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Generic Submanifolds Satisfying the Cartan Condition
of an Odd-Dimensional Sphere
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0. Introduction

A submanifold M of a Sasakian manifold M?"+!' is called a generic (an antiholomorphic) if the
normal space N,(M) of M at any point p=M is mapped into the tangent space T,(M) by action
of the structure tensor F of the ambient manifold M2+, that is, FN,(M)CT,(M) for each point
=M,

The main purpose of the present paper is to study complete generic submanifolds of an odd-di-
mensional sphere S?"+1(1) which hold Cartan condition.

In characterizing the submanifolds, we shall use the following Theorem A.

Theorem A ([7)). Let M be an n-dimensional complete genmeric submanifold with flat normal
connection of an odd-dimensional unit sphere S**+1(1) and let the Sasakian structure vector defined on
S2mt1(1) be tangent to M. If the mean curvature vector of M is parallel in the normal bundle and
if the structure induced on M is normal, then M is

§h(ry) X oo X S (ry),
where py, -, pn are odd numbers>1, r?+--+ry?=1, N=2m+1—n, 8?(r) being p-dimensional sphere
with radius r>Q.

1. Preliminaries

Let S%+1(1) be a (2m+1)-dimensional unit sphere covered by a system of coordinate neighbor-
hoods {U:y*} and (F;* Gj;;, V*) the set of structure tensor of S2m+1(1), that is, F;* being the
Sasakian structure tensor of type (1,1), Gj; the Riemannian metric tensor of S?+1(1) and V* the
Sasakian structure vector, in the sequal, the indices A,i,j and % run over the range {1,2,3, -,
(2m+1)}.

Let M be an n-dimensional Riemannian manifold covered by a system of coordinate neighborhods
{V: z°} and isometrically immersed in S2"*1(1) by the immersion 7: M—S?"*1(1). We identify
1(M) with M itself and represent the immersion locally by y*=y*(z%), throughout this paper the
indices 4,b,¢,d and e run over the range (1,2, ---,%}. If we put B,*=4d,y", 8,=0/6z°, then B,* are
n linearly independent vectors of S2#*+(1) tangent to M.

Denoting by g.; the fundamental metric tensor of M, we have

g=B7B'G;;, 1.1)
because the immersion is isometric. We represent by C,* (p=2m+1—n) mutually orthogonal unit

normals to M, Then G;B,'C,'=0 and G;C,’C,/=g,,, g., being the fundamental metric tensor of
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the normal bundle. In what follows we denote by p the codimension of M and the indices z, 7, 2,
u,v and w run over the range {1%, 2% ..., p%}.

We now assume that M is generic submanifold of S2"+!'(1), we can put in each coordinate
neighborhood '

F*By' = fy*B,*— f*C,*, F*C.i=f."B,*, (1.2)
where f;* is a tensor field of type (1,1) defined on M, f,* a local 1-form for each fixed index =
and f.°=f.g%g,.. Also we can put the Sasakian structure vector V* of the form

Vi=fB./+ f*C/, S 1.3
f® and f* being vector fields defined on M and normal bundle of M respectively.
Now applying the operator F to (1.2) and (1.3) and using the definition of the Sasakian struc-
ture tensor, we easily verify that ((3), (4], (5], (6], (73) ’
fefe=—02 4 fof e fofe, feofd=—ff*,

FfeE=—f2f8, fof2=80—fof%, fofetfof=1, (1.4)

Fefe=0, gaeflfs'=ga—F foa—Fefs, ‘
where fo=fg.. and f.=f7g,.. '

Denoting by p. the operator of van der Waerden-Borotolotti covarient differentiation with respect
to the Christoffel symbols formed with g, it well known that ((3), (4], (5))

Vo' =—gaf*+8:fst+hes’ f* — B Sr, (1.5)
VoS’ =8enf*t+hfy, (1.6)
Vefs =Fet+hafs, a.m
Pef* =—f&~hft, (1.8)
hee fo=he 2 f e, (1.9

where 4. is the second fundamental tensor of M and A.° =h.’g,.%, (8" = (gsa) .
The aggregate (f° ges, £, S, f*) satisfying (1.4) is said to be normal (partially integrable) if
kel for+hoe ™ fer =0, (1.10)
fccVefb"‘fb’stc"“ (chbe"bec')fex— (VCfb"bec)fx=0 (1. 11)
hold respectively ({3, (4], (6]).
Since S$27*1(1) is unit sphere, the equations of Gauss, Codazzi and Ricci are respectively

