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NUMERICAL QUADRATURES AND THEIR EFFECT ON THE 

SOLUTION OF BOUNDARY V ALUE PROBLEMS 

By Hoon Liong Ong 

1. Introdudion 

Consider the secon::l order elliptic boundary value problem (Birl이loff [ 1). 

Strang and Fix [9]). delined in an open domain Q with polygonal boundary 
ðQ by 

{Lu= P (PPu) + qa= f in Q 

u= O on íJQ 
U ( 

Under the assumptions p, q are sm。oth functions and p> Pmln> 0, q> O in Q , 
the solution 01 problem (1) is equivalent to the solution of 

(Lu , v)=(/ , v) forall vE썩 (2) 

빼ere H~ is the space 01 all u in the Sobolev space H l with u= O on ðQ 뻐d 

(. , .) is the inner product delined by (u , v) = f auvdua ‘ 

The Ritz-Galerkin solu(ion to (2) is to replace 1'1' by a finite dimensional 
n 

subspace 암 contained in H1 The elements 01 i' are 01 the lorm 야= 1: À; <P;, 
’ ~l 

where <p‘ are basis lunctions of i'. In the finite element method, the region 

Q is subdivided into a set < 01 finite number 01 disjoint regions, say triangle 

elements, and the space i' consists 01 piecewise polynomials delined on the 

eJements in <. An approximate soJution to (1) can be obtained by solving the 

follow ing discrete linite eJement system (BrambJe and ZJamaJ [2) , Courant 

[4J) 

(Luh, 찌)=(f ， <Pi) loralli= I,2, ... , II. (3) 

)n generaJ , the integraJs Fi = (f , <Pi) may not be caJculated exactJ y and hence 

some numerical quadratures will be necessary to approximate these integrals. 

HerboJd and Varga [5) have proposed some quadrature schemes lor the nu 

merical solution 01 a class 01 boundary vaJue probJems by variational techn ique 

and investigated the errors introduced in the approx imate solutions by such 

quadrature formulas. ln this paper we derive two numerical quadratures lor 

the load 、 ector Fi and analyze the errors introduced by these quadratures 
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~rror bounds for the quadratures are expressed in term of the Sobolev sem. 

inorm in the ,form ch' lf l"Q' The order s and the constant factor c of the 

-quadrature error are estimated. Experimental results for the tWQ numerical 
quadrates are discussed in [7] 

The barycentric coordinate system. \vhich some engineers ca ll the areal 
coordinate system, is one of the best local coordinate systems for a study o[ 

the 'finite element method (Ciarlet [3] , Strang and Fix [9]). In Section 2 

we state the underlying notations and de‘ elop some fundamental results of 
vector calculus in the barycentric coordinate system. In Section 3 two quad. 

rature schemes for calculating the load vector 깐 are derived. Quadrature 

errors and their effect on the finite element solution of boundary value 

problems using linear splines are analyzed ~ in Section 4. For simplicity, we 

.assume Q can; be triangulated into uniform equilateral triangles and restrict 

our analysis to the uniform meshs only. The calculation can be generalized 
to non-uniform meshes through affine transformation 

2. Notation and preliminaries 

Denote by r a triangulation of Q, by Qh the set of all vertices of triangles 

T in T , and by Qh the set of all interior nodes of Qh 

A linear operator Lx : Q h• R is called an q-Iocal operator for some integer q 

if the value of L/y) at YEQh depends only on the values of y in a q-neighbour 

.Qf x; more precisely, Lx(Y) = 0 for all values 01 Y in Qh with Ix - yl>q, where 

jx-yj is the minimum number of edges connecting the two nodes x and y 

along some sides of triangles in T , (see [8] for further detail). 

Let T=AoA,A2 be a triangle in a polygonal domain Q. ，이!e will denote by 

<i' i = O, 1, 2 the three 'affine functions delined 'by the equation 한 (AJ) =이I’ 

where ð is the Kronecker delta function. Since A .. A.. A. are affineh' 0' - - L’ 2 

) independent, any point xEQ can b야e unl예Je터ly represented a없s x=팀댄(“x)A아0十a인， (x야 

A， ιs틸2(x)A，γ• ç틴0十e틴， +ç틴z= 1. 、u‘r녕e Wl“…II refer to <팀0ψ’ e틴，，<힐2 the barycen따lαtr디ic Co。야r떠di 

nates of x wit“h respec야t to the triangle T = AoA,A , . Any polynomial of degree 

η 。n Q can be expressed uniquely as a homogeneous polynomial of degree n 

in the barycentric coordinates with respect to a specific triangle T=AoA,A, 
in r, or else as a polynomial of degree η in any two of the coordinates. 

