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Free Vibration Analysis of Orthotropic and Laminated Composite
Circular Cylindrical Shells
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Abstract

A general analytical procedure is developed for evaluating the free vibration characteristics of
orthotropic and laminated composite circular cylindrical shells,

The solution is obtained through a direct solution procedure with axial mode displacements
presented as simple Fourier series expressions.

On the basis of the various thin shell theories most commonly used, the frequency equation is
derived and is expressed in a unified form.

The present analysis can deal with shells which are made of an arbitrary number of bonded
layers each with a different thickness and different elastic orthotropic properties, and have classi-
cal boundary conditions of any kind.

Several examples are shown with the consideration of the effects of fiﬁer orientations and
boundary conditions as well as different shell geometries and material properties.

To verify the validity and accuracy of this analysis, the results are compared with the
experimental and analytical results of other workers. Agreement among the various results is

found to be fairly good.
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Table 2 Boundary conditions of cylindrical shell

Case Code Description Boundary conditions
1 C Clamped u v w  ow/ox
2 CNA Clamped with no axial consiraints N, v w  ow/ox
3 CNT Clamped with no tangential constraints u N, w ow/ox
4 CNAT Clamped with no axial, tangential constraints N. N, w ow/ax
5 SS Simply-supported u v w M.
6 SNA Simply-supported with no axial constraints N. v w M.
7 SNT Simply-supported with no tangential constraints u N., w M.
8 SNAT Simply-supported with no axial, tangential constraints N Jc’xy w M,
9 FS Freely-supported u v Q. ow/dx
10 FSNA Freely-supported with no axial constraints N. v Q- ow/ox
11 FSNT Freely-supported with no tangential constraints u N., @. ow/ox
12 FSNAT Freely-supported with no axial tangential constraints N, No Q- dw/ox
13 FAT Free with axial, tangential constraints u v Q, dw/ox
14 FT Free with tangential constraints N. v 0. M,
15 FA Free with axial constraints u Ney @, M.
16 F Free N. AN. 8. M.
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Table 3 Shell geometrical boundary conditions to be
altered on using assumed mode functions

Case ‘ Code Forced to zero Released
1 ~ C u, dw/dx —
2 CNA ow/ox —
3 CNT u, ow/ox
4 ’ CNAT ow/ox
5 { SS # —
6 | SNA — —
7 SNTj u v
8 1 SNAT — v
9 , FS u, ow/ox w

10 | FSNA ow/ox w
11 { FSNT u, ow/ox v, w
12 | FSNAT ow/ox v, w
13 ' FAT " w
4 | FT — w
15 ‘ FA u v, W
16 | F — v, w

Table 4 Mechanical properties of materials used

. | B\ VT E [ Gl o

Material | | 6B B L
SOTROPIC 68.95 68.95| 29. 78| 0. 315 2,714.5
POXY-GLASS | 45.23 8.05 3.00' 0.272; 2,433. 3
POXY-GLASS- |

|
|
TERL, 109.43' 8.33 3. 091 0.310! 4,535.6

'POXY-GLASS-
TEEL-BORON (188.46 8.40

1)
POXY-GLASS-
TEEL-BORON |[138. 06

)
ORON-EPOXY

3.12: 0.272) 2,433.3

8.30| 3.08 0.279 2,715.4

O 217. 18! 18.62 5.17 0. 280: 2,051.9
‘%?ON‘EP OXY |yos ool 1 62 4.48( 0.280 2,048.0
RAPHITE- ‘ l

RAPH 0 10 0.5 0.25
EErE

2 aFo)d A% Y549 ALE4L Table 4
bz

Fig. 2+ ﬁﬁ AAZAEL 2= YA 4 F %'] i
=R g ATk gE s nd e 245 A
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E dole] LAE YEd Aoz o] EAbold oFE v
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Fig. 2 Analytical and experimental frequencies of
homogeneous isotropic cylindrical shell
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0°/90°
O—3 ¢/R=10
C---0 ¢/R= 5
0 /0" 1
f— €/R=10
Lr~=H ¢/R= 5

