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THE CLASS OF LIMIT LAWS FOR LEVY PROCESSES

W1 CHonGg AHN, IN Suk WEE
1. Introduetion

Let X, be R'-valued stochastic process with stationary independent
increments whose log characteristic function is given by

(1.1 log E exp(iuX,) =t[ibu—2"10%4>
+j(exp(iuz) ~1—izz(1+25)Ddv(z)]

where v is a Borel measure on R-{0} satisfying J:cz (A+2)"Wv(z) <

co. As usual, we assume that X, is normalized so that X,=0 and
almost all sample paths are right continuous and possess left limits at
every ¢. QOur main concern is related to the following classical problem;
the convergence in distribution of (X,—B,)/A, as t—0 and t—oco, where
lim A,=0 and limA,= oo,

-0 t—co

The analogous problem was completely solved for the case of sum of
i.i.d. random variables X, with common distribution function F. It is
well-known that the class of limit distributions of normed sum, (S,—
B,)/A,, coincides with the stable distributions and necessary and
sufficient conditions for ¥ to be in the domain of attraction of each
stable distribution are expressed in terms of F. As pointed out in [8]
by Pruitt, there is duality between the distribution function for the sum
of i.i.d. random variables and Lévy measure for the Lévy process.
Furthermore, the analogous condition to the case of i. i. d. random
variables with Lévy measure replacing distribution function was obtained
in [10] by Wee for the convergence to the normal distribution as
follows; it is necessary and sufficient for {A4,} and {B,} to exist such
that (X,—B,)/A,2%(0.1) as t—0 and t—co that

‘zzv{y Dyl >a) -0
02+I Iyl< y2dy(y)
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as z—0 and z—oo respectively. In fact, our present work is motivated
by this paper and suggestion by Professor Puritt. Surprisingly it turns
out that similar results to the case of normed sum of i.id. random
variables again hold with Lévy measure in place of distribution function.
Note that it is obvious that the limit distribution is necessaily stable for
t—oco but not for t1—0. Before stating our main result, define for a>>0,

G+ (a) =Lzl>adv (z)
K (&) =a (ot + (@)
G, (a) =L> av(2)
G@=| _av@
On first result is

THEOREM 1. (@) (1) Thke class of limit distributions of {(X,—B,)/
A} as t—0 for suitable numbers {A,}, {B,} coincides with the family
of stable distributions.

(2) For some {A}, {B;}, the limit of (X,—B,)/A, as t—0 has stable
distribution with index o, 0a<2 iff G is regularly varying at O} with
order —a and G, (z) /G*(z) —C./(C,+C3), G.(z)/G*(z) —Cs/(Ci+Cy)
as x—0 for some constants Cy, C3220.

(6) The similar conclusions hold if t—0 and z—0 are replaced by
t—oo and x—o0 respectively.

Another related topic is stochastic compactness of family {(X,—B,)/
A} in appropriate sense. This means that every sequence {(X,,—B,)/
A,} with t,—0 or t,—c has further subsequence which converges to
nondegenerate distribution. In the case of normed sum of i.i.d. random
variables, Feller [2] observed that

. 22(1—F(z)+F(—2z))
fim P <o

lyl<z

is equivalent to the stochastic compactness of {(S,—B,)/A, for some
sequence {A,} and {B,}. Recently very interesting equivalent conditions
to stochastic compactness were obtained by Jain & Orey in [6] and
Griflin, Jain, and Pruitt in [4]. For more related work to stochastic
compactness of normed sum of i.i.d. random variables, see Hall [5].