Define the first order linear differential operators Di with respect to the 
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4COOrdinate ξby 

Di (한} = 0 and Di (한i)= 주 1. 

That is, the counter clockwise normalized derivative of a function f in the 
,direction parallel to the side opposite A,-

If f lS a dlfferentiable function mapplng Q into R then we have Fq f = o‘ 

The differential operator can be extended to any order by D"f=대껴맺% 

wherea=(α。， "" "',}EN
3, d and D~ denote t“the id야en따띠11띠tl띠l 

b야}yr |al =a%o+a띤， +"띤， t“h뻐1낸e 。야r떠de앙r 0이1 [jαfl Def“Ifi야l엄e d，따/μ'JT ar뻐n떠d di'μ'JQ a잃s L냐eb야es쟁gu야e measure 

,on T and Q norma떠l“lαzed by fTdJμT=fodi'o= 1. If Q is a polygon and " is a 

triangulation 01 Q, then 

fofd，μ0=_1:: μo(T}fTf dJμT 
T E , 

In particular, if Q is an equilateral triangle 01 unit side length and r is an 

‘equilateral tr iangulation of Q, then μQ(T) = h' for all triangles of side length 

lt in ~ 

Deline dx as Lebesgue measure along the edge Ai + ,Ai _, of a triangle 

T=AoA ,A, normalized by f，짜， dx=l 

Some results for lines and surfaces integrals are gi、 en below. 

LEMMA 2. 1. Let f ; T • R , if D .. exists on the side A .. , ,A .. __ " then +1".' -1 

jX;;‘ D,f(x)dx = f(Ai _,} - f(A i +,} 

LEMMA 2.2. f，짜‘ gD，fdx=없 (Ai _ ，) -때 (Ai+ l ) - J깜 fDigdx 

LEMMA 2.3. C D..fd,ur= 2 r.A‘ fdx - 2 r~‘"fdx 
J J J r1.‘-1 J n , 

LEMMA 2.4 자 gD，fd.μT=2J찌lk#-2X’갱dx-JrfD，‘gd，μT 

LEMMA 2.5 (Holand Bell [6]). 

~ s^!s.1s ’21 I 'T< ç~o ç~l ç~z d，μ7' ~O . ~t '-2 
JT "0 -"1 -"2 -'1 

Denote by ll, k ;;' O the Sobolev space of real valued functions which t。
th :gether with their generalized derivatives Up to the k'" order are square integrable 
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。ver Q. A norm on a triangle T is given by lIullk,T= Iζ l u |2，， T}l/2， where 
t ‘~k 

ir ’ 1/2 lul ,. r = 1 L h ‘ ' r(D"utdurl ,,- is the Sobolev semi-norm on the triangle T. 
lal =i “- ‘ 

The Sobolev norm for “k can be represented as 
2 .1 /2 lIullk,o= 1)"; μo(T) llu ll\， Tl 

TE, 
3. Numerical quadrature formuIas 

For every interior node fJ of Q h’ let φß be the trial function which equals 

one at fJ and zero at all other nodes_ These pyramid funct ions ø
ß 

form a 

basis for the trial space s". 

The basis function Øi~) can be expressed as 

re. if xEH. 
ø.(x) = L" ν 
β 10 otherwise 

where Hp is the hexagon formed by the six triangles in < with the common 

vertex fJ and 탑 is the barycentric coordinate of x with respect to any of the 

triangIes in 껴댐 b 
In this 5ec야tIOn，이I 

one is a 0ι- loca려10이perato야r whi le the second one 퍼s a 1-10cal 0이perator_ A O- Iocal 

quadrature tβ for the integral Fß is given by t ß= a!Cß) . The constant a can 

be determined as foll。、NS :

fo if>i'μo- a=O 
It follows that 

a= fo øßd1'0=6μo{T) 가감dI'T=21'0(T) 
It is easy to verify that the O- Iocal quadrature is exact for all polynomial s 

01 degrees less than or equal to 1. 

