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SOME PROPERTIES OF BITOPOLOGICAL SPACES

WoN HUH AND YoNG MUN PARK

1. Introeduction

A bitopological space (X, P, Q) is a set X together with
two topologies P and @ on X. In this paper we study some
properties of bitopological spaces.

In J.C.Kelly[2], Theorem 2.7. is the generalization of
Urysohn's Lemma. In this paper we prove the sufficiency
congition aiso holds.

Ir section 3, when we define a bitopological space (X, P,
Q) to be pairwise paracompact if (X, P,Q) is pairwise Hausd-
orff{ and each P-open coverinz of X has a @-open nbd-finite
refinement, and each @-open covering of X has a P-open
nbd-finite refinement, we prove that every pairwise

paracompaci space 1s pairwise normal.

2. Pairwise Hausdorff, pairwise regular, pairwise
normal bitopological spaces

The following definition extends to a bitopological space (X,
P, Q> the notions of separation properties of a topological
space (X, F).

DEFINITION 2.1.12]). In a space (X, P,Q), P is said to be
regular with respect to Q if, for each point x in X, there
is a P-neighbourhood base of Q-closed sets.

THEOREM 2.2. In a space (X,P,Q), P is regular with
respect to Q if end only if, for each point x in X and
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each P-closed set P such that x& P, there are a P-open set
U and a Q-open set V such that U, FCV, and UNV
=g,

PrROOF. Let & be an arbitrary point in X, and Pis a
P-closed set such that x&P, Then & P¢ and P¢ is a FP-open
set. By hypothesis, there exists a P-neighbourhood of @
closed set U of x such that UCP:. Then, z=U, PCU,, U
is a P-open set, U is a Q-open set, and UNU=¢, i.e.
there exist a P-open set U and a Q-open set U such that
xEU, PCUs, and UNNU=¢., Conversely, let = be an arb-~
itrary point in X and N(x) be a P-open neighbourhood base
of x. Then for each element W of N(x), W* is P-closed
amd xEWe
By hypothesis, there exist a P-open set U and a @-open
set V such that z&U, W'CV and UNV=¢. Then there
are a P-open set U and @-closed set V¢ such that x&UCV*
cW.

Put W(x)={V*}, then W(x) is a P-neighbourhood base
of Q-closed sets,

(X,P,@) is or P and @ are, pairwise regular if P is
regular with respect to & and vice versa.

DEFINITION 2.3. [2]. A space (X, P,Q) is said to be pai-
rwise Hausdorff if for each two distinct points x and vy,
there are a P-neihbourhood U of x and a Q-neighbour-
hood V of y such UNV =4¢.

THEROEM 2.4.[5]. If a bitopological space (X,P,Q) is
pairwise Hausdorff then sets which are compact with
respect 1o one are closed with respect to the other.

DEFINTION 2. 5. [2]. A space (X, P, Q) is said to be pairwise
normal if, given a P-closed set A and a Q-closed ¢t B
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with ANB=¢, there exist a Q-open set¢ U and a FP-open
set 'V such that ACU, BCV, and UNV =é.

THEOREM 2.6. A space(X,P,Q) is pairwise normal if
and oniy if, given a Q-closed set C and a P-open set D
such that CCD, there are a P-open set G and a Q-closed
set F such that CCGTFCD.

Proor. Let C be a Q-closed set and D be a P-open set
such that CCD, Then D¢ is a P-closed set and C\D'=4¢.
By hypothesis there exists a @-open set U and a P-open set
V such that D*CU, CCV, and UNV=0¢.

Then U'CD, CCV, VCU¢, and U¢is a Q-closed set.
Put F=U¢, and G=V, then there exist a P-open set G
and a @-closed set F such.that CCGLFTD.

Conversely, let A be a P-closed set and B be a @-closed
set such that AN\ B=¢. Then A¢ is a P-openset and B is
a @-closed set such that BC A«

By hypothesis there exist a P open set G and @-closed set
F such that BCGEFC A, Then BEG, A CF¢, Fisa
Q-open set and GNF¢=¢, Thus there exist a P-open set G
and a @-open set F* such that BCG, ACF¢ and GNF=
¢.

In J.C.Kelly [2], Theorem 2.7. is the generalization of
Urysohn’s Lemma, In this paper we prove that the sufficient
condition also holds.

THEOREM 2.7. A space (X, P,Q) is pairwise normal, if
and only if, given a Q-closed set F and a P-closed set H
with FO\H=¢, there exists a real-valued function g on X
such that,

g(2)=0 (=), g(x)=1 (xcH), and 0£g=1.