The class of lin;it laws for Lévy processes 201

Now back to Lévy process, we shall see that the analogue of Feller's
condition near zero and infinity is equivalent to stochastic compactness
of {(X,—B,)/A,} in appropriate sense. Define for >0,

g(a)=G*(a) +K*(a).
The function g is continuous and strictly decreasing once g reaches its

support and g(a) —0 as a—co. We assume thatj dy(z)=oo since then

g(a)—co as a—0. If j dy(z)<oo, then one can easily see that X, is

sum of a compound Poisson process and A for some constant A4, which
is less interesting. Under our present assumption we may define a, by

gla) =1/t
We shall sece that for this {a,}, there exists{b,} such that {(X,—85,)/a,}
is stochastically compact in some sense. Qur result concerning stochastic
compactness is

THEOREM 2. (a) The following three statements are equivalent;

(1) There exist {A}, {B} such that every sequence {(X,,—B,)/A,}
for t,—0 has further subsequence which converges to nondegenerate
distribution.

2) lim @3 tG*(Ta,) =0.

T—oe ¢

li_r_n tK» (Sat) >0.

-0

for some &£>0.

. G (x)
) ll_.lgl K*(z)
(b) Similarly for t—oco and x—co.
Another interesting question related to stochastic compactness is to
describe the class of distributions which can be obtained as the limits
of subsequences under the assumption of stochastic compactness. For
stochastic compact family of sum of i.i.d. random variables, the class
of limit distributions obtained as the limit of subsequences was com-
pletely characterized by Pruitt in [7].

oo,

2. Limit laws of Lévy processes.

Recall the expression of the log characteristic function of X, in (1.1)
and denote it by (b, 02, v). Besides G*, K*, G and G defined in
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Section 1, we introduce following definitions; for a>0
p@=|  #/1+)a()
@ (a) =Lzl>;"/ A+22) dv(a).

First we need to prove the central convergence criterion in terms of
Lévy measure. Observe that if (X,—B,)/A, converges to Y in distri-
bution as t—0 or #—oo, then Y has necessarily infinitely divisible
distribution. So we denote Lévy representation of its characteristic
function by (&, 32,7) and corresponding functions by G”, K® and etc.

LEMMA 1. (@) In order that for some constants (B}, (X,—B,)/A,
converges to Y in distribution as t—0, it is necessary and sufficient
that following conditions be satisfied;

(1) lim Tim e%K (¢A,)=lim lim %K (cA,) =52

&0 -0 e=0 -
(2) Az every continuity point y of G, and G2,
ltl_‘ﬂofl 1Gi(y A)=Gi(y)

lim :G~(y 4,)=G>(y).

The constants B, are determined by
B,=t(f(EA) —a (5 A,) +b) +MA,

where M is an appropriate constant and & is continuity point of ».
(8) The similar statements hold if “t—0" is replaced by“t—o0”,

Proof. (a) First we show that (1) and (2) are sufficient. Consider
following log characteristic function of (X,—B,)/A;;

(2.1) log E exp [iu(X,—B,)/A,]

__ 0%

At LzlgeAt[exp(z'uz/At) —1—iuz A dv(z)

+tjlxl>eA,[exp (tuz/A,) —11dv(z) —iuM.
We define measures v, and 7, such that for Borel EC R— {0},
(2. 2) v, (E) =ty (AtE)
7:(E) =IEx2/ A+ 22 dy,(z)

and
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7.((0)) =t0%/ A7
where A,E={A,x : z=E}. Then (2.1) can be written as

(2.3) lel Sé[exp (fux) —1—iux] 1+ dy, (z)

2

.y 1711 t2? _:
-I-Lzbf[exp(zux) 1]761’7,(.1) iuM

where [exp(iux) —1—iux] (1+2%) /22 is defined to be —#%2/2 at 2=0.
Similarly for 5, define for Borel EC R— {0},

7(E) = jEzZ/ (1+22)d5(z)
and

7({0}) =32
Then log characteristic function of Y is expressed as
@4 ibut |[expliue) ~1—iuz(1+2) " HEZ 27(2)
where
[exp(iuz) —1—iuz(1+22) 1] (1+22) /22
is defined to be —#2/2 at z=0. (1) and (2) can be rewritten as

follows;

v’ lim im (J'( g 2%dy,(z) +t02/A,2)

£-s0) -0

e0  Fp
=g2,

~lip lim(| 2% (o) +10%/47)