To obtain numerical quadrature w ith higher order of accuracy, we require 

the lollowing lemma ‘ 

LEMMA 3. 1. Let x j ’ J = l , 2, , 6 be the slx cernces of a hexagoa fC。 arld 

” 
be 

a quadratic polynomial which takes the value 1 along the edges x
6
x

1 
and X

3%4 Qnå. 

vanishes along the line x rs 01 the hexagoll H
;ro' Thell 

r μ'n {T) 
JoØøxl'μQ=」「



λlumerical Quadratures 53 

PROOI'. Denote the tarycentric coordinates of a point zEHx, with respect 

to the triang le Tj= xOzjZj + 1 by (ç, ~， K). Then the polynomial ψ can be 

represented in terms 01 the tarycentric coordinates of X with respect to the 

SIX trlangles T1 as f。llows
, , 
1 κ 

<þ (ç, n, K) = ~η'+ 2ηκ+κ2 
I , 
lη 

in T, and TS 

in T
3 

and T
6 

in T 1 and T •. 
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From the result of Lemma 3. 1, we observe that the O- local numerical 

.quadratures 감=21'0( T) is not exact for all polynomials of degree 2. Now 

we sha1l derive another quadrature which is exact for polynomials of higher 

.degree 
Conside r the l - Ioca l quadrature F.=af(이 + b L f( r) , the two parameters 

"" Iß-rl = l 
.a and b can be determined as f01l0ws 

{L φa따o-a-6b=0 

foψ#성μ0- 4b=0. 
μn (T) 1 

1t f01l0ws from Lemma 3. 1 that b=二u-and a =숭I'O (T) . 

4. Quad rature errors and their eCfect on the numerical solution of boundary 

va lue problems 

10 thi s section, we analyze the errors of the two quadratures derived in 

'Section 3 and discuss the effect 01 quadrature errors to the finite element 

solution 01 the toundary va lue problems using linear splines. 
。

For each ßE와 let E(f , ß) denote the quadrature error Fp 갑· 
For simplicity, we denote by Xo the centre ß 01 a hexagon 탬 and by Zj’ 

j = 1, "', 6 the six vertices of 댐· 
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THEOREM 4. 1. 1f fεH' aηd Fß(η =2μo(T) f(ß) , then 

/' ~ r 23 ，~， 1 ( L;, !E(f, ,8) !')I/',,;; I '""0μ'D(T) 1 !l 2h'!f! , 
gεQ‘ L 560 rD'. , J ι 

To prove the theorem, we need the following two auxiliary lemmas 

LEMMA 4. 1. 1f fEH' and P(ço) is a real valued function of <0 de/ined on each 

0/ the tTiangular elements Tj=xOXjXj+l' theη 

6 ‘ 6 
L; 1:,' P(ÇJD. ν fdx =- L; μ 수P(çJDoJd.μ 

lμ"'1 ... ，λ;'=1‘， ' ， ι w 

PROOF , The result of the lemma follows from the decomposition of the 

derivatives DXiX/ into the sum of the two derivates Dof and Dj f. 

LEMMA 4.2. 1f fEH' , then the error of the O- Iocαl flumertCal qztadrat1%a representattOR of the 」norm -

E(ι ß) = JafØpdPa - 2h' f(.8) 

~. 1 7'\ r (ç~ ç~ ':OÇIÇ\ =L; μ (T) Ir , r :0 _~ι_ 'Þ o'"上소 )D^Jd，μ 
/;;/.fI\~' JTj\τ :3 --z- - j"""OQJ .... f"Ti 

PROOF. E (j, ß)=Ja N>ßd.μa- 2h'f(.8) 

j한a(T) [가j Ro#T1-가/(XO)'OdPTJ 

=1효μa(T) 가J Ufg)]6o#TJ 

j효μa(T) 가，ff-f(ß매활땅틴) ]dP.TI 

lt follows from Lemma 2.4 and the fact <j and <, vanish on x j+ jXO and XOx j 

respectively that 

E(κ R) =J환Q(T) [ltfo(l go) (Ff(j8) )dx 

+ lXjen(14n)(f-f(껴))dx十 f DJ~댐1ζ }DJd，μ 1 
‘“, x. “ T, V\ " ‘ ‘ 」

=l효한책띤μ얘에Qμ(π(T)η) [P2￡파t‘fg0(ul←낸( 

-jC;zr따:?랜j낫s탬0애，<j<템Pof.씨fμ'dx -JTi-}<O<j<，대ofd，μTJ 
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~ 1 ,"\ r ,, ( .:~ .:~ \ 1Xo 
t') {‘ X얀; a3 \ = 1; μQ(T)l?( 0 0)(f f(g))| 2l I - 。 1D fdz 

