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USE OF HANKEL TRA)lSFORM FOR I)lTEGRATION OF 

GAUSS’S HYPERGEO.\1ETERIC SERIES 

By R. S. Dahiya 

The object of this paper is to apply Hankel Transformations simultaneously 

to the evaluatiα1 of integrals that involve Cau앓’ Hypergeometnc series alon f;; 

with Bessel functions“ Tbis form of bypergeometric function can be obtained 
from Meijer’ s G-Iunction by specializing parameters. Many 01 the integrals. 

in this paper are not obtainable from generalized integrals (especially in neat 

form) appeared in researcb journals recently (see [2] to [24]) involving 
Meijer’s G-Iunction. In the present paper, tbe autbor bas developed a intere­

sting theorem to evaluate tbat kind 01 integrals, wbich are much more usable 

than tbe generalized integrals. The well-known Hanl‘el Transform [1] of 

order v is delined by the foll。、i\?ing equation 

(1. 1) 뱀(x) : y ] =(þ (y) = fo∞ ι강 ι(째(x)dx 

THEOREM 1. Let 

(i) rþ(y) be the H.닝새el traπs/orm 0/ /(x) 0/ order v, 
(ii) K(p) be the Hankel tralη/orm 0/ x , (a - ,-I)/(x) %rder ν， then 

-，ν-} n~ \∞ + 1 
(2 1) p2(a-v-l)K(P) = 2 F(cr) f -L4-f (a p+ l -

F (v+ l )F(v α+1) J o (l+y)2a 2ιl ’ 

2v+l; -앙-， ) (Þ (y)dy 
(l+y) ‘ / 

provided f(x) , x 2{a-tl- J)!(x) are continuous and abs이ωely integrable in (0, y) or 

in (0, ∞) , 샌 (v) >-융， R(2a ν) >흉 

PR∞F. We bave, from (i) 

뼈)= 1.∞ J과 J， (XY)/떠랴 

(2. 2) or φ (py) = 1.∞ Jpyx J,(Pyx)/(x)dx 

• These condit ions can be relaxed 
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Now multipl ying both sides of (2. 2) by 

yv+5(너) -2. 2Fl(a, ν+ -}; 2v+l; 4y (1 +y)-2) , and integrating between 샤e 
limits (0. ∞) . a'e have 

v+• 

(2.3) C' .. Y.-츠_ 2"I(a , ν+4 , 2v+ l , -3Eτ)tþ(py)dy 
J U ( l +y )‘ “ ι (I -'-y)< 

= r:∞」파τ 2F 1 (a , ν++ , 2u÷ 1 , 」X?)dy
JU (l+y) ‘“ ι (l + y)' 

L∞ 꾀 샘'yx)f(x)dx 

00 changing the order oi integration on the right, which is justifiable due 

to the conditions gi\"en in the theorem, we have 

“ 0十 l

Right hand side = ，j서∞끄/(x) d:c ∞」강 I', (a, 
JO "0 (1+,.) 

v+웅， 2v+l; 

4ε--，-- ) • J.‘ (þyz)dy, 
(1+y) “ 

(2.4) 
r (v+ l) F{v-a + 1) r∞ 211' -2"'-3/2 

nf ~n2a 21.' 1.2u 211' + 3α -'n X'" .- 0" J. (þx)f(x)값. r (a)2'''' - '''- ~ p''' -'UT oJ ' ' ..J U 

(see [1], result 10, page 82) 

But K(P) IS the Hankel transforn1 Of z2(a u-1)f(x) of order ι Hence we get 

p'(.-.- 1I K (P) 22.-'.-' r (a) 
r (v+ 1) r (v - a+ 1) J∞핀피Z l 4 -'---"깅 끼F， (a ， ν+ --.r ; 2ν+1 ; 

(I+ y) “ ‘ 

--암-. ) φ (py)dy 
(1+y) ‘ 

1. Applications ‘ Let x ,(.-.-1I/(x) =z-웅 e -Q. The Hankel 

T ra.nsform of x -t /2e -QX is 

p'l2→(a'+ρ2) -hι낄감_a]O는K(þ) (였 [1], page 28, resul t 6) 

Hence from the theorem (result (2.1)) , we get 
'+1 

(3 l) r J p ’ l ~수^ ̂ \ 2FI 
JO (l + y) 2. (a'+Þ'y') ‘’ -11'+3/2 ~ 2U- 2<<+2\ ../a2+p2y2 } 

[a u녕 」L-] 4 = 「(ν+l)r(v 싼 1 ) 2'’ 2.+l • 〔J껍-a]' 
'o+ l; (1 + y)2 J -, 1’ (a) / ’ (3v - 2a+ 3) (a'+p')II'p3'-2.+2 ’ 

R(a) > O, R(v)>- l. 
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Use 01 Hankel Translorm lor integration 01 Gauss’s 쩌lþergeometerìc series 91' 
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