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PROJECTIVE REPRESENTATIONS OF
SOME FINITE GROUPS

SEUNG AHN PARK

1. Introduction

Let G be a finite group, and let K be an algebraically closed field of
characteristic zero with its multiplicative group K*=K— {0}. A mapping
T:G —> GL,(K) of G into the general linear group GL,(K) is called
a projective representation of G of degree n over K if

T(g)T(h)=a(g, k) T(gh), a(g, h) €K*

holds for all g, 2&G. The function a : GXG —> K* is called the
factor set of T. We say that T is irreducible if the vector space
V=K?* has no nontrivial proper subspace invariant under all T'(g), g€G.

Let T:G—>GL,(K) and § : G—>GL,(K) be projective repre-
sentations of G with factor sets @ and B, respectively. We say that T
and S are (projectively) equivalent if there exists a nonsingular matrix

P&GL,(K) and a function ¢ : G —> K* such that
S(g)=c()P'T(g)P, z€<G.
In this case, @ and B are equivafent. That is, the following holds:
B(g, b)=a(g, k)c(g)c(R)c(gh)™!, g, hEG.
If there exists a nonsingular matrix PEGL,(K) such that
S(g)=P1T(g)P, g<6,

then T and S are said to be linearly equivalent. Linearly equivalent
projective representations have the same factor set.

The purpose of this paper is to explicitly determine all the irreducible
projective representations of some finite groups. The following is our
main Theorem.
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THEOREM Let G be a finite group with two generators x and y defined
by

G={(z, ylz*=1, y?=1, y lay=z"),
where
(i) (r,n)=1, p is a prime,
(ii) (r—1, nd)=d with d=@—1, n), and
(iii) r*=1 (mod =d).
Let K be an algebraically closed field of characteristic zero and & a

primitive n—th root of unity in K. Then d is equal to 1 or p.
If d==1, then we have H?*(G,K*)={1}.

If d=p, then the following hold.
(1) H2(G, K*) is a cyclic group of order p.
(2) For any factor set 8 of G over K which is not equivalent to the
trivial factor set,
KA[GI=M, ® - ® M,, My~ =M, =Mat,(K).
» »

(8) Let a: GXG——> K* be a factor set of G such that
a(yizf, z8) =a (¥, y') =1,
a(yizi, ylagh) =EArrtr2ttrizhi
for all integers i,j,k and 1>1. Then
H%(G, K*)={{a}>={{1}, {a}, {a?}, -, {a?"1}}.

For each factor set a* with 1<k<p—1, there are exactly —Z— linearly
inequivalent irreducible projective representations of G over K with
factor set af. They are projective representations Ty : G ——> GL,(K)
of degree p defined by

Tk,-(x)=diag {gkﬁ, Ek(1+r)+ri’ Ek(1+r+r2)+r2i, ree, §k<1+r+---+rp-l)+rt-li}
00--01
Ty(y) = 10 0, Tu(ia)=Tu() Tu()m
01 0
0010

Here, for each k, projective representations Ty and Ty; are linearly
equivalent if and only if  j=k(r+r2+--+r)+ri (mod »)
Jor some I with 0<I<p—1.
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The proof of Theorem will be given in section 3. In fact, all the
irreducible ordinary representations of the group G over K are wellknown
and they can be found in [2, §47]. On the other hand, if @ and 8
are equivalent factor sets of G over K satisfying

Ble, H)=alg, h)c(g)ec(h)c(gh)™!, g, hEG,
for some function ¢ : G —> K*, then
T—>¢T
is a one-to—one correspondence between the projective representations of
G with factor set a and those with factor set B, which preserves
irreducibility and linear equivalence. Therefore, our Theorem gives all
the irreducible projective representations of G over K.

The dihedral group
D,={z, ylz"=1, y*=1, y lwy=z"1)
of order 2»n, n>3, satisfies the conditions in Theorem. Thus if n is
odd then H2(D,, K*)= {1}, andif » is even then H2(D,, K*) is a cyclic
group of order 2. And every irrducible projective representations of
D, over K are determined.

The notation and terminology in this paper are standard. For any
finite group G, denote the order, the center and the commutator
subgroup of G by |G|, Z(G), and [G, G], respectively. The full matrix
ring over K of degree n will be denoted by Ma:z,(K).