Ko =84°8c6—0:8as+ ha®she™ — A chay”, (1.12)
Vahes*—Pchar*=0, (1.13)
chyz=hd¢xhc’y’—huzhd'y, (1. 14)

K,.* and K,,* being curvature tensor of M and the normal connection of M respectively. We
have from (1.12)
Koy=(n—1Dges+hihes™— b he's, (1.15)
K., being the Ricci tensor of M.
A submanifold M holds Cartan condition if it satisfies
VapKss—ppaKsa=0. (1.16)
If Kycy*=0, that is,
hath’y=he by, (1.17)
then the normal connection of M is said to be flat,
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2. Tangential generic submanifolds of an odd-dimensional sphere

In this section we assume that the generic submanifold M of S27+!(1) is tangent to the structure

vector field V*, then we have

heife= — f .7 2.1
Transvecting (1.15) with f¢ and using (2.1), we have
Ky fe=(n—1) fo-t ko' fo =R fs". (2.2)
Differentiating (2.2) covariantly along M and substituting (1.6) and (1.7), we get
WeKs) fo+ Koo fot = (n—1) Fer+ (Fohse™) fof + o Bean [0 = (Fehe) [o* + hehe i, 2.3)

Differentiating (2.3) covariantly and taking the skew-symmetric part, we obtain
Kusfe—Kesfa—Kye(hat o f F— b2 fd")

=n—1) @S Sa—has fext+ b fa?)

— (Zoohad f2f—Bashes [+ ha®shei? b ff — R has b f22)

+ (Bevhsfd* —Bashe [+ hshe’ a3 — hihas?hel fi°)
because of (1.9), (1.13), (1.16) and (1.17).

Transvecting the last equation with f¢ and taking the symmetric part with respect to the indices
d and b, we have
Ku={(n--p—1)gas (he—P) has’,

where P.=h.Sf, f.0.

Comparing this with (1.15), we have

hae*hot s = Pohas™+ pgas. (2.4
Transvecting this with f* and using (2.1), we get
hdcxfxg':Pxfdx'—pfd. (2 5)

First of all, we prove
Lemma 2.1. Le M be a generic submanifold with flat normal connection of an odd-dimensional
unit sphere and let the Sasakian structure vector defined on S*"*'(1) be tangent to M. If M holds

Cartan condition, then the induced structure on M is normal.

Proof. Computing the length of square of p.fi*+psf.”, we have

G LT A= NP+ Fef) P10 (2.6)
=h*h,—h, P*—np
with the aid of (1.4), (1.6), (2.1) and (2.5).
Substituting (2.4) into (2.6), we have
Pefo*+psf=0.
Thus, k. *fs*+ks”f=0 holds because of (1.6). This complete the proof of the lemma.

According to Theorem A and Lemma 2.1, we conclude

Theorem 2.2, Let M be an n-dimensional complete generic submanifold with flat normal connection
of an odd-dimensional unit sphere S°"1'(1) and let the Sasakian structure vector field defined on

SmH(1) be tangent to M. If the mean curvature vector of M is parallel in the normal bundle and
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M holds Cartan condition, then M is
Sh(r) X x 88 (ry)

where py, -+, pn are odd numbers =1, r?+--+ry’=1, N=lm+1-—n,

3. Generic submanifolds with partially integrable structure of S$°*'(1)

In this section we assume that the induced structure on M is partially integrable, then we have
from (1.11)

(huy el)fby= (hbcyfcx)fcy+fcxfb’ fbxfc- (3 1)
Transvecting (3.1) with f.? and using (1.4), we find
hvuf"'_ (hccyfy)f”fz:szxfcy = 6zxfc "*“fzfxfc, (3 2)

where
P.y=hse,ff2,
from which, transvecting f2,
A—=0) (heey ) fr=P.y f o~ 1= pD) f*fe 3.3
where p*=F,f*.
Substituting this into (3.2), we find
A= beeef*=— (1~ 8 f e+ [ (1~ D Pey + fi Py f¥1f0. 3.4
Putting P,,,=P,;*gu:, then P,,. is symmetric for any index because of (1.9) and (3.3). If we
take the skew-symmetric part with respect to the indices £ and z and use (1.9), then we obtain
from (3.4)

