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A Note on the Ring Ix/ of Integers

by
Dong-Uk Ko

Throughout this paper we assume that

Z=the ring of all integers, @Q=the rational field
C=the complex field,

Moreover, we assume that K and k are number fields such that (k:k)=# and (k: @]
= and that I, is the ring of integers of k. The purpose of this paper is to define the
ring I, of integers of k/k(Definition 1) and to prove that @D I, =1, (Theorem 3) @ I,
is a Dedekind integral domain(corollary 6). As is well known I, is a Dedekind integral
domain and thus I, has the unique factorization property with respect to prime ideals.
(%)

Let k be ane extension field of & with (k:&)==n.(Note that the complex filed CDK
kD@ and (k:@Q)=[k:k) (k:Q)1=mmn).

Definition 1. If acsk satisfies

a’+aatt et @ ta,=0 (€L, i=1,7)

then «a is called an algebraic integer of k over k. I, denotes the set of all algebraic

integers of k over k.
Definition 2. Let k=k(f) and let f(x)=X"+a; X*'+ - +a,; X+a,(a;=k and

f=1,7) be a minimal polynomial of #. Let us denote the conjugate elements of 8 by
G=BD, §@ ... f,

then f(09 =0 for i=1,--,7. We put K =£(0%) for i=1,.-,m. Each ac=K has a

unique representation
a=ag+ayf -+ +an.; O (iSh, i=0,, n—1).

We define the alge‘praic conjugates of a by
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a:a‘“:dg—i—d,@“)'i' RRES oY 2 gen-1
&P =gy 4 a8 . + @y FO-1

aM =ay+a, 0+ - 040

(Note that if ac=k then a'=-..=a*’=a.). The norm N4 a and the trace Ty, a of a

are defined by

Ny a=aDwa®, Ty a=a®D 4 4q,

respectivelly.

Theorem 1. We have the following properties about Tyu.

(i) Iy is an integral domain,
(ii) Yac=KIm(+0)eZ such that mac[y,.
(iii) Jwu is integrally closed, 7,e., if acK satisfies
a +a a4 b, et a, =0 (@€, i=1,,r) then a1, ,.
(iv) Tealk=1,
(v) For as==Iu Nina, Tin ae=ls

Furthermore, the algehraic conjugates a=a‘",...a’ a of a are also algebriac integers
over k, i.e, a is an algebraic integer of K> over & for /=1, -n{aP&l,P4).
Proof (i): We shall prove that A&, ey, -+, 7&K such
that @ popsloy+-+ L. (G, 7=1,%)
@ =L+ -+
Suppose A=Iy., then there exist a, &I, such that

2"{"‘11 2'—1+"’+“,~1 2+af:0‘
Thus, put A"~ '=7,,,A=7,-, and 1=7,, then *

Q-G {m”-' it i+i>r
Rpy=AT T =

where b, (i=1, r) &I, That is, &l 7+ + 1Ly, Next,
A== Lyy o+ 1

Conversely, suppose A=+ + I, By our assumptions D and @

=T i (CuSl).

n
iy §
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Define the N XN -—matrix ¢=(d;;A~ci;)i,i=1N

1, =5
Jis=
0, i#4.
In this case:
‘771\:1 A=Cy =Cpp = —Cix) (M 0
Cli = "?21 A—=Cap-- —Cax =| i

‘pu) \—=Cyp —Cyad--A—Cyy)\ny LO

If det C+0 then there exists the inverse C-! and we have

lo .

R

P =CIC

|7 ) (77“} (0
j‘“7:\!) 1771«

In consequence, %;=-—-=9y,=0 and A=0. If det C=(0 then A is a root of the following
equation
| 2=Cuyy e —Crar—Ciy |

.

=0 (Cu=l)

“—CSNI"'R“'CNN ZL“CNN!

and thus A<=/ 4.

