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Stress Analysis of Rectangular Bar under Torsion

Dong-Hyun Kim*, Joong-Jo Ji*, Kab-Young Yoon*¥*

ABSTRACT

In this study, the stress distribution of rectangular bar under torsion, when
warping of both ends is free or constrained, is investigated. Method of separ-
ation of variable and Fourier Series are used for the theoretical analysis, and
3dimensional photoelastic stress-freezing method for experimental analysis.

The main results are as follows;

1) In the case of warping-constrained rectangular bar, the normal stresses

are negligible because they are less then 0.5% of the shear stresses.
The maximum normal stress is placed on the point of y=0.61 b when
b/a=1 and it gradually moves to the corner y=b when the value of b/a
is increased.

2) According to increase of the value of b/a, on the crosssection, the ma-

ximum shear stress is placed on the middle point of the long side
(x=¢a, y=0) when warping of both ends is free but the middle of the
short side {x=0, y=tb) when warping is constrained.

The stress distribution is straight line when warping is constrained, namely,
the stress distribution is proportional to the distance from the axis of centroid,
but parabolic when warping is free.

3) The values of the combined stress of warping-constrained bar, if the in-

fluence of the loaded point is neglected, are generally smaller than

those of warping-free.
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Nomenclatuer
E : Modulus of elasticity in tension and compression (kg/mm) a, b : Half length of the side
G : Modulus of elasticity in shear (Kg/mm) on the cross section {mm)
] : Polar moment of inertia of the cross section (mm) 8 : Angle of twist per unit length
K : Constant of normal stress omax : Combined stress (Kg/mm)
Kl-K.,: Constants of shear stress oz : Normal stress (Kg/mm)
T : Torque {(kg-mm) ¢ : Warping function
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Table 1. Values of Constant K, 2 b/a=1,1.5,202812 i=1¢4 10
boal 1.0 [1.2 |15 | 2.0 | 5.0/ 100 ”M’ el 1o A E 094 10 AR
: : ) ) . . Swstel 8 ko o A j=10l4 10747
Ky | 2,243 |2.65 |3,130 3,657 |4,450 | 4,995|  zt7kel ol el A i= 0ol 10 747 S-sle)
P Koo 8 Table 2,300 47 o
2 ) Warping & #=H3t 4% %t
A 27 el Warping-& #WERTOE #A B
o RADelolA Bimel Wl 2% ol
G50, K@ 2 Y#hol 9at §7S fgsep  Table 2. Values of Constant K,
L ZEE hLoRg MY A 0 A% ) 0|2 |4 |6 |8 |10
Sgone weba,
5 0.203]0.194 | 0.168 | 0,127/ 0.0 | 0
JZZHRZ(XZJrYZjLXa_f_ Y%@‘WF% 0.423! 0,406 | 0.353 | 0.205(0.146 | ©
ab (@24 b e (3) 1 0.084] 0,95 | 0.85¢ | 0.676(0.392 | 0
5 10 |1.307]1.308 | 1.259 | 1.045(0.605 | 0
3. B 0.306] 0.296 | 0,263 | 0.204]0.118 | 0
1) a3 0.621|0.601 | 0,538 | 0.420{0.239 | 0
O SR 5 151 g 11.310]1.277| 1.170 | 0.963]0.598 | 0
Fig.2eldst 2ol OF % OF % 10 S 10 |1.695]1.660 | 1.547 | 1.326/0.930 | 0
st x=(i/10)a,y=(j/10) b& Ty, Ta 0.357] 0.348 | 0.318 | 0.258[0.154 | ©
of Hdshd,
0.718] 0.701 | 0.644 | 0.52710.315 | 0
TYZ = ’—Tja— . KZ ................................. (4) 2 0'%1 O.&gl 0'813 0'670 0.405 0
1.467)1.440 | 1.347 | 1.149]0.758 | 0
Tyy :_’[j_a Ky wrererersnmmmmnnnnnens onennens (5) 10 |1.86011.832|1.734|1.525/1,104 | 0