2)’ lim | | du(@) = L>yd5 (z)

lim dv,(z) =L <_ydx3 (z).

t-0J <~

At conitinuity point, —y<{0, of  (hence of 7), as ¢—0,
ri(=o0, —9)=| _a%+e)du )
—{ 22/ (1+2%) do(z)
z<—y
=7(—— ©o, —y)‘

Similarly, at continuity point, y>0 of 5, as —0, 7,(y, ©)—7(y, ).
Furthermore by (1)’, we obtain
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lim im | (I+a20)dy () =lim lim | = (1+2%)dr,(z) =7,

t—0 J|zl<e
which implies that

lim lim 7,[ —¢,e]=lim lim 7,[—¢, ¢]=a2
a0 =0 =

since

| __An@ < _a+adan@ < (1+62)jlzlsed7, ().
Thus at every conitinuity point y of 7, we have as 0,
7:(— 00, 3) 2F(—0c0, )
and
_ 1u(= 0, 0) = (— o0, ).
This means that 7,7 as £—0. Thus we have proved that (2.1)
converges to

[ (expine) ~1~iua)as(a) +
I|z|>e(eXp (fuzx) —1)dv(z) —iuM.

It is clear that M is necessarily—(8° (¢) —a® (&) +5) in order to obtain Y
as the limit of (X,—B,)/A, as t—0. The proof of converse is almost
identical to Theorem 3.2 in [10] except replacing —u«2/2 by

Re log Eexp(izY) and using

Ii_x)? Re log E exp(iuY)=0.
(b) The proof is very similar to (a).

For complete characterizations of the class of limit distributions, we
need two technical lemmas.

LemMMA 2 (Lemma 1 of [2]). (&) Let U be positive and monotone
on (0, ) and suppose that there exist sequences of numbers a,—0, 3,>>0
such that

Za-l-l/ ]m—)]-’ and

A U(anx) —¢ (.'l:)
exists on a dense set and 0<¢(x)< oo on some interval. Then
¢ (x) =Czr and U varies regularly at 0 where — oco<p<co,

(@) The same conclusion holds if a,—»co where U varies regularly at
o,
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Proof. Only (b) is in [2], but (a) can be obtained from (b) if we
consider U(1/z).

LEMMA 3. Let 0=0 and 0<a<2.
(@) If G is regulary varying at O with order —a, then
. G(z) _2—a
T
(b) If G is regularly varying at oo with order —a, then

. G(z) _2—a
IIIEK”(x)— a

Proof. (a) Denote G* and K* by G and K. Integrating by parts, we
have .

L aiyl Szyzdv (y) =—2%G(z) +2°G(2) —I-ZﬁyG (y)dy.

Since for z sufficiently small, G(z)=z"%I(z) where ! is slowly varying
at zero,
J ¥2dy(y) =—2?G(z) +2jz G (v)dy.
iyl<zx 0
Now using the fact that G(1/z) is regularly varying at oo with order
a and Therorem 1 in [1], VIIL 9, we obtain for z sufficiently small,
J: yG(y) dy~ 5 L6 (a).

—a

(b) Integrating by parts,
22K (z) — K1) =—2z%G(z) +G() -!-Zﬁc yG(y)dy.
It is obvious thatj z2dv(z) =co by the regular variation of G at
co. Again using Theorem 1 in [1], VIIL 9,
"z - 1 9
Jl ¥G(y) dy p—— G(z).

Now we are ready to prove our main theorem.

THEROREM 1. (a) (1) Thke class of limit distributions of {(X,—B,)/
A} as t—0 for suitable numbers {A;}, {B,} coincides with the family
of stable distributions.

(2) For some {A;}, {B;}, the limit of (X,—B,)/A; as t—0 has stable
distribution with index a, 0a<2 iff G* is regularly wvarying at zero
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with order ~a and G%(z)/G*(z)—C;/(C1+C3),
G (2) /G*(x)—Cy/ (C1+C3) as z—0, for some C; C3=0.

