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SOME PROPERTIES OF BITOPOLOGICAL HYPERSPACES
By Mila Mrievié

1. Intreduction

In this paper we continue the study of topological and bitopological properties
considered in [1], [3], [4], [3], [6] and [10]. We use the same terms and
notations as in [3] and [5] but without the assumption that at least one of

the spaces (X, ri), i=1,2, is a T, space.

In a bitopological space (X, 7', %) a set is said to be quasiopen if it is a
union of z' open and * open sets. A set is quasiclosed if its complement is
quasiopen. A set is semiopern or T open (semiclosed or T closed) if it is open
(closed) in the topological space (X, r), where r=7z/7% is the least upper
bound topology of ¢ and 2% A space (X, 7, ’:ZJ is quasicompact if the to-
pological space (X, ¢) is compact. The closure of a subset A in a topological
space (X, ri) is deanted by el A. The quasiclosure of a subset A in a bito-
pological space (X, ', :3) is qcl A=z'cl Anz%l A. Notions of pairwise 7', and
weak pairwise T, spaces for £=0,1,2 and 3 coincide with those in [12].

If (X, 7!, rz) 1s an arbitrary bitopogical space, then
S (X) ={ACX|A#9},
F(X)=({Aew (X)|A is 7 closed],
Z(X)={A=%(X) | A is quasiclosed],
F(X)=(ASH (X)|A is T’
F(X)={A= (X)|A is ¢' and 7* closed},
& (X)={A=¥ (X) |4 is 7t compact}, for i=1,2,
(0 =F (X)NE(X),
F,(X)={A=(X) | A has at most » elements}.

If # is one of the collections #(X), #(X), €(X), & (X) or % (X) then
¥ F ={A=F |A is quasicompact},
@*F={A=F |A is ¢! and 7° compact}.

If % is any collection of non-empty subsets of X, for any subset VCX we

consider the following suhbcollections:

or z° closed }s
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<V>=(AEF |ACV) and >V<={AEF |ANV#S).
In particular, the families
F=i<v>|ver), F'=>v<|ver) and F=F UF’

are subbases for topologies on % induced by ' in X: these are the upper
semi-finite, the lower semi-finite and the finite (Vietoris) topology, re-
spectively denoted by ﬁ'l. T “and 7 i, The family of subcollections

<Vys Vo v">:meﬁ"i;1cvozkgl V, and ANV, for eack k=1,-,n)
where Vkeri and 2&N is a basis for the topology 7.

In [6], in a bitopological space (X, z'l, z'zj the equivalence relation ~ was
defined by

z~y & qcl{z) =qcl{z}.

As in [6], let [z] denote the equivalence class of the element r of X, X be
the quotient set under the relation ~, #, # and # the quotient topologies in
X of ¢!, ¢* and ¢ respectively, and p: X—X the quotient mapping. It was
shown [6, Theorem 1] that many of the bitopological properties are shared
by X and X.

We make extensive use of the following results from [6] which are restated
here for convenience.

PROPOSITION A ([6, Corollary 1]). For each semiopen (semiclosed) subset A
of X, p ' (p(A))=A holds.

PROPOSITION B ([6, Proposition 41). The topology T is the least upper bound
topology of ! and fz, ie. =\/7%

PROPOSITION C ([6, Corollary 2]). The quotient mapping p is pairwise open
and pairwise closed.

PROPOSITION D ([6, Corollary 3]). For each zEX, the set [x] is quasicompact

R 1 2
in X, hence T and T° compact.

PROPOSITION E ([6, Proposition 5]). For each ACX we have
#el p(A)=p(c'cl A) for i=1, 2, and qcl(p(A))=p(qcl A).

PROPOSITION F ([6, Proposition 9]). If a bitopological space (X, ©', 7°) is
pairwise Ro’ the topological space (X, T) is an R, space.

PROPOSITION G ([6, Proposition 117). Every weak pairwise T pairwise R,
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bitopological space is weak pairwise T,

2. Pairwise homeomorphism of bitopological hyperspaces

In the sequel the same notation is used for a topology on a set and for the
relative topology on its subset.

THEOREM 3. Let (X, 7', %) be a bitopological space, (X, &%, #%) be its quotient
space and F one of collections (X)), @(X), #(X) or F(X). If 0" is one of
topologies 7*, ' or j’t for i=1, 2, then the corresponding hyperspaces (F, &

n!?z} and (F, 5[, 52) are pairwise homeomorphic.

PROOF. (i) We prove first that the hyperspaces (& (X), 6, 6%) and (& (X),
', 7% are pairwise homeomorphic. Let g:.%(X)—»%(X) be defined by the
quotient mapping p, i.e. for each A€5(X), g(A)=p(A). The mapping ¢ is
the restriction of the bijection ¢* from Proposition 6 of [6]. The bijection
g is pairwise continuous since for each #° open subset 7 of X and the corre-
:sponding subbasic elements of the topology &, i=1, 2, we have

¢ (<T>)=aex (X p T AN~ (M =<p" (T >es
.and
¢ OV =(As7(X) s p(a) Np~ (M Ept=>p" (M) <e7".