j~{-Q \ ' 1 l ~\τ τ}\ .I " "-"I x/ - J
Xj \τ τj-XJX 

- r -!，çnç ，ε，Dnnfd.μ l 
“ Tj ‘ ’ “ . 'J 

μO(T) 효 띠。댐-홍e;)Dx…fdx FLl환하Poofd.μTJ 
It follows from Lemma 4.1 that the above equat ion g ives Lemma 4.2 
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PROOF OF THEOREM 4. 1. Application of the triangle inequality and the ' 

Cauchy-Schwarz inequa lity to the equation in Lemma 4. 2, we get 

~ 1 ,"\ r r I 1 ... 2 1 ... 2 1 \2 ,1/2 
!E (L g) |〈lEIμO(T) lJTJ\τζ。-τ￡。 τ댄J") dl'TJJ IIDoof IlL2(Tj) 

f 23 \ 1/2 6 
=\굉60 ) μQ(T) JEl llDmf ||L2{Tj) 

lt follows that 

23 1 '7' \ rt 1 '7'\ r ~ 1;. IE(f, ,8)1'';; ?;~nμ'o(T) εF μO(T) [ ε IIDnJ II ,2, ... . J β~DA ,-VJ ,-1' .... 3360 ' Q ' " P드Q‘ j~t .. ",oo./ IIL~(TJ) 

23 ，~， r ~ 
응강『μO(T) 싫‘μO(T) [j~JIIDoo f WL 2(TJ) l 

We observe that for each T =xOxJx,Er and each i , the term 1IDii fl l'L2(TJ ). 

appears in the right hand side of the above inequalityat most once; thus we 

have 

r 23 .~， 1JI2. _ 3 ",' n . J (흡‘ IE (f, (3) 1 2 ) J/'ζ빼1'0( T) r'(할o(T) 츠l |lq ， f l다2(T) l ' 

r 23 ，~， 1 ζ|←→μo(T) ]U' h'lfl 1 560 ' 0 " , J 

LEMMA 4. 2. 1f fE J-J' a찌 감 is the l - local numerical quadrature af Fß! thell 

( εo 1 E (f, (3)') J/'.;;O‘ 07208 (μ'O(T) ) J /2h서fl" o 
βEO‘ 

To prove the theorem, we need the following auxiliary lemmas 

LEMMA 4. 3. 1f f'ε“ ， aJld P(ço) is a real νalued functioJl 0/ ξo de/ined 0 1l each 

~f the triangular elements T.'= x"x ;x~ ， " 
j -O- j""i + l’ 

6 r ", XJ ‘" 、
lZ lj P(￡o)D2Oofdrj P(g。)DIOofdzj

= 1 ~ .... Xo ... XJ’‘ 」
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=1웅~ JT;+P(ço) (Doooo f - 운DOJ12ηdμT， 

PROOF 최 Ijr P(eo)D200 fdx ltlP(ao)DlOof에 

=l웅d때P(ço ) (- D，뼈f-Dlm f)dx-지lP(eo) (-D뼈f 면oo f) dxj 

=l윷:， [파lP(So)D뼈fdx-ζP(ço) D，때 fdx 

+피lP(e。)qm fdz-EP(a。)Dmf씌 

=l홍 [JT, +P(çO)DO떼짜 +지"쩌 
We note that the derivative - D' OO f along XjXo with respect to 까 is the 

same as D220 f 깨th respect to 자- 1' and D200f along Xj+ ,X O with respect 10 

지 is the same as - DllO f with respect to T j +! . Thus, these derivat ives can 

be divided into two equal parts, half 01 them will be added to the line 

.integral 0 1 the adjacent tr iangle . It lollows that 

6 " 、"、X，
JEi lj P(a。)D2Oo fdx j P(a。)DiOo fdxj 

- Xo -XJ+I 

6 ,. %0 

= ξ 11-숭P(ço)Doooofd，μT;+1. 숭P(ço) (D200 /+0때끼 dx 
1=1--"'1- -,;t i+l-

" X‘ ’ 「- .1 숭P(ço) (DlOO/ + Dllo f) dxl 
‘ 

6 r ro r "o 
= 1:; I 1 ";""P(ζ) D(lflnn fdlμ - 1 수P(Ç.)D" o Idx 

j = 1 L .... TJ ι ‘ I ν %JH ι “ ‘ ” 

t ‘ 1:J 1 , 
+ } 숭P(ÇO)D' 20 Idx I 

- x, 
which gives Lemma 4.3. 