0" /90"
O—0 t/R=10
O--0 ¢t/rR= 5
0 /0"
Ot E/R=10
Lr=~N ¢R= 5

£ (%)

ERROR FACTOR
ERROR FACTOR (%)
@

o § : 3 4 5 € 7 8§ 9 1 11 12 o 1 2z 3 4 5 6 1 8 9 10 11 12
CIRCUMFZRENTIAL WAVE NUMBER n CIRCUMFERENTIAL WAVE NUMBER n
Fig. 8 Natural frequencies associated with shallow Fig. 4 Natural frequencies associated with shallow
and non-shallow shell theories for a two la- and non-shallow shell theories for a two
yered cylindrical shell (R/A=100) layered cylindrical shell(R/h=20)

Table 5 Comparison of fundamental natural frequencies(in Hz) of multifiber composite shells with simply
supported boundary condition(R/2=500, /R =10)

1 Case | Case T Case I Case IV
n [l

| Ref. (9) Present Ref. (9) | Present Ref. (9) Present Ref. (9) Present

] ‘
0 — 48. 4032 — 32. 5112 — 44, 5666 — 41.9511
1! — 26. 4341 — 20. 2419 - 29. 0951 — 26. 7336
2 | — 11. 2990 9.9412 | 90,9421 . 15.4208 15. 4317 13. 5929 13. 6044
3 5. 8604 5. 8835 5.4943 5. 4960 3.9610 8. 9703 7. 6759 7. 6833
4 l 4.0356 4. 0454 3. 6407 3. 6393 5.9734 5.9766 5. 0837 5. 0887
5 ' 4,1160 4,1326 3.2188 3.2254 4.9842 4. 9885 4, 3647 4. 3769
6 : 5.2992 5.3194 3.7610 | 3.7610 5. 4098 5.4206 4.9387 4. 9466
7 7. 0586 7.0816 4. 8352 4. 8352 6. 7362 6. 7399 6. 2609 6. 2730
8 ' 9. 1963 9, 2274 6. 2257 6. 2316 8.5705 j 8. 5839 8. 0363 8. 0467
9 | 11. 6571 11. 6980 7. 8665 7. 8708 10. 7830 10. 7964 10. 1372 10. 1469
10 | 14.4242 14. 4742 9.7213 9. 7252 13. 3025 ’ 13. 3187 12.5153 12. 5299
11 I‘ 17. 4880 17. 5489 11. 7744 11. 9844 16. 1096 16. 1281 15. 1580 15. 1791
12 j 20. 8469 20.9195 14. 0370 14. 0442 19,1928 19. 2152 18. 0638 18. 0879
13 l 24,5010 ’ 24. 5846 16. 4943 16. 5027 22, 5511 22, 5758 21. 2277 21. 2533
14 28. 4430 28. 5437 19. 1488 19. 15¢1 26.1793 26. 2080 24. 6419 24. 6937
15| 326840 | 32,7965 | 21.9993 | 22.0129 | 30.0738 | 30.1107 | 28.3101 | 28.3486

Case] : Epoxy—Glass{(0*.4:0.6)

Case 1 : Epoxy—Glass—Steel(0.4 : 0.12 : 0.48)

Case T : Epoxy—Glass —Steel—Boron( 1) (0.4 :0.12:0.096 : 0.384)
Case N : Epoxy—Glass—Steel —Boron (1) (0.4 : 0.24 : 0. 144 : 0. 216)
# Fiber volume fraction
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Table § Comparison of fundamental natural frequencies(in Hz) of cylindrical shell with various boundary
condition for two layers 0°/90° cross-ply BORON-EPOXY (1) (R/k=82.7, I/R=12.7)

'SNAT-SNAT ] SNA-SNA

|

CNA-SNAT

SS-SNAT

c-C

|

N e

Nla

240.10' 262, 995 28 250.67, 264.9

494. 99‘ 499.310. 87'i 531. 74{ 538.9
358. 90!’ 373.76.3. % 359. 041 373.8
662.46 677.972. 29J