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Table 3. Values of Constant K3 Table 4. Values of Constant K4
b 0
bali”il o 9 4 6 3 10 /a 1. 1.2 11.512.0[ 5.0 10,0
K, [1,3511,518{1,695[1,860| 1,999 | 2,000
0.20310.194 | 0,168 { 0,127|10.078 | 0
1 4 10,42310,406 |0.353 | 0.265/0,146 | 0
0.984 0,952 | 0.854 | 0.676(0,392 | 0 2) Warping & #yiar 4%
10 /1.307[1.308 /1,259 | 1,045(0.605 | 0 © IS S48
2 10,14810.141 10,121 { 0,088(0,046 | 0 aQ
= = e - Kl
1.5| 4 ]0.329]0.314 0.269 | 0.197]0.105 | o Tye, Txz °f X, ox = v AB)e
Q) 5l
8 [0.936(0.906 | 0,806 | 0.618/0,338 | 0 el °H 3Tx
10 [1.412]1.408 | 1.344 | 1.107]0.638 | o Ty = T 2X= b (abpr) T (7)
_T, — _SJLQ__Z_T ............
0.09410.089 | 0,076 | 0,055/0,029 | © Ty 7 2y 2ab (a?+57%) (8)
0.,225]0,214 {0,183 | 0,133(0,070 | 0 \
1 0.320 (0,305 { 0.261 | 0.191[0,101 | © A (1) (8R4l B= wped o] 1, = x Zho
ZF 2o
0,830 (0,780 | 0.702 | 0.530]0.287 | 0 RESEFL 1= y el webast wgh,
10 |1.435(1.430 [ 1.362| 1.121]0.645 | © A1t 8k x=(i/10)a € y=(i10)b
£ 22 sk,
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Table 4] K(6)lA] b, aE WA F g Ks, K¢ o 3to] Table 59 itk
T Ke o 2H& epiiglich
Table 5. Values of Constants K5, K6
i 1 2 4 6 8 10
b/a Ks K¢ Ks K¢ Ks Ks Ks Ke Ks Ks Ks Ke
10 0. 0. 0. 0 0, 0, 0. 0, 0, 0. 0. 0,
T lo3s |35 Jors |05 {15 |15 25 |25 |30 K| 375 375
L 0 0 0. o, 0. 0. 0. 0. 0. 0.
T | 0256 10307 |0s12 |0615 | 1025 {1230 |1537 | 1844 | 2049 |2459 {2561 | 3074
Ls | O 0 0 0 0. |o. 0. 0, 0, 0. 0. 0.
T | 0154 o231 0308 |0462 | 0615 {0923 0923 | 1385 | 1231 | 1845 1538 | 2508
9% 7.5 10 0 0 0. 0, 0, 0, 0, 0. 0. 0,
Tix10os |ols |03 m o6 045 |09 06 12 075 15
50|06 28 [r2 f58 123 fo. 3.5 [0, 46 o, 58 |0,
T X107 107 x 1070 [ x 1070 x 1070115 [ x 107 0173 | x 107%| o231 |x 107 | ooss
wol™4 |74 15 1.5 [30 130 {45 [45 |59 |59 |74 7.4
T X 07X 107 x 107 X 1073 x 107X 107 x 1074 x 1073 x 1074 [ x 1070 [x 107 | x 107
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Table 6. Values of Constant K7
b/a 1.2 2.0 5.0 10.0
Ky 0.307 0.150( 0,029 |7.4X107°
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Table 7. Values of Constant ko,
0 2 4 6 8 10
2 0 —4,39x10°7 {-3.51x107%|~0,04 -0,035 -0.070
4 0 3.50X107° | 3,39x107° |-0.018 -0.056 ~0,120
8 0 0.035 0,056 0.051 - -3.04x107* ] -0.123
10 0 0.068 0.122 0.146 0.119 6.98%107°
2 0 0.031 0.055 0.066 0.054 9.43x107°
4 0 0.064 0.116 0,142 0.122 0,041
8 0 0.150 0.279 0.362 0.361 0,213
10 0 0.205 0.383 0.523 0.566 0.440
2 0 0.062 0.116 0,152 0.156 0.105
4 0 0.125 0.236 0.312 0.325 0,232
5 0 0.158 0.2%8 0.39%8 0.418 0,306
8 0 0.263 0.508 0,687 0,757 0,600
10 0 0,340 0.656 0.913 1.048 0.925
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Table 8. Values of Constant K02
boa | ~_1] o 2 4 6 8 10
2 0 | -4.39x107| -3.51x107% -0.014 | ~0.035 -0,070
4 0 3.50X 107 | 3.39x10°¢ |-0.018 -0,056 -0,120
! 8 0 0,035 0.056 0.051 ~3.04 X 107*]-0,123
10 0 0,068 0.122 0,146 0,119 6.98 x 107
2 0 0.031 0,064 0,103 0,150 0.205
4 0 0,055 0.116 0.189 0,279 0,388
Lo 8 0 0.054 0.112 0.219 0.361 0.566
10 0 [ 9.43x107%] 0,041 0.100 0,213 0,440
2 0 0,062 0.125 0.192 0.263 0.340
4 0 0.116 0,236 0,364 0.503 0.656
) 5 0 0.137 0.280 0.434 0.605 0.795
8 0 0.156 0,325 0.520 0,757 1,048
10 0 0.105 0.232 0,388 0.600 0,925
4 9lvk. BE@E-E 10%E3F3, b/a g Wah4