) g is P-upper semi-continuous and Q-lower semi-con-
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tinuous.

Proor. Necessity. [2, theorem 2.7]

Sufficiency. Let A and B be subsets of X such that A is a
&-closed set, B is a P-closed set, and A(1B=¢. By hypo-
thesis there exists a real valued function g on X such that,

] g(x)=0 (x=A), glx)=1 (z=H), and

[2] g is P-upper semi-continuous and Q-lower semi-conti-
nucus,

Put U=(zlgl@)<3}, V=(zlgla)>F). Then ACU,

BCV, UNV=¢, and U is a P-open set V is a @-open set.
Hence(X, P, @) is pairwise normal.

Another necessary and sufficient conditions that (X, P.@)
i1s pairwise normal is in E.P.Lane {4;.

THEOREM 2,8. In order for (X, P,Q) to be pairwise nor-
mal, it is necessary and sufficient that for every pair of
Junctions f and g defined on X such that f is P-lower semi-
continuous and g is Q-upper semi-continuos, and g=f,
there exists a P-lower semi-continuous and Q-upper semi-
continzous function h on X such that g<h<f.

PROOF. Necessity. [4, theorem 2.5]

Sufficiency, Let A and B be subsets of X such that A is
a F-closed set, B is a Q-closed set, A} B=¢. Define real

functions Xy 1 X—>R, X;:X—>R by Yy (x)= {é ﬁgfgﬂA’

()= {(}5 zgg_g. Then Xy, is P-lower semi-continuous,

Xz is @-upper semi-continuous and %<, By hypothesis
there exists a P-lower semi-continuous and @-upper semi-
continuous function & on X such that %p<A<%, , Put U=

fz:h(2)> 5, V=(z:h(2)<7}. Then BCU, ACV, UNV
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=¢, and U is a P-open set V is a §-open set.

DEFINITION 2.9. Suppose that P and Q are topologies on
a set X. We say that P is completely regular with respect
to Q in case every P-closed subset F of X and each point
z in X\F, there is a F-lower semicontinuous and Q-upper
semicontinouus function { on X such that f=0 on F, f{2)
=1, and 0= f<1. The space (X, B, Q) is pairwise comple-
tely regular if P is Pis completely regular with respect
to Q@ and Q is completely regular with respect to P.

DEFINITION 2, 10. (4], A subset A of X is SC-embedded (resp.
SC-embedded) in X if every real-valued (resp. bounded
real valued) P-lower semicontinuous and Q-upper semicon-
tinuous function on A can be extended to a P-lower semi-
continuous and Q-upper semicontinuous function on X.

THEOREM 2.11.[4). Every P-closed and Q-closed subset of
a pairwise normal space (X, P,Q) is SC¥-embedded.

DEFINITION 3. 14. (43, Let (X, F, @) be a bitopological space.
If f is a real-valued function on X that is P-lower semi-
continuous and Q-upper semicontinuous, then {xEX|f(2)
<0} is a P-zero-set with respect to @, and {z&=X[0s(x))
is a Q-zero-set with respect to P.

The terminology will be abbreviated as follows; a P-zero-set
with respect to @ will be called 2 P-zero-set, and a &-zero-
set with respect to P will be called a @-zero-set.

Let f be a P-upper semicontinuous and @-lower semicont-
inuous function on X. Then, for every real number r, {xE
X|r<f(2)) is a P-zero-set and {x&X|f(x)<r} is a @-zero
—set. Also, because {x&X|g(2)£0)={x=X|(gV)(x)=0},
any P-zero-set is of the from {z&X|A(z)=0}, where h is

P-lower semicontinuous and Q-upper semicontinuous and A=
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0. Similarily, any @-zero-set is of the from {x=X|h(x)=
0}, where A is P-upper semicontinuous and @-lower semico-
atinuous and A=0.

THEOREM 2.12. The space (X, P, Q) is pairwise completely
regular if and only if the P-zero-sets from a base for the
P-closed sets and the Q-zero-sets from a base for the Q-
closed sets.

Before proving Theorem 2.12, we need the following Le-
mma.