(6) The same conclusions hold if t—0 and z—0 are replaced by t— o
and x—rco respectively.

Proof. (a) By the central convergence criterion it is obvious that there
exist a Lévy process {X,}, and numbers{4,}, {B,} such that (X,—B,)
/A, converges to a stable distribution. It remains to show that the limit has
stable distribution if there exist such {4,} and {B,}. As we did before,
denote the Lévy represntation of characterstic function of Y by (3, 5, ).
Since tG% (A;z) =G5 (z) and similarly for G’ and G* at continuity points
of 9, by Lemma 2, either G* (z)=0 for any 2>>0 or G,*(z)=Cyz~* and
G’ (z) =Cyz~= for any >0 must hold where C;+C,>0,C;=0, C,=>0.
The first possiblity leads to the normal or degenerate distribution. If the

second possibility occurs, then 0<la<(2 holds since I 2%/ (1422 dv(z)

<{co. And by Lemma 2, G% and G~ are regularly varying at 0 with
order —a. If we write G*(z) as z7%l(z) where I is slowly varying at
0, then by (2) in Lemma 1, at continuity point y of 5,

lim2O4) — (¢, +C;) /ye

-0 (J’At) ¢

which implies that

(2.5) lilzl t/A2Z=co,
By Lemma 3, for ¢ sufficiently small

PA 2

2.6 . 2K (eA;) ~ ;t —+e2 Zj”_a G (e4,)
and by (2) in Lemma 1,

@D lin lim 4G (A) =lim T G (cA) 0.

€0 0 e £

Thus (1) in Lemma 1, (2.5) and (2.7) imply that as £—0,
0% [ A2—ad?,

but (2.5) forces 02=52=0. Since G’ (z)=Ciz~® and G’.(z)=C,z"°,
it is clear that G (z)/G*(2)>Cy/(C1+Cy), G (z)/6"(z)—Cs/(Cy
+C;) as z—0. The converse is obvious from the context of proof
given above. (b) The proof is again similar to (a) but here #/A4,2—0
as t—oo, hence g2=0 is not necessarily true even though 52=0 is still
true for 0<la<l2.
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3. Stochastic Compaectness

Recall the definition of g and ¢, under the assumption J dv(z) = oo

from Section 1. Since there are no other Lévy measure than v arising
in this section, we write G and K for G* and K” respectively and do
similarly for other functions. We start with some observations about g.

LEMMA 4. (Lemma 2.4 in [9]) If G(z) <CK(x) on intrval I for
some constant C, then z°g(xz) is decreasing on I where 6=2/(C+1)<2.

Proof. 1t suffices to prove the statement when ¢2=0 and then the
proof is identical to Lemma 2.4 in [9].

Lemma 4 and the fact that 22g(z) 1 give control over the growth of
g(z). If G(z)<CK(z) on interval I, then on I for 0<3<1,

(3.1) 7% (z) <g(yz) <7 2g(x)
and for M >1
(3.2 M 2g(z) <g(Mz) <M g(z).

Now we obtain three equivalent statements concerning stochastic
compactness in appropriate sense.

THEOREM 2. (a) Following three statements are equivalent;
(1) There exist {A;}, {B)} such that for any t,—0, {(X,,—B,;)/A,}
has further subsequence which converges to a nondegenerate distribution.

2) (1) 1Tim lim ¢G(Ta,)=0.

—oo  t—0
(1) I_iﬂ_tK(Ea,)>0
' -0
for some &£>0.

G (x)
® lim Ky <

(8) The statements similar to (1), (2) and (3) for t—co and z—c0
and equivalent.