The equivalence class containing a factor set @ of G will be denoted
by {a}. The set H2(G,K*) of all equivalence classes of factor sets of
G over K forms an abelian group under the multiplication defined by
{a} {8} ={aB}. This group is called the Schur multiplier of G, and it
is actually the second cohomology group where K* is a trivial G-
module.

Let K*[G] denote the twisted group algebra of G over K with respect
to the factor set @. Then there is a one-to-one correspondence between
modules over K%[G] and the projective representations of G over K
with factor set @. And the isomorphism of modules corresponds to the
linear equivalence of projective representations. Note that if « is the
trivial factor set then K[G] is the ordinary group algebra K[G] and
a projective representation of G with factor set a is an ordinary represen-
tation of G.
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2. Necessary Lemmas
The following two lemmas will be used in the proof of Theorem.

(2.1) Let n,r and p be integers such that
(i) (r,m)=1, =n is positive, p is a prime,
(ii) (r—1, nd)=d with d=(—1,n), and
(iii) r2=1 (mod nd).
Thenr the following hold.
Q1) If ri=i (mod nd), then i=0 (mod ).
If ri=1 (mod nd), i>1, then 1+r+---+ri"1=0 (mod z).
(2) We have
r*=1 (mod ») and 1+r+---+r?71=0 (mod n).
(38) If i and j are positive integers such that i=j (mod p), then
1+r4-4r=l+r+-+r~t (mod 2).
(4) The integer d is equal to either 1 or p. Moreover, d=1 if and
only if p¥n, and d=p if and only if p|an.
Proof. The assertions (1) and (2) follow from the facts that
(_r:d_l_, n>=1 and #—1=(r—1) (Q+r+-+rh).
And the assertion (3) follows from (2).
Since (r—1, n)=d, we have r=1 (mod d) and =0 (mod 4).
By (2) this implies that
0=1+47r+-+rt71=14+1+--+1=p (mod d).
Therefore, d is equal to either 1 or p.
If d=p, then pln. Conversely, assume that pln. Then rf=1
(mod p) by (2), and so r=r?=1 (mod p). Hence p divides d, and
so we have d=p. Thus the assertion (4) holds.

(2.2) Let G be a group with two generators x and y defined by
G=(z, ylzm=1, y?=1, ylzy=z"),
where (r,n)=1, p is a prime, and r*=1 (mod =).
Set d=(r—1,n), and let K be an algebraically closed field of
characteristic zero. Then the following hold.
(1) G is a group of order np, and

[G, G]=(er1y=(ady, Z(G)=(z.
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(2) We have
K[G]=K:® - DK,;EMD --- DM,

n—d
?

Proof. The proof can be found in [2, p.338].

where

, Ky=-K,;=K, My=++=M,=Mat,(K).

3. Proof of Theorem

In this section we will prove our Theorem by a series of propositions.
Note that G is a well defined group, and it is a semidirect product of
a normal subgroup <{z) by a subgroup <y). Thus every element g of G
can be expressed uniquely in the form
g=yizi, 0<i<n—1, 0<;<p—1.

(8.1) The integer d is equal to either 1 or p. Moreover, d=1 if
and only if din, and d=p if and only if p|n.

Proof. This follows from (2.1).

(8.2) If d=1, then H?(G,K*)={1}.
Proof. If d=1, then ptn. Hence every Sylow subgroups of G is
cyclic, which implies that H2(G, K*)={1}.

(8.3) Assume that d=p. Then H2(G,K*) is a cyclic group of order
p, and
G,={zy, y1lz1?=1, y =1, 3 lzyy, =2z

is a representation group of G.

Proof. Since G is generated by two elements and three defining
relations, H2(G,K*) must be cyclic. On the other hand, G has a
normal subgroup {z) of index p. Hence | H2(G, K*)| <p.

Since p|n and (r,n)=1, it follows that (r,np)=1. And we have
r?=]1 (mod np). Hence G; is well defined. By (2.2), we have

[G1, Gi]=(zy V) =(z:?), Z(Gy)=<z1™)-
Thus {z:*)=[G;, G{]NZ(G,) and G,/{z,")=G. Hence it follows that
| H2(G, K*)| =p. Therefore, H2(G,K*) is cyclic of order p, and G,

is a representation group of G.
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(3.4) Assume that d=p, and let B: GXG —> K* be a factor set
of G which is not equivalent to the trivial factor set. Then
KG]1=M®D --- DM, where My=---=M,=Mat,(K).
; »

And every irreducible projective representation of G over K with
Sfactor set 8 is of degree p, and every projective representation of G
over K of degree p with factor set B is irreducible.

