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Remarks on Connection Forms

by
Young-Hee Kim

Let M be a differentiable manifold with dim M=#» and a local coordinate system
(@, U) such that its local Coordinate (x?------ x™), Let {81, ... 6"} be the dual coframes
of the field of coordinate frames {E;,------E,} on U. For a field of coframes {§---6"}.
on {E,,-E,} is the dual frames of 7,.--8"}.

In this paper we assert that

(a) if M is Riemannian then there exists a unique determined set of #°¢” one form
8*; such that

i) afi- 5 B A =0
ii) dgu= 3,0 &ut+-0% &us),

Where (E;, E;)=4#,; and d the exterior differentiation (theorem 1)
(b) the inverse of (a) is true (theorem 2)

Let M be a Riemannian manifold with its connection </, we put
Ve, EJ=*§ It B, VE;EthZz‘ﬁn‘Eﬁ-

Proposition. 1. The »? ¢~ function I";;* are completly and uniquely determined by »3

¢~ function I';;*, and the inverse is true.

Proof. In order to prove our assertion we shall put
E{:Ez aiy(x) Ey,

then each a,;: U-—R is a ¢~ function.

By the properties of 7 we have the following:
Vs Ei= 'Z:"(au Aim V§ E.tay Ei(aim)EL)
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—”ﬂ% (lz; @it Gpd 1’ + Zau Eian)) E..
On the other hand,
Ve Ei=5 Nt Es= 5 on Tt Ev= 5(5 o T M E..
Therefore, it follows that

E‘ s it = 2 i Gy P+ ?du Ei(as) (%),

[

Note that since for all xs=¢ (U)
a'“(x) ............... al.n(x) Y

a:”l (x) ............... a:m(x)

is not singular, we have the invese (@”(x)) of (2:;(x)) and thus
Therefore
Ea)=} ¢¥(x) EXas)

which makes sense.

From (%) above

ap it +ay i+ 4ay = ‘Z.au Gim Fial + Zl} au Ei(an)

Al it ag, [+ +Gun 1’(:":‘21 i) Cim iiz."'i- F @i E’;(a;..)

As before, since the nx» matrix
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is not singular, we have a unique solution
(i k=1, n}.

That is, {I":;* | 1<i, J, k<n} is uniqudly determined by »° ¢™ functions {I':;* | 1<,
7, k<n}. The inverse is proved by the same way as above.

With the above notations we define
al“-‘ 5: f'llh 6"
=7

then the #° functions [;;* are C”.

For a C” vector field X(e#(M))

V= OMX) B,

Where V3 B;= 3":, P By (1<i, 4, k<n). (Note that (E,, E,J#0 implies Fi =14,
where [, is the bracket product.)

Theorem 1. Under the above situation we have the follwing.
(i) df.= % ax* A 98 _ 2 ping;
l"‘&"x axh F—J‘l AR

iy s » OF n
(i) dgu=‘§—3§&’— di"-"—‘g(af" 8'&1*’9."’ &ui)s

where #:;=(E:, E;). (Note that d is exterior differentiation).

Proof: Let us put
E«zlle ai(x) By 1<i<n),

then {ai;]i,7,<w} are C” functions and the »x» matrix (4,,) is 8 non—singular matrix
at each x=p(U)YCR". It follows that

B=F o E. Q<i<n),

where (a;;)"'={(a").
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In this case we can easily prove that

0i:;iz ot &, 5@_21 a0 (1<i<n).

(i) :dB'=F O AENB)=F O AEL(E, @i 69)
= 0*AEi(a;;) 0!
:E Ey(a;) NG
= Ex(a) 0" N\O"

=— % Eu(a,) 0'A6™
On the other hand,

Z, BiND = ;’; (9’/\§lﬁu* )

=25 0 O AT am 67)
=5 (5 am @y TN A
By (3¢) in the proof of propositon 1,
;?‘; Qi Iyt = .‘;’_j."a,,., @y ﬁ,,-‘-i—é}la.,, Ei(a)
=l§a,, @ 1+ Ea(as).

Thus, we have,

”

£ BAT = Z (8 @ It~ Eu(a )0 NO"

L Y
=3 au(Z Tt NI = 5, Enlan) ' N"

Since [pt=l,' and G°N\O"= 0" N\O° the first term of the left side in the last expression

is zero, we have,
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[ 93]

2 0 NBi=— T Eulan) 000"

Therefore our assertion was proved.

(i) dgiy=3 (BB ENO=F (Ve  Bus B+ (B, Vi, E)6*
(by the properties of the connectionv/)

=3 & @i Va B B+ 5 au(Bi Vi E O
:él(t , Qi Plx"é:i‘*’lzz au I'\8:) (221 at*@t)

n -~

=2 (X aya* fu'*“}_:l aw a* '\ §:,)8"

Li¥yt k=l

212, (P08 + 10 008:)
=2 BP0z (Bl
=5 @l t8r 8. 1/

For a while, by M We mean a differentable manifold with dim M=#n. Let (¢,U)
be a local coordinate system with local coordinate (x?, -+ %"} and the field of coordinate
frames {£,,---£E,}, and let {6,---0"} be the dual coframes of {F,,---E,}. We consist a
field of coframes {5‘,--~6~"} defined on U and its dual frames {E,,---E.}., We suppose
that there are #* C” one—formes #*(1=7, k=n) which satisfy conditions (i) and

(ii) in Theorem 1, and define the following;

(iii) For each C” vector field X defined on M

V.E; ::,‘Zi; G2 (x)E,,

where WV is a C”(M)~linear map with respect to X.