LEMMA 4.4. 111EH' , then the error fU 1JClio1Jal o/Ihe l -Iocal numerical quad. 

ralure has Q represe끼tatio1J 0/ the lorm 

E (/ , (3) = 1 fØAμ←μn(T) r ~f({3)+츄;~ f (xJ 1 
“ D ,.. l G J.‘ j=l J J 

=곰μn(T) t r !f (';"H‘-훤÷쉴H.H.kξ ‘., j=l“ T,‘L\ G U U U U ‘ “ “ 
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a。 e2 3134 51 
-τ-운+ 3';。 τt;; H ;JDoooof 

/ ξ eR 3 l3 4 5\ ) 
+τ[운+운-31;。→τ~; -.;;)DOOl，f까T， 

PROOF. We shall on ly give a brief proof Ior this lemma. 

r r . . _. '- i"n(T) 
E(λ 얘) =마f<Þi，μ0- 2h'f(ß) J +곽2 j핀[J(껴 ) -f(x) l 

= [4#p#Q 2h2f(a)] 」끓μQ (T)l딸찌xofdx 
1t fo llows from Lemma 4.2 and Lemma 4. 1 that 

6 ι (T) r . . .. . ? .. , 
E(f, ß) = 1: 二U:: ' f ( - 1 + 12ç~- 8Ç~- 12çnç ，UD，‘ fd，μT 

i~l 24 JT"': .0 - '0 OO' I' 2' -OO~--' - 1 

which reduces to the fo llowing result 

μ~('](T) ~ r r Xo , . ._ . ? ._ L1 
E (f, ß) = . Un'•:... 1: I ’ (- 1- 2"n . .l6t;~ - 10선 ) çÞnJdx 

ι’ J= 1 “ XjH 

+lt ←) -양0+ 1핵- 10갱).;，Doo fdx 

-Ll÷( l 2a。+ 1템 1때) (단속) Dooo fd.μT， 

-JTI%(So헐) Dooofd，μT，] 
After further evaluation, we have 

~u (T) ~ r rX
' ( , .;~ ， ,,3 13 ,' , n ,5\ Eα ß) =뭘r-EllX。 (-a。-τ+6，，~ τ ，，~ + 2~:)안mfk 

l xo // 
p2 

l3 5\ 
Jx l+l[-a。-뚱+야。-τ ,,; -r 2r;;)DJOof dx 

+JT，(웅 +S。-핵+ 5챔+탬lS2);lS2Doom f#TI 

[t fo lIows from Lemma 4.3 that the above equation gives Lemma 4.4 
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PROOF OF THEOREM 4.2. Applying the triang le inequality and the Cauchy

..schwarz inequality to the equation in Lemma 4.4, we get 

I-'n(T) ~ IE (f, ß) I.;; ":'으-.，- 1: (coIIDoooofll ,2'T .,+c,IIDoo" fll ,2'T. ,) z:r- j~l \<-- OII ...... OOOOJ "L'" (Tj) 
, 

<--1 """"'-OO I2 J I IL"'{Tj) 

where co=0.08495 and c,= O. 04297. Applying the Cauchy-Schwarz inequality 
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10 Ihe abo、 e inequality, we get 

IE(f, ß) Iζ캘gL(&;+떠)l/2l & (||D%%f 1lt2(TJl +||Dml2 f||2L2{T시)} "2 
ι4 、 j=l 

lt fo llows Ihat 

<1::‘ I Eσ ， !l) 1 2 )"2ζ0.0때8(μO(T)) I치￡afQ(T) & (1 |D0% of1 1%2(Tj) 
{3 E fh 

+ 1|DmI2 flj2L2(Ti)}l /2 

fo r each TEr , since the lerms II Doooo / lI' L2( TJ) and IIDoo"/II'L2(Tj) appear in ‘ 

lhe right hand side of the above inequal ity at most once, thus, we have 

( 1::. IE(f, ,8) 1' )112ζ0.0ï208(μQ(T))l /2( z μQ(T) Z |1Lff |12L2(T))l/2 
βS:J~ T E r " 10:1=4 

