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Abstract

In this paper we obtain several results on the existence of common fixed points of commuting
appings on PM-spaces and give an application. Qur results generalize a multitudz of fixed point

.eorems in PM-spaces.
1. Preliminaries

We first give several definitions and preliminary results for probahilistic metric spaces and its
ipological properties. For more detailed discussions of probabilistic metric spaces and their pro-
srties, we refer to (1~5,7,9~10].

Let R denote the real numbers and R*={z=R; z>0}.

Definition 1.1. A mapping F: R—R* is called a distribution function if it is nondecreasing,
{t-continuous with inf F=(Q and sup F=1,

We denote by £ the set of all distribution functions.

Definition 1.2. A probabilistic metric space (briefly PM-space) is an ordered pair (S, ¥), where
is a set and ¥ is a function defined on Sx S into £ (we shall denote F(p,q) by F, ) satisfying
(i> Fﬂ,q(O) =0,

(i) Fy.(z)=1 if and only if p=g,

(iil) Fp,o(x) =F,,,(x),

(iv) if F, ,(z)=1 and F,,(y)=1, then F,,(z+y)=I.

Definition 1.3. A function 4: (0,1)x[0,1)—[0,1) is a d-norm if it satisfies

(1) 4(a,1)=a, 4(0,0)=0,

(1) 4(a,5)=4(b, ),

(W) 4(c,d)>4(a,b) for c>a, d>b,

(V) 4(4(a,b),c)=4(a, 4(b,¢)).

Definition 1.4. A Menger space is a triple (S, ,4), where (S, %) is a PM-space and 4-norm
satisfies the following triangle inequality:

Gv') Fy (z+3) 24(Fy (), Fy ()

i all p,q, 7 in § and for all 220, ¥>0.

Definition 1.5. A sequence of points {p,} in a PM-space converges fo ? if for every ¢>0 and
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A>( there exists an integer M, ; such that F, ,,(e)>>1--2 for all a>M, ;.

Theorem 1.6 ((9)). If (X, ,4) is a Menger space and 4 is continuous, then the statistical
distance function, ¥, is a lower semicontinuous function of points, i.e., for every fized z, if g, —q

and p,—p, then lim inf F,, ., (2)=F, ().

On the other hand, Sehgal-Bharucha-Reid ([10]) obtained the properties about connection between

_metric spaces and probabilistic metric spaces.

Theorem 1.7. If (X,d) is a metric space, then the metric d induces a mapping F 1 XxX—L,
where F(p,q) is defined by F(p,q)x=H(z—d(p,q)). &R, where H(z)=0if z<0 and H(z)=1
if @>0. Further, if 4:70,1)x[0,1]—(0,1) is defined by 4(a,b) =min{a, b}, then (X, F,4) is a
Menger space. It is complete if the metric d is complete.

2. The Main Theorems
Now, we are ready to give our main theorems.

Theorem 2.1. Let (X, F,4) be a complete Menger space with continuous d-norm: 4(x,z) >z for
each z=(0,1] and P,Q, S and T be mappings from X into itself satisfying the following conditions:
(1) Fpryoy () Zmin (F, p,(t/k), Fyoqy(t/k), Fi qy(t/k), Fys:(t/k), Fr1,(t/k), Fyp(t/k),
Fo. s:(t/R), Foyry(t/k), Fpery(t/k), Fs.qy(t/k), Fsr1,(t/B)} for all x,y in X,
(2) ST=TS, PS=SP, PT=TP, QS=8Q and QT=TQ,
(3) there exists a sequence {xy}nen in X such that PTzxy=TS8z,, QSzsmi,=TSxonrs, Txom=
TSx3—1, Sz, =T824, for all nEN,
(4) S and T are continuous.
Then P,Q, S and T have a unique common fixed point in X,

Proof. Let TS=ST=A. From (1), we have

Fasucti,axan(®) = Fprasy 0550, () 200 {Frs,y p1s,, (8/8), Firon_,050m_,&/8), Frap 050, (t/R),
Fstrn 1yST2a(t/R), Frep TSz ,(t/R), Fsuy oy pTxan(8/8), Frreon, st (E/R), Fosta T2, (t/E),
Forimm, 7520 (8/8), Fsrrn aPen(8/8), Fsrep 7500 (&/B)) =min {Far,, , axs /8), Fars_, axa(t/E),
Favonipen@/B), Favy o nea@/R), Faro o nxn ,(&/R), Favr s nisr 8/R), Fasonr, a5 (/R
Firamazi (/8), Faspr, axm /B, Firp azar, /R, Frry amm_ /DY,

which on simplication gives
Frssetry axn (&) 2 Fany, ar0_, (E/).

