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THE STRUCTURE OF MULTI -BLOCK CIRCULAl\lTS 

By J. Baker, F. Hiergeist, and G. Trapp 

1. Introduction 

In this paper we extend a result of Trapp [4) for block circulant matrices 
to multi-block circulant matrices. A o-blook circulant is simply a circulant 
matrix; that is, a matrix of the form 

Q - Q. o -1 -n-l 

a1 Q2 ‘ ao 

A l.block circulant, or simply block circulant, is a partitioned matrix of the 

torm 

Q- • Q ... n - l - 0 -,, - 2 

Aj A 2 Ao 

where all A‘, for i= O, 1 π-1， 3re circ비ants of the same size. ln general . 

an m.bIock circulant is a partitioned matrix 

A _ A . o 441 --,,-1 

A . A_ A ‘ >>- 1 --0 --n-2 

M_ M. M_ . o .--1 .'-n - l 

M.M. lv1. 'n -} P.O .'-n-2 

M, lv1., Mo 

where each 짜 for i = O, 1, …, n- l , is an (m-l) -block circulant and all 셔 

have the same size. 
Circulants and multi.block circulants have many applications in physics, 

Fourier analysis, geometry, probability and statistics (see [2) and [3]) . 

Our main interst here is to describe the inverse of a multi block circulan t. 

2. Notation 

We denote the η X n. circulant matrix 0.. ..0 
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A _ _ ,(0) Ao(O) 
A(I) = I A끼 2(이 

A, (0) A ,(O) ‘ Ao(O) 

ascirc [AO(O) , A , (O) , An ,_, (O)J , where each Ai(O), ; = 0, 1, n , - I, is 

an η。 × η。 circulant matrix. Continuing in this fashion we describe an tlk X nk 
k • block ci rculant matrix as 

A(k) = circ [Ao(k-I) , A ,(k - I) , A야 ,(k - l) J. 
where each Ai (k一 1) ， i=O, 1, 야-1 is a (k • 1) - block circulant matrix. 

For the statement of the main theorem we will need the following matrices: 

1) For k츠0 ， Q(k) is the "k x nk matrix Q(k)=(P“ lJ) i, j = Ü, 1, nk - l 

where 
2Hi 

p .. ,= e n~ 
n‘ 

T hese elements are roots of unity. 

2) For k는cþ define r(k) recursively by r(k) = Q(k) @ r(k - l)/SQRT (ηk) 

whereε denotes the Kronecker product (see Da、 is [2J, pp.22-24) and where 

P(-I) = (1). 

The diagonalization of a multi- block circulant 

THEOREM 1. Let A(m) be aη m- block circulant matrix. Then we haψe r -I(m) 

A (m) r (m) =D(m ) where D(m) is a block diagonal matrix whose diagonal blocks 

Do(m-l) , D, (m-I) , Dn._ , (m-I) are themselves diagonal matrices. The 

diagonal elemeηts 01 Di(m - I) , lor i=O, 1, η”‘ - 1 ， are the eigenν'alues 0/ the 

ηzatnx 

η‘ l 
I; Aι (m← l)r: 

k=O ’ 

-where TO' T 1, T n .. - 1 are the n"‘- th roots 01 unity (η =P~"" í=O , 1, ηm→ 1 ) 
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The proof is by induction on m. The case m= 1 has been proven by T rapp [4] 

and Chao [IJ. 

Assume the theorem is true for all (1II - 1) - block circulant matrices. 

Consider an m- block circulant matrix A(m) =circ [Ao(k) , A, (k) , Iln_ , (k) ] 

where k= 71I - 1 and Ai(k) is a k- block circulant for each i = O, 1, “’ % - L 

Let Q= Q(m) and r = r(k) where the matrices r (k) and Q(1II) have teen 

descrièed previously. The matrix A(m) can ce written as 

I\ (m) = I I81Ao(k) + T I8IA , (k) + T2I81A2(k) +…+ T".-' I8IA •• _, (k) 

,,,rhere T is the 11’nX llm permutation matrix that corresponds to the cyclic 

permutation 

t 

2 t r l T - l] 

ìNe have r (m) -, A (m) r (m) = (QI8IF) -'1\ (m)(QI8IF) 

= (Q-' l8Ir-') (II8IAo(k) - T I8IA , (k ) + ... + T".-' I8IA • • _ ‘(k) ) 

= (Q-' IQ) I8I (r-' Ao(k) F) + (Q-'TQ) I8I(r' A , (k) F) 

+…+ (Q-'T" .-'Q) :8) (r-'A _ _ , (k) F) 
".~ ‘ 

(QI8IF) 

Since Ai (k) is a k-blcck ci rcul ant , the induction hypotheses gi,'es, r • lAl(&)I’ 