We shall prove (i) by using the above result. Take a, eI, then

a Ly -+ L, 0L+ Ly
P+ + Iy, L0+ + iy,

where 7, {;=K for i=1,-, N and j=1,., M. Since

2L+t Loy L+ L+ L8+ + Lu+ Lap G+ -+ Lipalu
GLELL -+ LT+ -+ L+ + T 8+ o+ Linal
&l = GENELMG -+ -+ Tinnlu

Clopy -+ LGy + -+ Tinlu

and
at Bl + -+ Ly + LG+ +Llu+ Ly + -+ Dipyly

it follows that a+8,ape=l,,.. Thus Iys is a commutative ring. It is clear that fe=T,,;,
and thus [y, is an integral domain,
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(ii): Let X' +ay X +vida,, X+a,(a sk, i==1,, 7, r<n)
be a minimal polynomial of a=K orer k. As in [2]

there exist non-zero rational integers my,, ---m, such that
MOy ooy MLAEST,
Put dy=mn,m, (&=Z) then a is a root of
boX"+B X714 Br ) X +B,=0. (Bl i=1,-1),
where 8,=b4a,,---, and B,=bya,, i,e.,
boa,+ﬁ;a'-'+-n+ﬂ,-,a+ﬁ,%o.
Thus, we have
(bo@)” +Biba(Boa) 1+ -+ B,y b2 (bya)-+bg"" B,=0.
If we put Bbo=71,-y Brotho™?=7,-1, by 1B, =7, then by is a root of
X'+ X et r X 4y, =0, (€4, i=1,-0,7),

and thus byacsl,.
(iii) Suppose ac=K satisfies

&t ot a, =0 (@ la, =1,0,7.)
Since a;&!l,, we have some positive rational integer N, such that

afi=—(fiaMi-t+ 4 By, ai—By,) (B, i=1,-N))
Put a¥i-1=19;, -, a;=ny,_ , and 1=y, then

7S+ + Dy,
L+ +Lw (E=1,-7).

Let us put
Suirir=a Ny (1=0,1,, r—1,5=1,-,N;, i=1,r)

then it follows that

Lirvin §lyir oo s E L Lasr v sr
ac= L1 Liypevire
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o

That is, by(i) ac=Il ..

(iv) Note that

I.[Vk=the set of all algebraic integers over % in k.
Since I; is integrally closed in k(As in (2] it follows that I,,(Vk=1I,.

(v): Let a=a,+a 0+ +a,., 0% eI {see Definition 2), and let X" 4+8,X" 1+ +
B, X +B.(B;=I,, é=1,-7) be a minimal polynomial of a over k. Then

a’+ B 1+ + Byt B,=0.

The algebraic conjrgate a=a,+ a0 4+ a,., 0% (j=1, -, n) of a saticfies the

above equation, i,e,
a4 By @ty B, a4 =0,

Thus a‘ is analgebaic integer over k(e‘>&=I,5/k).
On the other hand, Nyja=a®--a® and T\u (a4 .-+ are symmetric functions of
<, ..., and 6", and thus

Nia a, Tiak.

Let L be an extension field of K<, ..., and K™ suchtbat LCC(the cemplex field).
Then, a’,---, a™ez],,, and also Ny, a, Tia as=I,, by (i). Thus,

Nklian Tklj aeluj ﬂk—_"-]j

by (iv). ///.
Theorem 2. When (k: 2)=2n we have

Ioa=Ta;P-- P, (direct sum),

where w;---, and w, are elements of K. (We say that {w,;, -, w,} is a basis of [ . )
Proof. As in Definition 2, we put K=k(0)=kDkOD --PhE*-1(§=K). By (ii) of
Theorem 1. there exists a non-zero rational integer m such that mfe=l,. Thus, we

may assume that 0<I;. Then we have a unique expression of «=K such that
a=ay+a&f+-+, a 0% (aSk, i=0,1,, n—1).
Let

az= ol = gy a0 - e oy G2
a(".z-ao+a,0<">+ ROTI OLEE
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be the algebraic conjngate of a. We put

= (6 — )

. il g L gcm-1

i femr ... Pown-1

i<J
and
1 8O . i1 gt GeDikr |, Gibin-1
U“’:J: : : : : :
1 B0 .. femi-1 gem Gowitt L. fean-1

then 0 £0WD (i5£7)=—=> A+0 and a;=AYD/A. Since fe=I,: and A? is a symmetric
function of #=0M...and 8" A?e=],. In
AV
R
A=, and a; A=A AYPER(aisk). I assl, aes].