Similarly, Fac,,axm_,(8) =Farm_, 050 () =Fpra,_, 0500, (&) 2min {Fae, | axs (/8), Fass_, 4z /R,
Frp s axn /8y Farp s azae s (8/R), Farsu o nssn s@/R), Fav o axs_ /R, Fpro_ Az, (E/R),
Fazntran_,(8/R), Fary o Aza i (6/B), Faxp_o 00 (E/R), Frvs stz (/R =Fany_, ara_,(8/R).

Hence, in general, Farr,a5,(8), Faraca,(t/R), -, Fay, ax,(¢/k") for all n=N,

Thus {Az,} is a Cauchy sequence. Since X is complete, {Az,} converges to some point z in
X, and {PT=z,;,} and {QSz,.,} being the subsequences of {Az,} converge to the same point
z. Therefore, by the conditions (2) and (4),

PTSzy, =SPTxy,—Sz, STSz,,— 3z,
QTSm0 =TQSx2,0.— Tz, TTSzy,;41— Tz,
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TSZgn,=8STxy, =8TSx;,~Sz and TSzay,11=T TSz, T2
for some subsequences {m}..x and {n,};.n of (n}.. . Hence it follows from Ferg.,,. erscn+, ()2
min {Frsc,,, prseam /8, Frsuuty,arsemis (8/R), Frse,., ars,. . (¢/R), Frse,stsa.(E/8),
Frsam, 17850t E/R)y Frssitn, pTSx2mi G/R) FprSe0ns, 57200 G/R), Farsipmies, TTs2mit (8/8),
Forssan, 175xamrt (E/8), Fsts530s 07551040 (8/8) Fs75200, 7752204, (¢/8)} and Theorem 1.6 that
Fg, r.(t)>min{l, 1, Fs, . (¢t/k), Fr.s:(t/k), Fs.1:(t/k), Fr.s.(¢/k),1,1, Fss,7.(¢/k), Fse 1:(t/k),
Fe: 7. (¢/R))
which means that Sz=Txz.
By the same method, we have Sz=T2=Pz=Qz. Furthermore, from
Fpry,,0:(80) Zmin{Fry,, prs,,(¢/8), F. o.(t/k), Fry,,,e.(t/R),
F, s1e(t/R), Fre,r:(t/8), F. pre, (t/R), Ferey ste.(t/E),
Four:(t/R), Fprepr:(8/8), Fsrsp 0:(t/8), Fsrep, r:(t/R)}
it follows that F, o.(t)>min{l, F.o.(t/k), Fie:(t/k), F,q.(t/k), F.o.(t/k), 1, F,q.(t/R), 1,
F.q.(t/k), 1,1}, which means z=Qz. Hence z=Qz=Pz=Tz=3Sz. The uniqueness of the common
fixed point = of mappings P,Q, S and T follows easily.

In Theorem 2.1, if P and Q are commuting in stead of the commutativity of § and T, we also

obtain the following theorem:

Theorem 2.2. Let(X,F,4) be a complete Menger space with continuous A-norm:. 4(z,z)>zx fer
each z=[0,1] and P,Q,S and T be mappings from X into itself satisfying the condition (1) and
the following conditions:

(5) PQ=QP, PS=SP, PT=TP, QS8=38Q and QT=TQ,

(6) there exists a sequence {z,}.en tn X such that SQz,.=QPz,, TPzx,;,=QPz,,, Q.=

QPz, Pz,=QPzx,_, for all n=N,

() S and T are continuous.

Then P,Q,S and T have a unique common fixed point in X.

ELE m—

As immediate consequence of Theorem 2.1, we obtain the following:

Corollary 2.3 ([3]). Let (X, F,4) be a complete Menger space with continuous A-norm:.A4(zx,x)
>z for each z=[0,1], and S and T be continuous mappings of X into X. Then S and T have a
common fized point in X if and only if there exists a continuous mapping A of X inte SXNTX
which commutes with S and T satisfies the following two conditions:

(8) Fa,a, (&) 2Fs, 1,(t/k), for every t>>0, where k=(0,1),

(9) there exists a sequence {z,},..n in X such that

Az, =S8z Az

m—27 =iy zn—lsz:‘n fOr every ﬂEN,
Indeed, S, T and A then have a unigque common fixed point in X.