(szywxfw_fx wasz>f5y=0. (3 5)
If the function 1—p? does not vanish on M, then (2.4) give
hczsz:Ryzxfcz_ayzfc, (3. 6)

Ryzx=Pyzx+1/(1—p2)szywxfw.
Transvecting (3.5) with f.° and f,° respectively and taking account of (1.4), we find
(szywx"'foywt)fw:O,
this mean that R,,, is symmetric for any index.

Lemma 3.1 ({3],(6]). Let M be a generic submanifold with flat normal connection of an odd-
dimensional unit sphere S***1(1). If the induced structure on M is partially integrable and the func-
tion 1— f,f* does not vanish almost everywhere, then we have fi=0 or p=1,

Proof. Since the normal connection of M is flat, by transvecting (1.17) with f° and making
use of (3.6), we get

(Rus* Ry — Ry R) f =8, (Raey ) — 842 (hat™ f0). E.7
Transvecting (3.7) with f*f,? and using (1.4) and (2.6), we get
(Ru*R,y* — Ruy:R) fr=8y: f*— 871, 3.8
If we transvect (3.7) with f, and using (3.6),
8o f*(Raex fo+ fux) = o (Raes f+ fay) 3.9

from which, contract with respect to y and 2

(P—“ 1) (hdcxfc+fdx) =0-
the last two relationships give
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Pz (hdzyfc"}'fdy) (p—1)=0.
‘ransvecting this with f?* and using (1.4) and (3.6), we have p*(p—1)2=0. Tais complete the

roof of the lemma.

If p=1, that is, the submanifold M is a hypersurface of S2"+1(1), the structure induced on M
atisfying (1.4) becomes the so-called (f,2,#,v,2)-structure ([1], [2]) where we have put f*=4°,
"=ys fr=f,=2 and the equation(3.6) reduces to

by =cuy— s (3.10)

rhere a=R,,* and hs.=h;.".

Lemma 3.2 ([3]). Let M be a partially integrable hypersurface of S**i(1) (m>1), then we

ave
A is constant on M,

heve=—~u,, (3.1D

(1= pa=pu—i(a®+4, (3.12)
22(@2+4) fos— BheeSfs* —hoef ) =2/1— Baf+22(a®+4) ] (vote — veus), (3.13)
Blh—a) +2(m—1) (R2+4)=0 3.14)

vhere f—utV.a.

Lemma 3.3. Let M be a partially integrable hypersurface of S (1) (m>1). If M hold Cartan

‘ondition, then we have A=0.

Proof. If we transvect (1,15) with v* and «¢, we have

Kyv'=2(m—1)vs+ (a—h)u,, (3.15)
Kyut=(2m—2+ah—a®)uy+ (a—h)vs. (3.16)
Differentiating (3.15) covariantly, we find
FKs)v* + Kpep vr=2(m—1)pcvs+7c(a—h)uy+ (a—h)p.us G.17)
and differentiating (3.17) covariantly and transvecting #’s¢, we easily verify that
Aa(a—k) =0, (3.18)

This implies 2==0 or @(a—#4)=0 because 2 is constant. Therefore if a(a—k)=0, we see that a=0
or a=h. In these two case, we see from (3.12) and (3.14) that 2=0. This complete the proof of

the lemma.

According to Theorem 2.2, Lemma 3.1 and Lemma 3.3, we conclude

Theorem 3.4. Let M be a n-dimensional complete generic submanifold of an odd-dimensional unit
sphere S?™+1(1) with flat normal connection. Suppose that the induced structure on M is partially
integrable, the function 1—f.f* does not vanish almost everywhere and the mean curvature vector of
M is parallel in the normal bundle. If M holds Cartan condition, then?M is

S (r) X oor X SP¥(ry)

where py, -+, pn are odd-numbers=1, ri®+--+ry*=1,N=2m+1—n.
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