AA P (Ko mar o 913 2 32 Table
99}z,

Values and the Point of Constant
(Koy)

Table 9.

max

b/a [l.0]| 1.2{1,5| 2,0]5.0] 10.0

y(b) {0.61 0,70 {0.77 {0.83 |0.93 | 0.97

(Kq) max| 0.146 10,300 | 0.568] 1,051 [4.047| 9.046
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Fig. 3 Test piece Configuration
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Fig. 4 Experimental Apparatus

(b

Fig. 5 Photoelastic Views,g—=1
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Table 10. Dimensions of Test Pieces (mm)

A5 1 I o Wi E Sl 7 $-9F Warping & fg#at ol

W See Wy ol W HAWATT EHRE M

b/ a 1.0 1.5 2.0 W& @shel 9o fFS Table 117 Table

a 30.0 24.5 2.2 1200 7 g1Ael4 ) MAETS %2 e g

b 30.0 36.8 42.4 ov] Fig.11 3 Fig.12¢] BRsFAct Fig.6

A 900 mrt 3 Fig. 79 x 2 yé#eld oo g "o

4 200 A x@H yE LS BEE e A fES 5

fis el Fig. 8% Fig .9+« z#y F
173t rhgfgol Ao MENSAMS Fig.10 3 Fig,
118 BLdEhell 178 frfEol Ao B hHm
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Fig. 94 2% Warping$ #FI4 7 W