Proof. Since G, is a representation group of G, we have
K[G]1=®w K*[G],
where the sum runs over all elements {a} in H2(G,K*). On the other
hand, it follows from (2.2) that
K[Gi1=K\D - @Kp2®OMD - DM,
and

K[G1=K\® - DK p@M® - OM,

where Ky=---= 2=K and My=---=M,_,=Mat,(K). Since § is not
equivalent to the trivial factor set, KA[G] not isomorphic to K[G].
Hence it follows that
Ki[G]l=M,®D - DM,.
»

Thus the assertions hold.

(8.5) Assume that d=p. Let §: GXG —> K* be a factor set of
G such that
B(yizt, z8) =By, y) =1
for all integers i,j and k, and set B(x,y)=B.
Then B is an n—th root of unity in K, and
B(yizi, ylak)=Batrt-tri=ni
for all integers i,j,k and 1>1. Moreover, B is equivalent to the trivial
factor set if and only if B {£#).

Proof. We use the identity

B(g, k) B(h, k) =P(g, B) B(gh, k), g, h, k<G
First we can show that

Byizt, y'z*)=B(yz’, ),
and, by induction on I>1, we can show that
‘B(ijz" yl) =B(1+r+"‘+rl_1)i.
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Since z*=1, we must have 1=8(z" y)=B” and so B is an n-th root
of unity in K. Furthermore, 8 is a well defined factor set of G, by
(2) and (3) of (2.1).

Now suppose that § is equivalent to the trivial factor set 1. Then
there exists a function ¢ : G —> K* such that

B(g, b)=c(g)c(h)c(gh)™!, g, hEG.
Since B(af, zi)=1 for all i and j, the mapping ¢|<.> : (z) —> K* is a
group-homomorphism. Hence we have
c(zf) =c(z)!, c(x)*=c(1)=1.
From B(y, zi)=1 it follows that c(yz*) =c(y)c(z)?. Hence

B=4(z, y) =c(z)c(n)c(yzr) 1=c(2)17,
and so B is contained in (&17r)=<{&%).

Conversely, suppose that B is contained in {£#) and let 7y be an
element of (&) such that B=7y'"7. Define a function ¢ : G—>K* by
c(yizi)=yifor all integers i and j. Then it is easy to see that 8(g, k)
=c(g)c(h)c(gh)~! holds for all g, heG. Thus § is equivalent to 1.

(3.6) Theorem holds.

Proof. By (8.2), if d=1 then H2(G,K*)={1}.

Now assume that d=p. By (3.3) and (3.4), the assertions (1) and
(2) of Theorem hold. Let a : GXG ——> K* be a factor set such that
a(yizt, 2 =a(y’, y)=1

and
a(iji, ylxk) ___S(1+r+"'+rl—1)z‘

for all integers ¢, j, £ and 7>1. Then a(z, y) =&, and so it follows from
(3.5) that a* is equivalent to the trivial factor set if and only if p|Z.
This implies that {{a}) is a subgroup of H?(G, K*) of order p. Hence
H%(G, K*)={{a}).

Let £ be an integer such that 1<k<p—1  Then the factor set a* is
not equivalent to the trivial factor set, and so (3.4) holds for B=a*.

Hence there are exactly —:— linearly inequivalent irreducible projective

representations of G over K with factor set a*

Define a mapping T} : G ——>GL,(K) as in Theorem. Then it is
easy to see that Tj; is a projective representation of G over K with
factor set at. By (3.4) every Tj; is irreducible.
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Suppose that T} and T}; are linearly equivalent. Then T3;(z) and
Ti;(x) must have the same eigenvalues, and so &%/ must be equal to
ghirt=+rbirli for some integer I with 0<I<p—1. This implies that

i=k(G+r2+-+r)+ri (mod n)
Conversely, assume that the above congruence holds. Then it is easy to
see that there exists a permutation matrix PEGL,(K) such that
T:;(g) =P 'Tu:(g)P, g<G.
Hence Ty; and T}; are linearly equivalent.
This completes the proof of Theoremn.
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