Thus, as=l,,—=>A% a;A?=AAYD=],. Therefore, when ac[,, we have the
following):

a=a+a,0 4+, (0=, il i=0,n—1)
AA(D AA(Z)
= AZ + Az

—nn® -t o aam 200
AF Lf A

(my
5+...+_é§2_.._ -1

1

1 6 ﬁn-
EIL"f : Plis fz@'“G")[k Rz
In consequence

g -
IinGEh %@hzye}--ﬁal X (direct sum)

Where the right hand side is a free [,-module with a basis

[-Al-z-, -g—;,---. %—;;,—l—-} Thus, [ is a I,-submodule of a free I,-module. It follows

that I, has a basis {w;, ---w.} such that
Ik/hzlsz@"'@lkwn

wn. /4
Theorem 3. Ikilt=[k-

Proof. It is clear that I, [, because that ZC-I, Suppose (K:kl=n, (k,Q)=m and
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Ln=Lawo,D--BDLaws (wiElin, 1=1,-, #)
]i:ch@"'®ZCu (C,iejh jzly"” m)‘

Then, we have
L= 28w D DZL a0, D ZLw* D« BZL witn,

which is a direct sum because that {,w;, .-, and {,w. are linearlly independent over Z.

Furthermore, since I,y
Loy, oy Cuwn&lys.
Next, we want to prove that w; (i=1, -, n)&I,. Let
X/ =X"+a, X 4 tay X +a(ae=l,, i=1, -, n)

be a minimal polynonial of w=I,;.

Let us put

EP=k, ---k™ as the conjugate fields of & over @

X/ =X 4a, P Xt 4al X +a,D(a;DeSkD (=1, n).
Then a minimal polynomial of w; over @ is
G(X)=g(X/i?), g(X/i®)---g(X/¥™).

Take a number field L such that LDK,.-.K™. Then a;*? &I, for ¢,j==1---n and each
coefficient of G(X) is in Q.

Since @[7,=Z as in {2] we have each coefficient of
G(X)eZ.

It is clear that G(w;)=0, and thus w7 is an element of I,.
Therefore we have w1, for i=1,.-, m and j=1,.-, #, because that [, —I.. In

consequence, we have the following:
1 =20, DL, D - DZLn wa)

e, Iy=Ino [//
Corollary, I, is a Dedekind integral domain.
Proof. By (3%) above, since I, is a Dédekind integral domain so is I, by Theorem

3. We have one other proof as follows.
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We havetwo steps to do-this.

Step 1. Let us assume that

Ikl&:-llwl®'"@[hwn
Li=20,D--DZL,.

Then, as before,
Ik3ZC1WI®"‘@ZCW}@'“@ZCIwa‘

Let TT be on ideal of I,,. Since [T is a /;-submodule of the free I,-module I, it has
a basis {a,,--,a,} such that

N=La; ©--PlLia,.
If we pus
M'=28,0,D- DZLusDZL,05D---DZ L uct,

then [77 is an idal of I; generated {by {,a,,-,{.a.}. There exists a maximum matrix
A=(ay) (ai;£Z) such that

( C}“x C_zw 1
C-ual ‘:.-wz
=A

c_zaz C'nwa
\ C.lan c.uwn

By a choice of {{,a;,--, {u} and ({005, --Law,a} A can be denoted by

€;
det A= ™
0

(=2, i=1,2,, mn).
€nn

Therefore
NMi=|detA|= e, eul,
which called the norm of [1'. Thus, each element of I,/[' is uniquely represented by

@01+ Gunloutlong

where 0=<a,;<le¢;| for j=1,2, -, mn. The number of elements in T,/L1? is just le,--e.,
1=|detA|. Put

~~ 16 -—
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!"f' d & <
ﬂl = ',Z;I QiGi, ﬂz i§1 Qi Ci, Y 18&": :4;1 amn‘md—iCi

then each element of [,,/I"l is represented by a unique form:
Biw, -+ Bt
Since I,/ is a finite set, so is I,/ 01,

Step . (1) Iva is integrally closed (iii) of Theorem 1.
(@ Iy is a Noetherian ring.
Suppose a series of ideals I‘],f:”.‘nz +: in Iyu. Then there corresponds a series of
ideals ﬂ,'%ﬂ,’c)f: in I,.
By (3%) above there exists a positive rational integer !/ such that[7,=I,. Thus[1,=Ia
and I, is Noetherian.
(3) For a prime ideal [ of I, the integral domain [i./]7 is a dinite set as above.

Thig implies that /,,/11 is a field. Hence [] is a maximal ideal of Iy,.
Sumning up ths above things, I, is 2 Dedekind integral domain. ///
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