of MAMES AT 1A E3e WHHEH WM F$ed Audos Fegg welw
o #stoz FHEHATH Fig.63 Fig, 77 Fig. 3w Fig. 12+ RREMA 3¢ 224 EXL
104 Fig.11ol4 29 REM 4$b/a & Holx, Warpingd #WHT 49$t 244
o] Ztol EnT+S BN e 2 dHelA <l FEE JEhle EHET Ll uhe} 3Eo]
Mt e Wl Ax HA FAEW EASA  Warping HKI 57 MmAEML A9R
E EeAA FEF stagovt, Bme] War- o A5g 4 vk BLES EBEReA fTER
ping s HWRY A+ & doll A st o dFe] & BMHOEFH 10mrtA T BT
70 ol A= Zhasta o —ES IS oA BRAAIRCH, o] JFL B RMmHoE
Table 11. Values of Combined stress in the case of both end free, b/a=1
e [dEA| e |uy EA (YA e | 4
1 i O max i !
(kg n’ ) O max N | N O max Omax N’ N
0 0.4668 | 0.4484 1,56 | 1.5 0 0.4668 | 0,4484 | 1,56 1.5
1 0.4631 0,4484 155|156 1 0.4631 | 0.4484 | 1,56 1.5
2 0.4519 | 0.4484 151 | 1,5 2 0.4519 | 0.,4484 | 1.51 1.5
3 0.4328 | 0.418 145 14 3 0,4328 | 0.4185 | 1.45 1.4
8 4 0.4052 | 0.3886 1.36 | 1.3 8 4 0,4052 | 0.3886 | 1.36 1.3
5 0.3683 | 0.,3587 1,23 | 1.2 5 0,3683 | 0.3587 | 1.23 1.2
6 0.3207 | 0,290 | 1.07 | 1.0 6 0.3207 | 0.2990 | 1,07 | 1,0
7 0.2607 | 0.2541 0.87 | 09 7 0,2607 | 0,2541 | 0.87 0.9
8 0.1859 § 0.1793 0.62 | 0.6 8 0.1859 | 0,103 | 0,62 0.6
9 0.0931 0.0900 0,31 | 0.3 9 0.0931 | 0,0900 | 0.31 0.3
10 0 0 0 0 10 0 0 0 0
0 0.2009 | 0.1993 0.60 | 0.5 0 0.2009 | 0.,1993 | 0.60 0.5
1 0.1988 | 0,1993 0,60 | 0.5 1 0,198 | 0,1993 | 0,60 0.5
2 0.1926 | 0,193 0.58 | 0.5 2 0.1926 | 0,1993 | 0,58 0.5
4 3 0.1822 | 0.1993 0.55 | 0.5 3 0.1822 | 0,1993 | 0.55 0.5
4 0.1676 | 0,1993 0.50 | 0.5 4 4 0.1676 | 0,193 | 0,50 0.5
5 0.1487 | 0,1329 0.45 | 04 5 0,1487 { 0.1329 | 0.45 0.4
6 0.1257 | 0.1329 0.38 | 0.4 6 0.1257 | 0,1329 | 0.3 0.4
7 0.0989 | 0.0997 0.30 | 0,3 7 0.0989 | 0,0997 | 0.30 0.3
8 0.0691 0.0664 0,21 | 0.2 8 0.0691 | 0,0664 | 0.21 0.2
9 0.0380 | 0.0332 0.11 | 0,1 9 0,0380 | 0.0332 | 0,11 0.1
10 0 0 0 0 10 0 0 0 0
Omax  Z2FEH, NN :F9544, i :x9 &%, j:yo 3%
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XY ——— Theoretical Curve of Warping—Free Torsion,
OOQ Experimental Values of Warping—~Free Torsion,
— =~ Theoretical Curve of Warping—Constrained Torsion
s e ANL  Experimental Values of Warping—Constrained Torsion

<
\,\ Fig. 6 Stress Distribution,
- S

b . .
5:1, i=j=8

L
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Table 12. Values of Combined Stress in the case of Warping Constrained, %:1

of A | A Ao & AYH o] FA |AYFA o] & | A
i j O rax j i
(kg nn? ) Omaz | N N 0 max O max N’ N

0 0,3200 10,3307 |1.21 | 1.3 0 | 0.3200 1.20
1 0,3200 1
2 0,3200 2
3 0.3200 3
8 4 0,3200 8 4
5 " 5
6 " 6
7 ” 0.2910 1.1 7
8 " 8
9 ” 0.2646 1.0 9
1o " 0.2381 0.9 10

0 0.1600 [0.1759 |0.55 | 0.6 0 | 0.1600 0.55
1 0.1600 1
2 2
3 3
4 4 4 4
5 5
6 6
7 7
8 8
9 9
10 0.1465 0.5 10
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