That is, for fEC (M), VuE;=1V.E;.
(iv) For fe=C™(M)

vx(fy):(xf)y'{“fv:tyc
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Then, we have the following (Theorem).
Theorem 2 Under the above circumstance:
(a) For X, Yeo(M)
condition (i) in Theoem 1 ¢ (X,Y1=V,V-V,X
(b) For X, Y, Ze=a (M)
condition (ii) in Theorem 1 &= X(Y,Z)=(V.Y,Z)+(Y,V.Z).
Proof. If we use df(x)=xf(f=C™(M), xc=+(M)) then it is easy to check that for

each one form W
dW(X,V)=Xw(Y)~Yw(X)~w({X,Y]) (%)
Where X, Y (M)

(a): For X,Yes(M) we put X:izia‘(x)E; and ¥ = ?—'13, Bi(x)E;, then o' and § are

C~ functions on @(U)CZR" fore i=1,n.

(=) By Cies) & (dB'(X,YNEi= £ (X(B) = (¥ (@)= B((X,YI)E: using (X,¥)=

XY —YX We have the following.

BB YINE= 5 (BB Y (@) B =xY ~Yx=(x, V).
Thus,

£ @0 X, Y)Ei= £ (XY —Y @NE~(X,Y).
On the other hand,

(s

EEINBAXYNE= BB BIANE— B8N £ COE:
=L vyEi~ 56 ViEs.
Condition (i) in Theorem 1 implies that
B XB)-Y(@NE~(X, V)= 5 (@ VE,~ BV,
and thus
X, Y)= £ (XBOE+8T:E) ~ EX(@E+a'VrE)

:VXY"'V;'X
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(&): By Gi3¢) df (X, V)=XB()-YE(X)-6((X,Y))
=X(B)~Y (@)~ (V¥ ~V4X)
=X(B)~Y (@)~ G (5 (X(BOE, +B LA X)EL)

- 5 V(@B ~a! B IAEs
=X(B)~Y(a) = X(B)+Y (')

- % (B0 ~abi(Y))
=5 (@B (Y)~pBY))
= ZONTHX,Y)
Thus, we get d?“:jzz]zﬁ/\?j‘.
(b): For X,Y,Zcz#(M) we shall put
X=3d()E:, Y=58(x)E, Z=5r(0k
(=): Note that
dgiy(0)=5 i 00y = Far B = x@)=(F et 2z
Using this we calculate as follows.
(Vx¥, 2)+(Y, VaZ) = (5 (X(BIE+ VB, ZrE)
+(E BB S(XGDEA1xE)
= L(XET s+ 87 EBA 08, +BX ()
+B7 Blew)
=ZXET +HBX NG+ ZET EEH D
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“ra."(x)iu)

= DX+ BX () du+ ST dE ()

‘-—‘fiZ;[(X(ﬁi)T’ +BX(r ))&+ BT X(&:i))
=X(Y,2).

(¢=): From the above descriptions and X(V,Z)=(VyY,Z)+(Y,VxZ) We have the
following;

p2 UXBIY X)) +Br'd(£:)(£)]

= BUXBT +BX(r DB+ 5 04)())

Therefore we have df;;= éj(a‘én;+5:‘én¢)

From now on, a differentiable manifold M(dim M=#) Is covered by a local coordinate
system (¢,U) (M=U).

We ghall use the above notations.

Corollary 3. If M is a Riemannian manifold then there exists a uniquely determined
set of #*C oneforms (1< j, k<n) satisfying (i) and (ii) Theorem 1 conversely, if M
has a set of #°C™ one forms 0*(1<(j, k<n) satisfying (i) and (ii) in Theorem 1 then

M is a Riemannian manifold.

Poof. Let 7 be the Riemannian connection of M. Define
VE‘E"‘,= ;Slf’u“E‘., then by proposition 1 the »#* C” functions

ﬁ.-,‘(lgi,j,kgn) are uniquely determined using V(i.e.,l";*).

Define

B o~
31* = Elru‘gl,

Then the #? C™ one forms 5;*(1gj,kgn) satisfy :(i) and (ii) is Theorem 1 by The-

orem }

Conversely, we put I';;*==8*(E,), and define
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T :u{ M)Xu(M)—e(M)
by (iii) and (iv) above. Then we have Y?EiE,:‘ZZ}f’i,‘E,(lgi, i<n),

If we putVgE;= éll"';,E.CIgz', 7<Cm), then by proposition' The »® ¢~ functions I';/*
are uniquely determined using #°C™ functions F;;*. By theorem 3 we have the following.
0={E, EN=Ve,E;i—NuiEip i =TM1<E, 1, k<n)
EA(Ei, E)=(Va,Ee, E) +(Biy Vo, EN D Esger= 5 (N 8+ '8:0),
where (£, E;)=g.
Thus the 7 defined by #3C™ functions I";;*(1<C{,7,k<n) is the unique Riemannian

connection on M which are defined by 8:*(1<</j,k<n) ((1)). Accordingly, M is a Rie-

mannian manifold.
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