Similarly, g is a pairwise open mapping since for each 7t open subset V of

X and the corresponding subltasic elements of the topology ri, f=1.2,
Y<V>)=<p(V)>EF and ¢(>V<) =>p(V)<eF’
holds.

(ii) The pairwise homeomorphism g¢:.5°(X)—5(X) induces a pairwise
homeomorphism of subspaces £ (X) and £ (X). Furthermore, since p is a
pairwise continuous and pairwise closed mapping, ¢(%(X))=%"(X) and
q(F (X)) =2 (X) holds. Hence ¢ induces pairwise homeomorphisms of the
corresponding subspaces,

COROLLARY 1. Under the notations given in the previous theorem, the subspaces
(5, 0\, 6°) and (25, §', &), (& 7, 0, 6°) and (&*F, §', 0°)) are
pairwise homeomorphic.

3. Hyperspaces of pairwise R0 and pairwise Rl spaces

Some properties of hyperspaces of topological R, and R spaces have been
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investigated in [1] and [4]. We consider here analogous questions in the case
of pairwise R, and pairwise R, bitopological spaces.

Propositions F, E and D imply the following result.

COROLLARY 2. If (X, 7!, %) is a pairwise RD space, then jl()“()c(g@(ff)‘
ce*@(X)ce(X), i.e. X ce@(X)ce* @ (X)CL(X).

The collection &7 (X) cannot be replaced by %7(X) even in the case X is
pairwise R, or pairwise regular, as Example 1 shows. Example 1 of [7] shows
that the converse statement of the previous corollary does not hold in general.

EXAMPLE 1. Let X=R, the set of real numbers, ¢’ be the left hand topology
and 7° the right hand topology. % (X)=1{(—w, a]|a=R} J{[a, +)|acR}
{R}, while for each 2z€R, [z]={z].

PROPOSITION 1. Let (X, ¢', %) be pairwise R For each PE@ (X), F cl(F}
NFl{Ft={F}, i.e. the quasiclosure of (F) in (£(X), 7', F°) is {F).

PROOF. Let F, HE(X) and F£IL Then F=F F, and H=H,NH, where
F, and II, are ¥ closed for k=1, 2. There is an z&(F—H)J (H—F). (i) Let
x&F—11. There exists an /={1,2} such that zH,. Then er: and rjcl{x}c
H;, for j&(1,2)—{i}. Let V=(ccl{z}). Then V&7, JCHCV and FgV.
Let ¥ =<V>& 7.7, Since HE¥ and F&¥, HEF7cl(F), so Hiqel{F}).

(i7) If x=1—F, there is an i={l, 2} such that z=H and xf—EFz.. Let UzF:,
then U=z’ and ‘?/:>U<€._,_9’£C37£. It follows that HEZ/, F&Z7, so ereﬁfclf
{F}. Hence, Hxqcl{F).

COROLLARY 3. If (X, T, T,) is pairwise R, then for each FEZ(X) the set
{(F} is semiclosed in (T(X), 7', ﬁ’z), i.e. it is F closed in & (X), where 7=
TN T is the least upper bound topology of 7 and 7.

COROLLARY 4. If (X, a 1'2) is pairwise R and 7 is one of the collections
FC(X) or @2 (X), then for each ESF the set {F} is quasiclosed (semiclosed)
in (F, 7', F9.

In Proposition 1 and Corollaries 3 and 4 the collection £ (X) cannot he
replaced by % (X) in general. It can be seen from Example 1. For example,
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for F={0, llex ¥ (X)ce*¥ (X)) =¥ (X), qcl{Fi=Fcl{F)DH=[0,1] and He
eF (X)ce*F (X)) ¥ (X).

PROPOSITION 2. Let (X, 7', 7°) be a pairwise R, space and F be one of the

collections & (X) or S#(X). The subcollection X is semiclosed in (F, !91, BZJ, i.e.
the collection jl()?) is semiclosed in (F, 8', #%), where §'>7" for i=1,2.

PROOF. Let Fe.ﬁ;—jl(ff). There are [z], [v]EF such that [z]#[v],
moreover qcl{z{qcl{y)=¢. There is an iE{1, 2} such that x&ricl{y}. Since
X is pairwise R, there are disjoint sets Uer’ and Ver’, je(l, 2)—{i}, such

that €U, yEV. Then #=>U<E.7’, ¥ =>V<.7’ and Fe¥=%". The
collection % is semiopen in % and %#[_# (X)=0.

