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With a view to generalizing the well-known Banach contra

ction principle, in 1973, Matkowski gave a fixed point theo

rem for a system of n transformations, each from a product 

of n metric spaces to one of the spaces. In this note9 a common 

fixed poini theorem for two systems of transformations 

generalizing the results of Pavaloiu(1969), Rus (1972) and 

Matkowski (1973) is proved. Our theorem also includes the 

result of Czerwik (1976a) for a system of single-valued trans

formations under a slightly different condition.

We 아/11 follow 난le notations of Matkowski (1973,1975)。

(]) ©萼=["盘 for = …，您

.1 — (2^ for i~k^

and are defined recursively by

十for i^k,

(2)

I W泠帯,f — c里,日：性+i, for i=^k,

i,为 = L …“z — Z— 1, 1=0,1, *•> n —2.
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We 珪mark that (裆？)is an (n —Z)x(n —Z) matrix.

Following MatkowskiJs Lemma (1973) or Lemma 1.1 (1975, 

p.9) and the beginning part of the proof of Theorem 1.4 

(Matkowski 1975, p. 11), we have

Lemma 1. Let >0 for i9 k=l9 •••, n, n>2. The system 

of inequalities

»
(3) i = l, —,n, 

公=1

has a positive solution rn if and only if the follo

wing inequalities holdz

(4) )>0,  t = Z=0,…“2—L*

Throughout this note let be complete metric spaces

and X逐X2X …、xK=X・

Matkowski (1973) announced, in the Bulletin of the Polish 

Academy of Sciences, a contraction p호inciple, in fact a gen

eralization of the well-known Banach contraction principle, 

for a system of transformations from X to z = l, •••, n (see 

Remark 3 below. Its proof appears in (Matkowski 1975), and, 

in some circles, this is now called Matkowski*  s contraction 

principle (MCP). Following the MCP, Czerwik (1976a) proved 

a fixed point theorem for a system of multi-valued transfor

mations which includes among others the contraction principle 

for multi-valued transformations (Nadler, 1969) and the MCP. 

Moreover, utilizing the proof너;e사mique of Matkowski (1975), 

Czerwik (1976b) and Reddy and Subrahmanyam (1981) genera- 

lized, respectively, Edelstein's fixed point theorem (Edelstein 

1962) and Krasnoselskii*s  fixed point theorem for the sum of 

two transformations (Krasnoselskii 1955). Matkowski type 
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fixed point theorems are applicable to convex solutions of a 

system of functional equations (Reddy and Subrahmanyam 

1981). We combine, in this nots, the ideas of Matkowski 

(1973,1975), Won응 (1973) and Czerwick (1976a), and prove a 

common fixed point theorem for two systems of transformat

ions from X to z = •••, n. Several fixed point theorems 

follow as corollaries to our result (Theorem 2).

We p호ove the following result.

Theorem 2. Let F、G，X—X,, z=l,2, •••, n be two sets of 

transformations. If there exist nonnegative numbers b and 

a电 z, ^ = 1,2, •••, n such that

(5) , a；箕)，G   ?  z”))* * *

a e心瞞zQ 
砂1

+ …产鈴))+』(z G(ni,・・・,2"))]

for all x3%j WX" z,; = l,2,

and the numbers cf? and c?? defined by (1) and (2) fulfil 

the condition (4), where

n
(6) 0V23VL —% in which v = max (厂尸20矽2),

then the system of equations

E("i,…产Q = r = G,(Zi,…产 Q

has a unique common solution such that

j — 1,n.

Proof. First of all we note that, in view of the homogeneity 

of the system of inequalities (3), y defined in (6) exists and 

0<u<l (Czerwik 1976a). From Lemma 1 and (6) we may 

choose a system of positive numbers r1)r2)--* )rK such that
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krk<vr, z=l, —,n.
k=l '

Pick and choose a sequence {x^} in X、z = l, •••, n 

such that

（7） 玲시七 …, 史牌） and ^m+2 = GE曾气 …, &泸E）, 

m=0,1 ….

Without loss of generality （in fact, increasing the numbers 

rt by a constant multiple, if necessary）, we may assume that

dt（X^ rt>l for 리, …,n.

By （5） and （7）,

d （W, 姥）=0（E G身,:理）,G,（姐,战））

<La,kdtQ^,以）
k=l

+Z，03,F（z% .••，相）+ cL3,GK臨,•••, a* ））；

«
。丄知广*+死/ （邳 

k=l

So Mgr, i = L …*,  where 0Vq = Q니—）/（1 一何）

<1.

Also from

亿（"玲, ；球）（서, …, 球）, G,（져, …, 处））

m立务域3,趙）

+아0（•球,，EG留, •••，，砂））+』,（以, G,（硏, •••，成））］

3岛待办+60（：矽,:玲）+』,（以,充）］, 

k^l
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we obtain

显（⑦，；玲）三冬2兀,/ = ］,…“幻

Inductively,

（8） e尸严几,z = l5 •••, n.

It follows easily from （8） that {x^} is a Cauchy sequence 

for each £ = 1, Since （〉〈，次）is complete, {［建} converges

to a point u£ in X, such that

佑Tim z?, Z=L …，m
的l8 i

Now we show that

…，的）= G,（0i,•••，彼。，i—1,…，払

For each L<i<n,

Z 3, £,（%,…严Q］ M a,（勿u严+2）+显 32s, F,（:纣..，爲D）

=日,（紿产严+2）

+d,（G,（z严+1,..., z严+i）, F,（z々,•••，德））

n
Md,3,遊*+2 ）+ s a, 0心％球，*+1）

+ 히0（z、F, （0i,.••* ，，））

+日,（吃거，+1, G,&严+i, £严* 】））］

3,（%,Z,2""2） + 君］%0Q%Z『"+1）

+ 况Z（Z,,歹,（々1，…严，，））+ Z（Z,"T, £,2*+2 ）丄

Making m-»co, we obtain for each Q<i<n,

（1 -Z，）d0,,E（"i,…，如））< 0, 

implying

z虹="4 （〃i,•••/“）.

Similarly,

zs = G（"i,z=l, --,n.
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To prove the uniqueness of utf let be two distinct 

solutions. Then

紿=_E（z知…，z妇）= G（Ni,…*D 

and

2Z$=F丄无고, …#匚） =（丸（矛\…币Q.

We can assume that 兀,匕=1,…，箕.So

心礼％ ） = 4（ES,…,％）,GS,…必））

<L 林《2사,하）+ FQm …uD）

+Z（彼 ,G」0고,…，%））9

=万a"，毎虹勿Q

k=i '

91
war、. 

心

Inductively,

Therefore %（払,勿z）=°, i~l, •••, ?z. This completes the proof.

Remark 3. In case F, = G% i=l,2,…，龙 and b = 0, the result 

of Matkowski （1973 or 1975, Th. 1. 4） is obtained as a special 

case of Theorem 1. The Banach contraction principle i응 

obtained by taking 〃 = F, = G, and 力=0. For 也=2, F?=G& 

and b = 0, we obtain the results of Pavaloiu （1969） and Rus 

（1972）. The result of Czerwik （1976a） for a system of singl- 

evalu운d transformations is obtained by taking F$=（上 in 

Theorem 2, under a slightly different condition.
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