= 0. 07208 (μo (T)) "'h‘ 1I1ιa 

If the load veclor F~= (f, Øp) of (3) is approximaled by a numerical quad. 

rature F {J' then we are solving 
l • • 

(ù" , rfJp) = Fp' pEQ" 씨
 

( 

where f = g월‘Àp<Pp is a solut ion 10 the l i뼈r syste m (4) 

From (4) , we get 
h _h 

(u" - ü", Ø~) =Fp - tp= E(F ，!l) 

It follows that 

(uk- ah, uh- ah) a월‘ ().p-Jp)E (f, !l) 

which reduces to 

lIu
h -삼| |:딩살‘ 1 Åp- lpllEσ， ß) 1 

By applying the Cauchy-Schwarz inequality to the r ight hand side of the 

above inequality, 、^le get 

l luh-값11용(싫 ().β-%)2)l/2 (β옮 1 E(/ , ß) 1') 112. (5) 

T。 obta ln an upper bound for ( g질‘ (，1p _ ;'p)')"2 in terms of the L 2 norm 

lIu' - ,,'IIL 2(0) ' we get the follow ing lemma 

LEMMA 4 5 lf u(I) = p필/빠(x) vanishes on ðQ, then 
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lIull' ,2,n ,>--.\ μo(T) ，~。 갱 L~ (O) τ["" 1-"0\"< I ß드Q‘ 

PROOF. lIull'L2(o)= JOu' dl'O 

=I'O(T) 필가().ß'I>ß + Àrφr .!. À ，'þ.)'d，μT 

=~μ。 (T) _1; (갱÷져+샤+낌a수A싱‘+ À끼ß) 
u 1 E ," ‘ 

where 싱， Àr' À.‘ are the values of u at the three vertices of T=껴rι 

Since 깐깐앙+2U.À_ + Àj. -'-À).)>O for all μ， À __ , À. _ER, we have 
/J • "1 ‘ ß"7 ' "7 “ a β 

￡(갱+갱+샤+성r+상+AIAβ) 〉T을 웅 (갱+견+2:) 
. 
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(6) 

Since Àß=O for all ,8EðQ and for each ßεQh ' there are six triangles T in 

r with the common vertex ß. Thus the right hand side of the inequality (6) 

can be written as 3 ε。 샤 lt follows that 
ßED. ,., 

Ilull'L2(01)+μo(T) ε. 갱 
(. /3 E (h 

h _h Since u'. - ù'. is a piece、;v ise linear function on Q and vanishes on the bound. 

ary iJQ, we can apply Lemma 4.5 to inequality (5) to get 
h ", hl !2 _____ ( 2 \l!211 __ h !"<h,, f) 1 ,;--, 1 1:' 1 r D\ 12\ 1/2 

11μ - ù"lI:닥감(7') r ll“ 
μ IIL2(0) (ß:살‘ I EU ， ,8) n 

Since the energy norm 11 '11. is equivalent to the Sobolev norm 11 '111. 0; W~ 

have 
h _h" ___ 11 h _h" '- 11 h _" 

Ilu" - ù',/ /.>cl lu • ù'l /r,o>cllu" - ù''//L 2 (0 ) 

for some constant c>O. lt follows that 

11 .，" -앙11.< _ J흐τ"， ( ε。 I E (f ， ß) 12) l/' 
c (μ'Q( 7'))'! ' ße o‘ 

]f the O-local numerical quadrature is used , from Theorem 4.1, we have 
h. _11" .... 1 23 \1/ ' 1 lIu" - ù"lI ζr감~ )"'~h' /I/ \ 280 j c"" ' 2,0 

and if the l - local numerical quadrature is used, from Theorem 4.2, 、.v e have 

|파ùh/얀으엠h'씨 

lf u is the exact solution to Lu= f , from the triangle inequalit y, we get 
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_h" . " h _h 
|1u - i | 1aζIlu- i‘ 11. + llu • iíï l. 

Since 1 he energy norm Ilu 삼1 1. has an order of accuracy O(h') [9], and the 
h _h 

·energy n。rln |1u ” Ila has an order of accuracy O(A ) and O(h4) f。r the O loca l 

and l- local numerical quadrature respectively, both numerical quadratures 3re 

consistent in the ene rgy norm. That is, the sol ution still has an order of 

accuracy 0(h2
) in the energy norm for the O- Iocal and l - Iocal numerical quad

ratures. 
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