COROLLARY 5. Under the assumptions in the previous proposition, the collection
X is semiclosed in ©*F and its subspace .7 .

The collection X need not be quasiclosed in any of the spaces & (X) and
S (X), and their subspaces £ (X) and €5 (X). It can be seen again from
Example 1. The space (R, &, 2) is pairwise regular, but for each FE£Z (X)
—_#,(R) and each basic element &, for the topology T (i=1,2), FeZ,
implies Z N 7, (R)F¢. Also, the converse of the above statement do not
hold in general, as Example 1 of [7] shows. The space is not pairwise R,
not even pairwise Ry but X is semiclosed in & (X) =€ (X) =2 ¥ (X)=2L(X)
with the finite topologies.

We emphasize that in general the least upper bound topology 7 of 7" and
7% is strictly coarser than the finite topology induced by r=zl\/z5

QUESTION. If (X, <!, rz) is pairwise R, % one of the collections S#(X)
or Z(X) and X is semiclosed in (&, 6', 6%, is X pairwise R, ?

In fact, the proof of Theorem 1 of [3] gives the following improvement
of that theorem and Propositions 5 and 6 of [3].

PROPOSITION 3. Let _F1(X)C&(X) and 7 be a collection such that &(X)Co.
(i) 1f g7 Jor i=1, 2, then (X, rl, rz) is quasicompact if and only if
(5,0%, 8°) is quasicompact.

(i) 1f 0'=F" and 6’557 for i, jE{1, 2} and i#j, the quasicompactness of
the space (X, 7:1, 4:2) implies the quasicompactness of (o, ﬂl, 02).
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From Theorem 1, Proposition 3 and Corollary 2 we have:

PROPOSITION 4. Let (X, -, 7:2) be a pairwise R space and o be a collection
such thar & (X)Co " (X). () If ﬁibj’i Sor i=1, 2, the space (X, rl, rz) is

quasicompact if and only if (o, 8', 6°) is quasicompact.
(ii) 1Lf §8'=_F" arzdﬂ":‘l_ﬁ} Jor i, JE{L, 2} and i#j, the quasicompactness of
(x, o4, 29 implies the quasicompactness of the hyperspace (o, 91, 8.

Let us remark that in Propositions 3 and 4, instead of s the collection of
all quasicompact elements of ¢ can be considered.

Vasudevan and Goel gave in [10] a detailed investigation of separation
axioms in bitopological hyperspaces 2X, BC(X) and C{X) equipped with finite
topologies. The first two are denoted in this paper by #7(X) and & (X) while
the third one is @* % (X). We add here a few statements concerning weak
pairwise 7', and pairwise 7', axioms for: £#=0, 1, 2, in:the bitopological
hyperspaces considered in this paper. We observe that the weak pairwise T
axiom is stronger than the pairwise 47 axiom considered in [10]. (See [7].)

PROPOSITION 5. For a bitopological space (X, o, rz) the hyperspace (7 (X),

.ﬁl, 0%) is pairwise T, where ﬁi:’_ﬂi Sor i=1, 2.

PROPOSITION 6. If 6C&@(X) and 0'5.57, i=1, 2, the hyperspace (o, 6', 6%
is weak pairwise T .

REMARK. Example 1 shows that Proposition 6 does not hold in general for
the collection ¥’(X), and that the weak pairwise T/ property cannot be
replaced by pairwise 4 Since &°(R) is the collection of all nonempty closed
subsets of the real line, A={—1, 1} and B={—1, 0, 1} belong to #5%(R)C
Y (R). For each Ve¥Z, Ac>V< if and only if B&>V< as well as
AS<V> if and only if BE<V>. Hence, (&(R), 0", 6% and (¥ (R), 6",

2 . .
#°) are not weak pairwise TU.

Also, the space (5 (X), 3’1, ﬁ'z) is not pairwise T, since for A=[0, +)

and B=R, there is no % : open set # such that A=% and BXZ’, nor a .7 2
open set 2 such that A&?2” and B&2.
Moreover, in Proposition 6 the finite or lower semi-finite topclogy ¢ cannot

be replaced by the upper semi-finite topology i". It can be seen from the
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following example.

EXAMPLE 2. Let X= ! be the left hand topology and z° the indiscrete
topology. Then ./Z/.(X): ([a, +o)|aSRYU(R). In (X(X), F', F°) both
topologies are indiscrete, so the space is not weak pairwise Tg

PROPOSITION 7. If (X, ©', °) is pairwise R, the hyperspace (F (X), 7', 77)
is pairwise T,.

COROLLARY 6. If (X, ', 2% is pairwise R, then (#(X), 7', 7°) is pair-
wise R.