= Et , where El lS a dlagonal maulx. SInce At (k) lS Simlar t。 a dlagonal 

matrlX, Ei, the eigenvalues of AI (k) are tl1e dlagonal entries of Er 

Each T ‘ i = O, 1, ηm - 1, is an n.rn X l1 m circulant matrix. By Chao [ l J 

Q-'T’Q= diag I얻.' 석.' 띄， “ P긴.- ')i) 

= diag (r~， r i’ rt, r?--I} = R
‘ 

NolV 

(QI8IF) -, A(III) (QI8IF) 
= I I8I (r'A

O
(k) F) + (Q -'TQ) I8I(r' A , (k) F) 

+…+ (Q-'T".-'Q) I8I (r -'A_ (k) F) ‘· = I I8lEo + R ,I8IE, + R ,I8IE2 + "' + Rn. _ ,I8IEn._ , 
n~-l n~ - l n~-l 

‘ 
n", -I 

= diag { 1: E.. 1: r .-E.. ε r~E.- ， ε r~"- !EJ 
.=0 '=0. '-=0' ;=0 • 

= diag (Do(k), D,(k) , …, D •• _, (k)) 
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where, for each i=0, l , • , ”,-1. DI (k) is a diagonal matrix whose diagonaY 

".-1 
eJements are the eigenva Jues of I: r ‘ .4,(k) . Hence 

J J }=o 

r -l (m)A(m)F(m) = D(m)=dlag {D。 (m- 1) ， DIOR-- 1) , , D'._1 (m-l) } 

where DAm-l) , for each ; = 0, 1, …, 11 一 1 ， is a diagonal matrix whose 
” 

diagonaJ entries are the e igenva Jues of 

η.-1 

ε r • .4.(", - I ) ‘ 
k=O 

Our next theorern describes how to .‘ recover ’ an m-bJock circuJant from a 

diagonaJ matrix. 

THEORE\I 2. Giνen a square diagonal matri .'"C ψhose si::::e is ηm. nm_ 1" .. n1 • nO
! 

then F (m) DF- 1(m) ;S Q lI ’'Il -block circulant malrix. 

PROOF. The proof proceeds by induction on m. The case m= 1 has been 

proven by Trapp [4] and Chao [1] . 

Let D= diag lÐo' D1’ 
‘ • Dn._ ,l where D,-, for each i=O, 1, nm-l is a 

square diagonal matrix whose size is no. n1"'nm_ 1, Again let !} = D(m) and 

F = F(m- l ), F(m)DF - 1(m) can be written as 

F(m)Dr 1 (m) = (Q@F) D(Q@F) - 1 

= (Q@F) (d iag (1, 0, ''', O)@D .. '- diag (0, 1, 0, ‘ " O) (8)D 1 

+ " '+diag (0, 0, "'0, 1) I8JD •• _1) (Q-I (8)F- 1) 

= (Q diag (1, 0, "', 0)Q -1) (8) (FDoF- 1) 

+ (Q diag (0, 1, 0, "', 0)Q-I) (8) (FD1F- 1) 

+ ... + (Q diag (0, 0, ''', 0, I)Q-l) (8)(FDn._1F-l) 

For each t = o, l” ””- 1, the Inducll。n hypotheSlS Sh。ws that I’D;r- l is 

an (m-l) -bJock circuJan t. We aJso have the (i, j) entry of Q diag(O, 0, 

1, o, ·, 0) Q-l=r샤 (f)jk， here the one in the diagonaJ matri x is in the k- th 

position. The (i, j) block of F (m)DF- 1(m) is 

?lElrlk(F)lk /l(m- 1) 
k=O … 

and the (i+ 1, j + 1) block of [’ (m)DF - 1 (m) is 
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”El r(‘ + 1)' (f) (j+ 1)' A ‘ (m - I ) 
k=O ‘ 

n.-I ikr ,..\jk l.,-, \k 
= 1: r"(f )'^(rf)" A ‘ (m - I ) 

k=O 

n .. ;:; [ ik ,_’k 
= 1: r " (r)'" A‘(", - 1) 

k=O ‘ 

75 

Hence the (μ j ) block equals the (i+ I , j + l ) block . This equality al so 

holds if l 。r J is % - 1 and we take i+ 1 or J + l modul0 % 

Hence r(m)Dr-'(",) is an lI,-block circulant matrix 

Our linal result is a direct consequence 01 the above two theorems 

THEORE11 3. 11 A(1ll) Îs n01t.sÎngular and an m-block circulanl 11lalrix, then 

A -) (m) is also an m-block circulanl matrÎx. 

\Vest Virginia University 
h‘organtown , \:ν. V. 26506 
U. S.A 
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