LEMMA 2.13. For every P-zero-set F and each point x in
X\F, there exists a P-lower semicontinuous and Q-upper
semicontinuous function f on X such that f(F)=0, f(x)=1,
and 0= ()] (z&X)

PrROOF, Let F be a P-zerp-set, Then E={zc=X|A(2)=0}
where % is P-lower semicontinuous and &-upper semicontin-
uwous, and A20. Let xy&X\F, then by difinition of F,

h(z)>0. Put f(z)=min {%))—1} , then f(F) =0, f(a0)=

1, and 0= f<1. Furthermore, f is P-lower semicontinuous
and @-upper semicontinuous. Since 4 is P-lower semicon-
h{2)
()
is P-lower semicontinuous @-upper semicontinucus, So f(x)

h(zx)
h(zo)’

semicontinuous,

Proor of TuEoR:EM 2.12. Let F be a P-closed set and 2 be
an arbitrary point in X\ F. By hypotesis, F=(1F; where &,
is P-zero-set for each L. Since F=NF, and x&F, there
exists a F-zero-set F;, such that FCF; and x&F;, Then

by Lemma 3.16, there exists a P-lower semicontinuous and

tinuous and @-upper semicontinuous, and A(zy)>0,

= min { 1} is P-lower semicontinucus and @-upper
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0, flz)=1. and 0=<f=<1. Then since FCF,, f(F)=0. Thus
F is P-completely regular with respect to Q. Sim‘larily @

Q-upper semicontinuous function f on X such thav f(F, )=

is completely regular with respect to P.

Conversely, let F be a P-closed set. Then since (X, P, Q)
is pairwise completely regular, for each point . ir X-Fj
there is a P-lower semicontinuous and @-upser semiconti-
nuous function f,, on X such that Joo(F)=0, f (z:=1, and
0£/.,£1. Put Fo={2&X|f,,(x)£0}, then F,,
set and F= WF;;O. Thus P-zero sets form a base for the P-

f—v
Tg=~ Al

is a @-zero

closed sets. Similary @-zero sets form a base for the Q-
closed sets.

TueoreMm 2.14.04]. If X is pairwise normal and if a
subset A of X is a P-zero-set and a @-zero-ser, then A is
SC-embedded in X

3. Pairwise paracompact spaces

DeriniTioN 3.1, Let {A,Ja&A) and {B,|B=B} be two
coverings of a space X. {A,} is said to refine (or ke a refi-
nement of ) {B,} if for each A, there is some B. with A,
CB,,

DerinitioN 3.2. A refinement {A,|JaS A} of {BiB=B) is
called precise if A=B and A,CB, for each o,

LEMMA 3.3. If the space (X, P,Q) is pairwise Hausdorf¥.
Then for a fized point p in X, and for each point q#p
in X, there is a P-open neighbourhood U, such rthat g&
Q-clUy,. Similarily there is a Q-open neighbourhood V¢,
such that q& P-clV

Proor. Let ¢ be an arbitrary point in X such that pg.
Since (X, P, @) is pairwise Hausdorff there exist a F-open



40 Won Hun anp Yone MuN Parx

neighbourhooh U, and a Q-open neighbourhood V{(gq) such
that UpyNVp=¢. Then U,nCVey, &V, and Vi is
@-closed. Thus Q-clU, TV, So ¢&Q-cl Uy,

Lemma 3.4, If the P-covering {A oA} of X has a
Q- neighbourhood-finite refinement {B;|BEB), then it also
has a precise Q-neighbourhood-finite refinement (C, |ac A}
Furthermore, if each B, is a Q-open set, then each C,
can be chosen to be arn Q-open set also.

PROOF. Define a map ¢:B-—A by assigning to each BB
some oA such that B,C A, For each ac=A let C,={B;
le(B)=a}, some C, may be empty. Clearly, C,CA, for
each o, and also {C,| a=A} is a covering because each
B; appears somewhere; C, is evidently Q-open whenever
each B, is Q-open., If{Bs:} is @Q-neighbourhood-finite, then
each poiat 2 in X has a @-neighbourbood ¥V such that VN B,
Z+¢ for at most finitely many indices 3. And the number of
{C,} such that VC #¢ is less then {B,}. Thus VNC,#%¢
for at most finitely many indices «, {C,} is thercfore @-
neighbourhood-finite refinement.

LEMMA 3.5.717 Let{A.la=A} be a neighbourhood-finite
family in X. Then,

0 (clAlas A} {5 also neighbourhood-finite,

for each BC A, U{A,|BE B} is closed in X.

