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Representation of Bounded Operators by Hellingers
Integral®
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> Abstract<C

Bounded linear operators defined from a space with vector norm into
(LF)-complete vector lattice are represented by Hellinger integration.

1. The Space F(z; X)

Suppose T is a non-empty set, ¢ an algebra of subsets of 7. We shall denote with
A(z, X) the set of additive bounded functions defined on 7 with values in complete vector
lattice X. Let x be a real valued positive additive function defined on rz. A function F

in A(z,X) is said to be y-simple function if for all Aer,

F(A):iz:;] LCAVAL) %p woeeemsesmrnomnsisis s s M

where z, ¢X and {A;) i=1,2,... » is a r-partition of T. S(z,X) denotes the family
of u-simple functions.

With order relation: F,<<F, where F,(A)<F,(A) for all Aer, the space A(z,X)
becomes a complete vector lattice, and [I|F|||={F(T")| is a vector seminorm on this space.
Define F(r,X)={F: FeA(z,X) and there exists a sequence (F.), .., F.eS8(z,X), such
that (8)-lim|{|F,— Fli|=0}.

Let Y be a complete vector lattice and m a positive additive function defined on ¢
with values in (X,Y) -the space of regular operators defined on X with values in Y.
If FeS(z,X), (given in form (1)), then

1Fll=5 m(A) (1X:D)

is a vector seminorm on S(r, X). For functions in S(z,X) we define an integration of

Hellinger Type:
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where F is given in the form (1). It can be easily proved that

For more details, we refer to R. Cristescu (1) and F. Riesz and B.8. Nagy (3).
Remark (a) We can prove using Theorem 6.3 of Kawai (2) that in a (LF)-vector
lattice with (@)-continuous or regular topology, any sequence (X,),,, of elements of X

is (#)-convergent, if

(6)'13__72 (Xb"'xnh):_‘o

for every subsequence(x,.),,y Of (Xn),.4

2. Bounded Operators on the Space F(r, X)

In what follows X will be a o-regular complete vector lattice whersas ¥ will be a
o-regular (LF)-complete vector lattice.

Proposition 1. If a function m has property
m(A)g'u(A) W, ................................................... f"(&)

for any Aer and 0<We(%, )" -the space of (§)-continuous regular operators, then
integration (2) holds for any FeF(r, X) and retains its property of linearity and positivity.
Proof. Let FeF(z,X) then there exists a sequence (F.)..y» F» 68(z,X) such that
(O)-Limll|F— Flil=0.
It follows that, (0)~iz;r§mFg——F,,,{'l\==0 for anr any subsequence (F.,)),x 0f (F.),..x-
Using inequality (4), it implies (0)—lim!|F;.-—F =0 for any subsequence (F,)),., of

(Fa) pene
So, ‘E, 4(AS (x‘h)\Lo in X implies glm(A")(lx;"l)LO in Y.

Using inequality (3), we have

—— 2 —
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Therefore,

i | (dmdFs _{ dm dF,, | _
) t;rgu pdls [ dmdlu | —o.
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Remark (a) of Section 1, implies that the sequence U%] is (@)-convergent,
T

neN

gince Y i8 g-regular (LF)-complete vector lattice. Now put

. {dmdF dm dF
(8)-1im n , cvererisesesreecesessmasissetesnns ()
n-m,T[ d[l .‘[ d#

Inequalities (3) and (@) imply that, the limit in (5) is independet of the choice of the
sequence (F,), . Obviously integral (5) is a positive linear operator defined on F(r, X).

It is noted that if Fyx is a vector space with a vector seminorm (with values in X)
and U a a linear operator, which maps Fy into complete vector lattice ¥, for which

there exists a positive operator We(X,Y ), such that

[UCFY | S(WHIFID, e retearreierererera e e et e s benerenn e eaa ®

then U is bounded.

Proposition 2. Let m be a positive additive function on r with values in the
space (X,Y)", satisfying the condition m(A4) <u(A)W for each Aer and 0<We(X,Y)s,
then the formula

U(F)z.{%fi’ e )
T

defines a bounded positive linear operator on F(z, X) with values in Y,

Proof. First of all suppose that F' is u-simple function given by

F(4)=F u(ANA) = for any Aer.

Then
0= |[ 27| = | E mcad e
<| B wcad we |<w|E wan @o|=wae.
Thus
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On the other hand, from proposition (1) it .is clear that for any FeF(z,X), (which

is not u-simple) there exists a sequence of u-simple functions (F,),,, such that

(B)-Lim [[FamFl=0. oeerssereriismmmmsimsssiis s ©
Therefore,
; _f{dmdF _ o\ . [dmdF,
IU(F)I—l 1AL —(0)-tim [478L,
and

UCF) 1< ((6)-tim WALE)).

Since W is (#)-continuous, therefore,

U [ <W(8)-tim HIF)

and

IUEY LW AIFID.

It follows that U/ is a bounded operator.
Since Hellinger Integral is positive and linear, thus U is a bounded, positive linear
operator.

Proposition 3. If U is a bounded, positive linear operator(in sense of (6)) on F
(z,X) with values in Y then there exists a positive additive function m defined on ¢

with values in (X,Y)", satisfying inequality @) and

U(F)= j -»4-’12;‘}’-“3 for all FeF(z,X).

J—

Proof. For every Aer and xeX, we can define an operator F,* on ¢ with values
in X, by FJ'(A)=u(ANA,) (x) for all A; ¢z. Obviously, F,* is g-simple.

Operator m(A) defined on X with values in ¥ by m(A) (x)=U(F,") is a positive
linear operator and m (as mapping: A——m(A), of r into (X,Y)") is positive, set
additive and satisfies the inequality ).

Case ]. Suppose FeF(r,X) is #-simple (that is given by equality’ (1)), then
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MU[.‘Z:-JI FA“ (A)] (

=3 U(F3 (4).

i=1

Thus

UEY=F UE=F ma) (r=[222E
T

Case [I. Suppose FeF(r,X) is not u-simple. Then there exists a sequence (F,)

nsN

of p-simple functions such that

(ﬂ*{i{f“lﬂ“FHI:O
and

[ U(F)=UF) | = |U(F,—F)| < W(HIF,.—~FH|)-€—»0»
Hence

UQE)= () -lim U(F,) woresstssosssssissssiis s 0

From (0 and proposition (1), we arrive at

U(F):j._‘.i.% AE e i
- 15

Proposition (1), (2) and (3) imply the following theorem.
Theorem 4. If X is g-regular complete vector lattice and Y o-regular (LF)-complete
vector lattice then general form of a bounded positive linear operator (in sense of (6))

defined on F(r,X) with values in Y is given by

U(F) =J' dn;ﬂdF
T

where m is a positive, additive function defined on z with values in (X,Y")” satisfying
inequality @).
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