The converse of the above corollary does not hold in general. The space
in Example 1 of [7] is not pairwise R, but #(X)=1{X}, so (ZF(X), :71, 77
1S pairwise Rn'

QUESTION. If (X, ', ) is pairwise Ry, is (F, 7', 7°) pairwise R, where
F is F(X) or £(X)?

But we have:

If (X, 7) is R, and £ (X) or & (X) is pairwise Ro (pairwise R1)' then (X,

Y s pairwise R, (pairwise R)).

If (X, ¢!, % is pairwise R, any of the collections & (X), #(X), € (X)
and %7 (X) with the finite topologies 7' and .7* need not be pairwise R, as
follows from the topological case. (See Theorem 4.9 of [2].)

PROPOSITION 8. If a bitopological space (X, t', ©°) is pairwise R, its hyper-
space (€*(X), 71, ig) is also pairwise Rl.

PROOF. Let .7 =*(X). F, HE% and f‘é‘;ﬂicllm for ie{l, 2}. There

is a basic element #=<W W, -, Wn>eﬁ’i such that FE% and HX#.

v,
We consider the following cases:

1. It HNW, =¢ for some kE(L, -, n}, then there is an 2EF W,. It follows
that :‘fci{rlcli-’k for j&(1, 2} —{i}. For each y=H, y“r:rjcl{xi, so there are

1-’}6:”, UE:' such that YEV,, 2€U] and g, F‘.U =¢. A finite subcollection

{V,,V,} covers H Let V= L, V,, and U= r‘ u. Then HCVEL, zeUet’,
s=1 5=1
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Her =<y>eFic !, Few=>U<es'cs’ and N7 =4.

2. If HZW,, then there is an yEHDW;. It follows that r'cl{:;]CWE. For
each o€F, FCW, implies go&ricl[n}, so there are UgaE’i' Vweﬂ.—j such that

gaEUso, 'IJEV(P and Uwr“,Vw=¢'-. A finite :subcollection {Ugl, ey U%} covers F.

Let U= ( U], and V=1 V,. Then FCUSF, yeVer’ and UNV=4. Hence
Fez=<U>eF'c’, Her=>v<e s c7’ and N =4.

PROPOSITION 9. If (X, 7', ) is pairwise R, then (€(X), 7', 7% is weak
pairwise Tl.

PROOF. Let F, H=e£(X) and F#H There i1s an z=(F—-H)|U (H—F). Let
2=F—H. Since H=H,NH, where H, is z" closed for k=1, 2, there is an
i€({1,2} such that z&H,. X is pairwise R, hence el {2} NH,=¢, for jE(1,2}
—{i}). Let U=H; and V=(cl{z))". Then Fem=>U<e 7 7', Hx%, He
¥=<vV>e7 7 and P&

From Propositions 8, 9 and G, we have the following result.

COROLLARY 7. If (X, 7', 7°) is pairwise R, then (£*2(X), 7', 7% and
its subspace (& (X), 3’1, 72) are weak pairwise Ty
Theorem 3.3 of [10] can be generalised as follows:

PROPOSITION 10. If (X, 2%, %) is pairwise regular, then (£(X), 7', 7%
is weak pairwise 7,

Example 1 shows that in Propositions 9 and 10 and Corollary 7, the collection
& (X) cannot be replaced by % (X). The space (¥(R), 7 . ..’7"'2,) and its
subspace (¥.%(R), T 7 2) are not even weak pairwise T', while (R, &,
) is pairwise regular. Also, any of the finite topologies cannot be replaced
by a semi-finite.

The converse statements to Propositions 9 and 10 and Corollary 7 do not
hold, as the following example shows.

EXAMPLE 3. Let X={a, b}, z'={¢, {a}, X} and ° be discrete topology.
The space (X, rl, rz) is not pairwise Ry but the space (F, .7 1, F 2) is
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weak pairwise T, where F=F(X)=€(X)=#(X)=X(X)=¥F5F .

PROPOSITION 11. If in the bitopological space (X, rl, rz) the space (X, rl) is

'Tl, 313‘7—'1 and 6° is one of topologies ‘72, j_'z or _.72, the space (¥ (X), 31, 82)
is weak pairwise J

COROLLARY 8. If a space (X, rl, rz) is pairwise T and ﬁ‘.:)ﬁv"'. Jor i=1, 2,
the hyperspace (57 (X), 8, Gz) is pairwise T .

The proof of Theorem 2.3 of [10] gives in fact the following improvement.

PROPOSITION 12. If (X, ¢', ¢%) is pairwise T\, (#(X), 7', 7 is weak
pairwise Tr

PROPOSITION 13. If (X, 7', %) is pairwise T,, 625" and 0’57 for i, je
{1, 2} and i=j, the space (?’-(X), 6", Bz) is weak pairwise T,

COROLLARY 9. If (X, rl, ) s pairwise T, and ¢C&*(X), the space (o,
', 7Y is pairwise T,
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