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1. Introduction and preliminaries

M. Takahashi (3) introduced the notion of A-semimodules and studied elementary properties
: semimodules. In this paper, we study some properties of sub-/\-semimodules in section 2.
1 section 3, we define essential sub-/A-semimodule and study its elementary properties.
A semimodule A= (A, +,0) consists of a set A, a map + : AXA—A and an element 0 of
. such that always
x+y=y+=x,
(x+y) +z=2x2+ (y+2),
x+0=x,
r all x,y, 2EA.
A subset M of a semimodule A is a sub-semimodule of A if 0&M and if x,y=M implies
+yeEM.
A semiring N\={/\, +,0, o) consists of two data:
i) (A, +,0) is a semimodule,
i) (/\, ¢) is a semigroup,
uch that always
(A+ p) ez =Ror+ o7,
Ao (1) =Aop+Aor,
Qor=700=0.
Vhen there is no danger of confusion, we would denote oy by Ax.
A semiring A 1is said to be commutative if Jp=pd for all 2, pEA.
A semiring A is said to kave an identity if there exists 1&/\ such that 11=211=1
or all AEA.
Let /\ be a semiring with identity 1. A left /N\-semimodule(or briefly N\-semimodule) A is a
emimodule A together with a map 5 : A\ X A— A written 7(4, x) =2Ax, such that always
Alx+y)=2x+2Ry,
A+p) x=2%+ px,
(Ap) x=2 (ux),

1 x=x,
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A0=0x=0,
for all 2, uEN, x,y€EA.
For two A-semimodules A and B, a A-komomorphism f . A——Bis a map f : A— B such that
always 4 )
[t =f@)+f (),
) =21 (),
for all x,y& A, A&,

2. Sub-/\-semimodules

A subset L of a A-semimodule A is a sub-/\-semimodule of A if x,y&L implies x+ysL
and if A=/\, ¥<L implies Ix&L.

A subset I of a semiring A is a left ideal in A if I=(I, 4+, 0) is a sub-semimodule of
AR 0) and if AICI. : '

Proposition 2.1. If L and N are sub-/\-semimodules of a /\-semimodule A,then their inter-
section LN is also a sub-/\-semimodule of A.

Proof. If x,y&LNN, then x,y=L and x,y=N. Since L and N are’ sub-/\-semimodules of

A, x+y, &L and x+y, AN for A&/, Thus x+y, AxELNN.

More generally, if {N;|¢<I} is an arbitrary nonempty family of sub-/\-semimodules of A,
then Q;N" is a sub-A-semimodule of A.

Proposition 2.2. Let f : A— B be a homomorphism of /\-semimodules. If L is a sub-/\-semsi.
module of B, then f~! (Ly={xSA|f(x)EL} is a sub-/\-semimodule of A. ’
Proof. If x,y= f~1(L), then f(x),f(y) L. Then f(x+y) =f(x) +f(») EL and f Ax) =Af (x) L
for 2==A. Hence x+y &f-1(L) and Axsf-1(L).
Proposition 2.3. Let I be a left ideal of a semiring /\ and let A be a N\-semimodule. Then,
for x= A,
, L={Ax|A&l}
is a sub-/\-semimodule of A.
Proof. For any x, uxEl,, ix+pux=QA+p)x<1, and also v (Ax) = WA) xE1, for all vEN.
For two sub-A-semimodules Z and N of a A-semimodule A4, the sum of L and N, denoted
by L+N, is defined by
L+ N={x+y|xEL and yEN}
Then L-+N is obviously a sub-A-semimodule of A.
Proposition 2.4. Let L, M and N be sub-/\-semimodules of a N\-semimodule A. If LSN,
then L+ (MNN)S(L+M)NN. '
Proof. We have L+ (MNN)SL+M. Also, since LEN, we obtain L+ (MNN)SN. Hence
L+ (MON)S(L+M)NN.
Proposition 2.5. Let S be a subset of a commutative semiring /\ and let Ap=S whenever
A, pES8. If Nis a sub-/\-semimodule of a /\-semimodule A, then
Ns={x=A|\xEN for some =S}
is a sub-/\-semimodule of A. -
Proof. If x, y& N, then IxEN and pyeN for'some A, u=S. Then Ap(x+y) = (Au) x+ (Ap)y=
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D+ (Ag) y=px) +A(y) EN; also 2(x)= () x=Hr=v(Ax)EN for v&/\. Hence x+ty,
=Ns and we conclude that Ns is a sub-/A-semimodule of A.

}. Essential sub-A-semimodules

A sub-A-semimodule M of a A-semimodule A is called essenmtial of A if every nonzero sub
«~semimodule of A has nonzero intersection with M.

Remark. A A-semimodule A is itself an essential of A.

Proposition 3.1. If L and M are essential sub-/\-semimodules of a /\-semimodule A, then
eir intersection LN\M is also essential of A.

Proof. Let K be any nonzero sub-A-semimodule of A. Since M is an essential of A MNK
nonzero. Hence LN MK is nonzero since L is an essential. Therefore LN A is an essential
A.

Proposition 8.2. Let L and M be two sub-/\-semimodules of a /\-semimodule A. If P and
are essential sub-/\-semimodules of L and M respectively, then PNQ is an essential sub-/\-
mimodule of LN\ M.

Proof. Clearly PNQ is sub-A-semimodule of LN M. Let K be any nonzero sub-/\-semimo-
ile of LN M. Then QN K is nonzero since @ is an essential, whence PNQ K is nonzero since
is an essential. Thus PN is an essential sub-/-semimodule of LN M.
Proposition 3.3. Let A be a /N\-semimodule, M a sub-/\~semimodule of A and P a sub-/\-
mimodule of M. Then P is an essential of A if and only if P is an essential of M and M is
n essential of A.

Proof. First assume that P is an essential of M and M is an essential of A, Consider any
onzero sub-/\-semimodule K of A. Since M is an essential of A we have KN M is nonzero,
nd then since P is an essential of M we obtain (X M) NP is nonzero, that is, KNP is non-
ero. Thus P is an essential of A.

Now suppose that P is an essential of A. Since any nonzero sub-/A-semimodule of A has
onzero intersection with P, the same can be said for nonzero sub-/\-~semimodules of M: hence
? is an essential of M., Also, since any nonzero sub-A-semimodule K of A has nonzero inters-
ction with P, KM is nonzero. Thus M is an essential of A.
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