Proof. (a) (1) implies (2): Itis well-known that {(X,,—B,,)/A.}
for ¢,—0 has further subsequence which converges to a distribution (not
necessarily nondegenerate) iff

Tsoo 50

Consider a symmetric process X, =X,—X, where
F{X,t>0} and F{X,, =0} are
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independent and {X,} has same distribution as {X,}. It is clear that if
(3.3) holds, then

(3.4) lim im P(]X;|>TA;)=0.
Then by Lévy’s Inequality, we have
P(1X|>TA)>27'P (sup|X,;/|>TA)

227 [1—~exp(—tG*(2TA,) ]
=2"11—exp(—2tG(2TA,)]

since

P(sup |X,’| <TA,) <P(there exist no jumps of magnitude
= greater than 2TA, up to time 2)

where G* denote the corresponding G function for {X,}. By (3.4), it
is clear that

(3.5) lim im :G(TA,)=0.

Tox t-0

Also one may easily see that for some £>0,
(3 6) lim K (£A,)>0.

since otherwise there exists a sequence converging to a degenerate
distribution under (i) of (2). We observe that there exists C such that
for 0<C<C’

(6.7 Lim £g(C'A;) <lim# g(CA) oo
by the central convergence criterion, Lemma 1. (3.6) and (3.7) imply
that there exist 0<\m<M< co such that for ¢ sufficiently small,
mit<g(€ A) <M/t
hence
a,/mZSA,Zat/M.
By the comparability of A, and a;,, and (3.5) and (3.6), (2) clearly
holds.

. . . T G(x) . . i K(-'l") .
(2) implies (3): Suppose that 121_12 X =~ & e. Im = ) =Q.
We consider two possibilities;
T K(z) _ +— K(z)
Im G =0 o lm Gy>0

But the first possibility is easily ruled out, since then
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im (KCGa)
fim ey —©

which is contradiction to (2). Assume that

Trm £(2) .

-0 G(.T)
Choose z; | 0 so that for ¢ | 0,
K(z;)
Glay =
Let yi=sup {y<<z;;K(y)/G(y)>e;} and g(z;)=1/t;, g(¥:)=1/s;. Then
z;=a;; y;=a; and there exist #;—0 such that a;<¢&a,,<a,. By definition
of y;, K(& e,,)/G( a,)<e; which is again contradiction to (2).
(3) implies (1): Recall that there exists 0<§<(2 such that 2°| g(z)
for z small enough under the assumption (3). Let >4, T>>2 and b,=¢

[6+8(Aa,) —a(da,)]. Write X,as a sum of independent processes, X,,
X,2 and ¢t (b—a(Ta,))where

&;, and g(z;)—>co.

log Eexp (izX,)) =t[— 022u2 —i—j’ o (exp(iux)
z|l<Ta;

—1—iuzx (1+x2)"1)du(x):l

log Eexp (iu X2) =t UI (exp(iuzx) —1)dy (x)] .

Then by differentiating the characteristic function, it is obvious that
EX,'=tB(Ta,) and VarX,'=tT%,?K(Ta,). Note that for z small
enough,

zi>Ta;

(3.8)  t18(Ta)—pGa) 1 <t| 12%/(1+2%)|dv(2)

o, <|z| < Ta:
<tT%3G(Aa,)
<LA%T 3}
< Tat/ 4,

and

(3.9) tla(Ta) —a( &) gtj 12/ (1+22) |dv(z)

1a:<|z| < Ta;

<tTa,G(Aa,)
<A %Ta,
< Ta,/4.
Using (3.8) and (3.9), and Chebychev’s Inequality,
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P(|X,—b,|>Ta) <P(1 X, +tla (Za,) —a(Ta) —B(%a,)]| > Ta,)
+1-exp(—tG(Ta,))
<P(|X;'—¢8(Ta,) | = Ta,/2) +tG(Ta,)
<4¢K(Ta,) +tG(Ta,)
<4T-9,
for ¢ sufficiently small. It remains to show that every subsequential
limit of (X,—&,)/a, has nondegenerate distribution. But this is easy to
see by the central convergence criterion since for ¢ small enough and
some constant C >0, &>1,

tK(&a,) >Ctg(£a,;) >CE2>0.
(b) It is similar to (a).
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