DEFINITION 3. 6. A pairwise Hausdorff space (X,P,Q) is
pairwise baracompact if each P-oten corering of X has a
Q-open neighbourhood finite refinement cnd each Q-open
covering of X has a P-open neighbourhood-finite refine-
ment,

THEOREM 3.7. Every pairwise paracompact space is Pa-

irwise normal.
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Proor. We first show that the pairwise paracompact space
is pairwise regular. Let A be a P-closed set in X and y be
a given point in X such that y& A, Since (X, P,Q) is pair-
wise Hausdorff. We {ind by Lemma 3.3, that each a&A
has a P-open neighbourhood U, with y&Q-clU,, Since {U,]
a=A} J{A°} is a P-open covering of X, we use pairwise
paracompactness and Lemma 3.4, to get a precise @-neigh-
bourhood-finite open refinement {V,lac=A)}UG. Then M=
{V.,ac=A} is @-open and contains A. Furthermore, because
{V.} is @-neighbourhood-finite, Lemma 3.5. shows that @-
dM={J{Q-clV, JacA} and since y&@Q-cdU,DQ-clV, for

each a= A, we find y&@Q-c/M. Since (X,P,Q) is pairwise
Hausdorff, and y&Q-cM, we find by Lemma 2.3. that
each bESQ-¢IM has a @-nsighbourhood W, with y&P-cW,,
since{ W, |b=Q-cIM}YU {{@-clMi} is a Q-open covering of
X, we use pairwise paracompactness and Lemma 3.4, to get
a precise P-neighbourhood-finite open refinement {7,[0&&-
cdMiUH., Then N=U{T,|b=Q-cIM} is P-open contzins
@-clM. Furthermore, because {7} is P-neiziibourhood finite
Lemma 3.5. shows that P-cIN=U{P-cIT,|b=Q-cIM}, =2nd

since y&P-clW, DP-clT, for each b=Q-clM, we find ¥y
&P-¢IN., Then yS(P-cIN3,, [(P-cIN}NM=¢. i.e. there
exist a P-open set [P-¢IN)°, Q-open set M, y&{P-cIN)S,
AC M such that [P-cINY(\M=¢.So P is regular with respect
to &, similarily @ is regular with respect to P. Thus (X, P,

&) is pairwise regular. We now prove that X is pairwise
normal, Let A be a P-closed set, B be a @Q-closed set with
ANB=¢., Then for each b=B, b5&XA. Since (X, P, Q) is
pairwise Hausdorff, we proved above that for each #&B
there is a @-open set A, such that ACM, and b&Q-clM,.
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Then ACN Mb, (N Q-cIMbINB=¢. Put A":bﬂg M, then
=B K

b=g [

ACMCQ-c?M and since Q-clM=Q-cllN ;’l&'&j;bﬂ‘g@-dﬂffb,
b3 =

Q-clMNB=¢, Since (X, P,Q) is pairwise rezular, for each
ac=Q-clA, there is a @-open ses {J, and P-open set V,
such that e U, BCV, and UNV,.=¢. Therefore for each
a&EQ-cIM, there is a Q-open set U, such that acU, and
P-clUNB=¢. Since {UacQ-cIM} {[Q-c/A)) is an Q-
open covering of X, we use pairwise paracompactness and
Lemma 3.4 to get a precise P-neizhbourhood-finite open
refinement {V |a&=Q-cIM}UG. Put N=U{V,|ac=Q-c/}M]},
then N is P-open and @-c/MCN. Furthermore, because { V,}
is P-neighbourhood-finite, Lemma 3.5 shows that P-cIN=
U{L-¢lV,ja=Q-clAf}. Simce P-ciU,DP-cV, for each a&
Q-cIM, and BNP-clU,=¢, we find BNP-ciIN=¢. So
we find a Q-closed set Q-cIM, P-closed set N° such that
ACQ-cIM, BCN¢, and Q-cIMNc=¢. Since Q-cIA{ is @-
closed, N°¢ is P-closed, and Q-cIM(1N‘=¢, as we proved
above there is a set H uch that N\C HZQ-c/H and Q-clH
NQ-ciM=¢. Then ACQ-cIMC(Q-clH), B&(P-cdNY¥
Since [P-cINYCNCHCLQ-clH, ((Q-cIHIN[P-cIN)=4¢.
In other word, there exist P-open set (P-¢/NJ¢ and Q-open
set [Q-c/H)® such that AC[Q-c?H, BC[P-cIN)* and (Q-
cHYN[P-cINI =¢.

ExaMmPLE 3.8. In a real line R, let P be the usual topology
and @ be the topology generated by the open-closed interval
(a,b] (a,b=R,a<<b). Then (R, P,Q) is a paiwise paracom

paci space.
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