Theorem 2.4. Let (X, F,4) be a complete Menger space with continuous d-norm: 4(x,x) >z for
each z=[0,1], and P,Q,S and T be mappings from X into itself satisfying the conditions (2), (4)
and the following conditions:

(10) there exist positive integers p,q,s5,t and a number k=(0,1) such that Fp?, o7, ()2



58 Sang-Tae Ro

min {F, p?.(t/k), F, ¢%(t/k), F,o%(t/k), F,s'.(t/k), F.1',(t/k), F, p2.(t/k), Fp?, s*.(t/k),
Fooy, o'y (t/k), Fpb, o', (t/k), Fs, o, (¢/B), Fy*o 1!y (t/B))
Jor all z, y in X,
(11) there exists a sequence (z,},en in X such that P*T'z, =T'S'z, .. Q*Sz, =TSz, 1, S,
=TS8z, , T'z,=T'Sz,_, for all n=N.
Then P,Q,S and T have a unique common fixed point in X.

Proof. Since P commutes with each of § and T, PP also commute with each of §* and T
Similarly Q¢ commutes with each of S* and 7", and S* commutes with 7". Thus Theorem 2.1
pertains to P?,Q¢, S° and T¢, so there exists a unique point z in X such that u=Plu=Qiy=
S*u="T'u. From this Tu=P?(Tu)=Q¢(Tu)=8(Tu)=T!(Tu). Therefore Tu is a common fixed
point of P?,Q¢, 8 and T*. Similarly, Su is a common fixed point of P?,Q¢, S and T", also Pu=
P?(Pu)=8°(Pu)=T'(Pu), so Pu is a common fixed point of P? S* and T". Similarly, Qu is a
common fixed point of Q9,S° and T'. Thus from (I10), we obtain

Fru qu(t) > Fry qu(t/).
So Pu=Qu, Su and Tu are the common fixed points of P?,Q?, S and 7T'. Hence by the unique-

ness of u,
u=Pu=Qu=_58u=Tu,

Now, we give common fixed point theorems for families of mappings.

Theorem 2.5. Let (X, 5, 4) be a complete Menger space with continuous A-norm:d4(z,z)>z for
each z=(0,1]. If (P}, {Qi}, (8]} and {T)) (i=1,2,--+,n) are the families of mappingsof S into
itself such that the compositions P P, --P, Q:Q,--Q,, 8S;--S, and T\T,--T, are satisfying the
conditions (1), (2), (3) and (4), and P;P;=P;P; Q.Q;=Q;Q:, S:5;=8;S; and T;T;=T;T;, then
(P}, (@i}, {S:} and {T:} have a unique common fixed point z in X.

Proof. Let P=P,P,.--P,, 0=0Q,Q,--Q,, S=8,S,--S, and T=T,T,+-T,. Then the theorem can
be proved in a way similar to the Theorem 2.2 of [8].

Remark. We will obtain a common fixed point theorem for the families of mappings as the
Theorem 2.5 of [8].

Now, we give an extension of Theorem 2.1 to a non-complete Menger space.

Theorem 2.6. Let (X,¥,4) be a Menger space with continuous A-norm:. A(z,z)>z for each
ze=[0,1], and P,Q,S and T be mappings from X into itself satisfying the conditions (1), (2), (3)
and the following conditions:

(12) the sequence {TSz.) has subsequences converging to a point z in X,

(13) S and T are continuous at z.
Then z is the unique common fixed point of P,Q,S and T.

Proof. The proof of Theorem 2.6 is contained in the process of the proof of Theorem 2.1.
As an application of Theorem 2.1, we establish the following theorem:

Theorem 2.7. Let (X,¥,4) be a complete Menger space with continuous d-norm: A(x,z) >z for
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each z=00,1), and P,Q,S and T be mappings from the product space X X into X satisfying the
conditions (2) and (4), and the following conditions.
(@) Friyp,aun )2min (Frop pien (R, Fut sty 00,90 /R, Fienr,0ul,90 (¢/k),

Fior oy, 5,0 @1R), Fia gy 1iar 30 @/R), Fiat gty P, /R, Frix oy, s, /8, Fa g0y 100,50 /8,
Frix 100,90 /), Fsieom,0ul,3 @18, Fsie,p,rit,yn (/) for all z,y,2/,y in X and k& (0, 1).
(B) there exists a sequence |z,)p.cn in X such that P(T(23,%),5 =TS (@1, 3.5,

QS (%241, 5), N =T (82242, 5), ), S@o-1, N =T (@002, 3,5, T(Zo, 9 =T(S(x2a-1,9),)
for all n=N. Then there exists a unique point a in X such that a=P(a,y)=Q(a,y)=S(a,y)=T(a,y)
forallyin X,
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