1
2
3
4
5 | 1068. 23| 1090. 071.91
6
7
8

I
|
1568. 71] 1599. 29:1 91} 1568. 71( 1599. 2
’ 2159. 09‘ 2204, 76|2 06‘ 2159. 40, 2204.7
| 2840. 99{ 2907.312. 28! 2841. 00I 2907.3

662. 46| 677.982. 29l
1069. 23, 1090. 07.1. 52

4!1.34
45 39
713 97

9‘1 91

62. 06

1|2 28|

512. 02
250. 43,
359. 40

662. 46’

|
|
|

U |
EERAREEEANESRAE
|
|

1069. 36 1090. 201 92
1568. 76\ 1599. 7
2159. 42, 2204.81
2841. 111 2907. 34

517. 79‘1 1
264.605. 3
374. 283 98

310. 13!

569. 82] 574.74

678. 212 32‘ 666. 27| 581,73
\

0. 86‘ 655. 79' 663. 111 10

320.053.10 373. 43; 382. 632 40

376.23; 389.783. 48 400. 27‘ 412, 392 94

|
2..27, 672.56, 687.642. 24

1070. 86 1091.221. 90‘1072 261093 081 S0
1.91,1570. 56 1599. 72.1. 82 1575. 56 1600. 461. 56

2. 062159 772204 95|2 052161 8712205 301.97
2. 282841 472907 402.27 2841.11 2907. 592 29

+ P : Present Results, N : Nastran Results

e-—<1—§3v>x100

Table 7 Comparison of lowest natural frequencies(in Hz) of cylindrical shell with various boundary condi-
tions for three layers 6°/0°/6° BORON-EPOXY (1) (R/h=381, I/R=2)

\\\} cc } CNA | CNT }CNAT[ SS | SNA | SNT |SNAT
Sheinman* | 261.41 235.46 259.37 235.19 254 80; 226.94 24240 218.72
0°/0°/0° @« @ o © o o ® o
Present 261.13 235.22 258.64 234.83 254.65 226.92 241.33 218.05
* Sheinman | 337.65 269.73 33190 268.82 332.57 26129 311.90 250.53
15°/0°/15° i (10). @ (10 @  ao] o ). )
Present | 337.05 269.40, 330.86 268.33 332.13 260.97 310.58 250.02
Sheinman | 397.58 288.88: 303.200 288.50) 392.44 281.82 375.37 273.79
30°/0°/30° | o @ a @ a0 @ a0 @
| Present | 395.96 288.13 391.16, 287.83 391.04 28113 373.19 272.76
| Sheinman | 446.24 316.63 442.78 316.28 442.25; 311.77 428.07 303.90
45°/0°/45° i ! 9 8" © ® © (8), ® )
| Present | 443.79 315.57 439.56 315.18) 440.13 310.83 424.61 302.05
- | Sheinman | 487.64 318.20 48147 347.24| 485.55 345.08 465.86 336.86
60°/0°/60° ! ; ® ) & (" (8 { (7 ®, (7
~ Present | 485.70. 347.27 477.33 345.68 483.99 344.27, 462.92, 335.73
| Sheinman | 465.54 365 36 458.97] 362.86 464.13 362.70 442.88 343.80
7/0 /75| o e ®  ® @ ©® o ®
| Present | 464.63 364.50 445.58 362.26) 463.52 362.26 441.36 348.08

-t T T T T e T T T T B B l .
| Sheinman | 370.71, 325.57 368.26] 325.16 368.67 322.75 356.46  316.67
90°/6°/90° | Co® @ (®) ®6) ®6) ®) ®  ®
| Present 370.07 524.90 322.57, 355.49 316.17

_FI_M Resuﬁg,‘ i?effr. (14)

< Numbers in parenthesis denote the circumferial mode

365. 07] 323.40{ 368.43
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