.2716 -151.85 316.86 0.987

rearrangement 1.4夕 1.8& 323

(ii) 14 1.4552 1.8779 32.2745 -185.29 341.25 0.989

CH3F + H- (i) 25 1.3345 1.5654 12.1629 -40.38 151.50 0.940

1.2(? 1.6秒 11.5*

(ii) 13 1.2897 1.6531 11.6446 -67.68 187.23 0.993

CH3F + CH3- (i) 25 1.8692 1.5889 14.6439 -65.67 118.72 0.974

1.79* 1.6P 14.5

(ii) 11 1.8130 1.6143 13.9775 -87.88 163.76 0.997

CH^F + Cl- (i) 25 1.9941 2.2034 -41.6603 -66.47 132.54 0.975

1.95- 2.20" -43.1*

(ii) 12 1.9825 2.1658 - 41.6197 -82.41 149.68 0.993

CHOCOCHO (i) 28 90 186 -77.71765" -2.59 2.25 0.994

rotation 91 1831 -77.6664()2

(ii) 16 90 186 -77.71763” -3.16 2.20 0.994

C4HQ + C2H： (ii) 6 1.9964 2.1124 46.45 - 137.91 1076.21 1.00()

"Number of data points. fcBond lengths in A, angles in degree. 'Literature values are given in parentheses. "Energies in kcal/mol unless indicated 

otherwise. 'Correlation coefficient obtained by multiple linear reference 3. 'From refeence 3. KFrom reference 10. AIn a. u. 'From reference 10. 

Energy with standard geometries from reference 11. *From reference 6.
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the results of Dewar et. al.3 9 is excellent.

Sn2 Reaction. The S»2 reaction is one of the most 

thoroughly studied class of reaction in chemistry by ex

perimental as well as theoretical method. Here the conjugate 

pair of bonds is one that is breaking, x, and the other form

ing, y, concertedly. We have carried out calculations on the 

nucleophilic displacement of fluoride in CH3F by H'f CHj, and 

Cl'.

CH^F+X-f CH’X+F- (11)

where X = H, CH3, Cl

In the s이ection of points within the square grid that span the 

saddle point, the two coordinates were varied in 0.1 A in

crements in the range of x = 1.06-1.46 A and y= 1.37-2.07 

A for X = H,x= 1.59-1.99 A and y = 1.41-2.01 A for X = CH3, 

and x=l.76-2.26 A and y= 1.87-2.47 A forX = Cl. Results 

of our calculations in Table 1 compare well with those by other 

method.10 In order to assess the efficiency of the present 

method, numbers of SCF cycle needed to arrive at the TS 

structure are compared in Table 2 with those of widely used 

reaction coordinate method.13 410 Reference to this table in

dicates that the numbers are substantially less and hence more 

efficient with our method for the two cases (X = H and CH」. 

For X = C1 the reaction coordinate method appears to be more 

efficient, but this is due to the high endothermicity of the reac-

Table 2. A comparison of the number of SCF cycles

Reaction Present method Reaction coordinate method

CFLF + H- 68 124°

CH3F + CH3- 63 85fc

CH3F + CI- 73 31。

"From product complex in 0.2 A increments. 6From reactant com

plex in 0.2 A increments. cFrom product complex in 0.2 A increments.

0
I (y)

0\ C /

i(x) f

H H
Figure 4. Conformational change of propanetrione, 

tion giving very similar TS structure to the product complex 

which was adopted as the starting point. Moreover it is well 

known that for this reaction (X = C1) the reaction coordinate 

method fails to give continuous reaction path leading to the 

TS when one starts from the reactant complex.

Rotational Surface of Propanetrione. The rotation

rotation surface of the propanetrione (Figure 4) has been 

studied by the X-method11 of the saddle point location using 

아le standard CNINDO program.12 We have therefore under

taken an examination of this system with the CRC method. 

Computations were performed as a function of the two 

dihedral angles 허(x) and &(y) in Figure 4, which represents 

the structure corresponding to 0( = 02 = O°. The angles were 

varied in 10° increments in the range of x = 60-120° and 

y = 170-200°. The results in Table 1 show small discrepan

cies from these of the X-method. Since in the present method 

we used GEOMO/RV13 for the constrained geometry optimiza

tion with the CNDO/2 method, the small differences in x and 

y values appear to have resulted from the difference in the 

method of computation.
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