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Computer Analysis of Kinematic Parameters of the

Intact Heart Using X-ray Image Sequence
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Abstract

It is important to extract the mechanical informations from the image sequences of the
moving object., We have studied the computer algorithms for analysis of the moving heart
using X-ray image sequence,

A new mathematical method was developed to estimate the local epicardial deformation,
wall thickness, and the regional circumferential and longitudinal wall strees using biplane
coronary cineangiograms. In this method, the motion images of the coronary artery bifurca-
tion points were used as natural landmarks for the kinematic analysis of the ventricular
deformation. In four dogs and a normal patient’s coronary cineangiograms, the estimation
results show the validity of the present analysis, compared with the experimental results based
upon the implanted markers. Thus, the present method provides a new method of evaluating
the regional wall deformation and wall stress together with the blood vessel conditions using
the coronary cineangiography procedure.
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I. INTRODUCTION

The regional changes of cardiac wall de-
formation and the wall stress are important for
evaluation of the myocardial functions. How-
BT 01985 4H 20 ever, their application for clinical diagnosis

National Univ.)
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has been limited, because it is difficult to
measure these regional myocardial parameters
in the intact heart.

Meier et al.'''! and Walley et al.!?' used
the radiographic images of the implanted radio-
paque markers in the beating heart to estimate
the local twist and segmental shortening of
small epicardial segment.

After elimination of the effects of the time-
varying displacements of the overall cardiac
motion using kinematic approaches, the local
deformation was represented by the regional
rotation tensor and the muscle wall stretch
tensor. Also, the changes of wall thickness
could be computed from the stretch tensor
under the assumption of the isochoric defor-
mation,

While the regional wall stress is known
also as one important contractile parameter
of the muscle fiber in normal and abnormal
cardiac functions, it has been difficult to
measure the regional changes of wall stress.
Sandler and Dodge '" studied the average
stresses for an ellipsoidal model with finite
wall thickness based upon Laplace’s law!'*,
Wong and Rautaharjulsi estimated the stress
distribution including the effects of shear
and bending moments, which were shown
to be negligible by Mirsky!'°l.

In the present study, we evaluated whether
the motion images of the coronary bifurcation
points can be used for computation of the
local deformation and the regional wall stress,
thus avoiding thoracotomic procedures for
implantation of markers. The local wall de-
formation and the regional wall stress were
computed using the kinematic method of
three feature points around the coronary
bifurcation points,

This method of utilizing the moving coron-
ary bifurcation points as natural markers can
increase the usefulness of the coronary cine-
angiography by providing the regional myo-
cardial status in addition to the vessel’s
patency.

Usage of the coronary artery bifurcations

determination of the global epicardial
displacements was previously investigated by
Kong et al.'* and Potel et al.’ . Kong’s
results showed a close coorelation between
the spacial changes of bifurcations’

for

inter-
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distances and the implanted markers’ dis-
placements during a heart cycle. This result
provided a basis of using the displacement data
of the bifurcation points for computation of
the cardiac wall thickness and the wall stress
in the intact heart.

IL. ANALYSIS

A. Representation of Regional Myo cardial
Motion.

It has been shown ' that the regional
cardiac wall deformation can be approximated
as homogeneous changes, and described by a
linear tensor of gradient, T, in a small myocar-
dial region. This deformation tensor, T, related
the position data of feature points in the
reference frame of the end-diastolic phase to
those in the following sequential frames within
a heart cycle. Also, this deformation tensor
can be uniquely represented by the product
of the orthonormal rotation tensor, R, and
the positive symmetric stretch tensor, D, using
a polar decomposition theorem ',
R-D 1))

Therefore, when the instantaneous de-
formation tensor is calculated from the po-
sition data of the feature points, one can
evaluate the numerical values of the tensors
R and D uniquely. The tensor, R, provides
a rotation angle, &, and the eigenvalues of the

stretch tensor, D, provides the epicardial
strains and the tensor’s eigenvectors show
the principal shortening axes of the defor-
mation.

B. Local Myocardial Coordinate System.

The global effects of heart motion by
translation, rotation, and torsion should be
eliminated before analyzing the regional epi-
cardial motion., In Meier et al.’s method,
these overall motion effects were eliminated
by the coordinate transformation method
using the position data of the ventricular
apex and the base. Since these position data
are difficult to obtain for the same heart cycle
the coronary angiograms, we

in however,
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used the following approach based upon
the simplified perspective coordinate trans-
formation '*,

(e) (d)

Fig. 1. Schematic diagram of the coordinate
system transformation procedure for
the elimination of the global heart
motion;

(a) external camera coordination system
(x,y¥,z) and three feature points A,B,
C’

(b) translated coordinate system (x’, y’,
z’) with its origin located at the
centroid points S, and

(c) observer coordinate system (x”, y”’,
z’) with its origin on the normal
vector component, n’, of the A ABC.

(d) The moving position data of the
feature points are represented by
two-dimensional data, A”, B”, C”,
after transformation-

In a small triangular plane composed of
three feature points A ,B,C located on the
coronary arterial tree, as shown in Fig. 1(a),
the time-varying centroid point, S, of the
triangle ABC is computed in the external
coordinate basis (x,y,z) during a heart cycle
as follows;

S(t) = A(t) + B(t) + C(t) / 3 2)

Since this centroid point moves together
with the heart, the effects of global trans-
lation can be eliminated in a new coordinate
‘system (x', y’, 2’) with its origin located at
the centroid point.

In the new coordinate system, three feature
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points A,B,C are represented as follow in
Fig. 1(b),

A (1) = A(t) — S(t)
B (t) = B(t) — (1) 3)
CI(t) = C(t) — S(1).

Then, we can use the simplified perspective
transformation method to transform the (x’,
y’', z’) coordinate system to the observer co-
ordinate system (x", y", z’') where the z”
axis is on the normal vector component, n’,
of the triangular plane ABC, as shown in Fig.
1(c). These transformation can be expressed
as follows, using a homogeneous coordinate
representation ¥,

[X”, Y”, Z”, 1]=[x,, yl, Z,, l] X

[~b" —a"c’ —a’ 0—
R, R,R, R,

a’ —b'c’ —b’ 0
R, R;R; Ry

, 4)

Ry =&

R, R 0

L O 0 Ry 14

and n’ (t) ={C (1) — B’ (tHX{A"()—B(t),

where (a’, b’, c’) is an arbitrary viewing point
on the normal vector n’(t) in the (x’,y’,z")
coordinate system,

R, =(a2+b2+c? )‘/z

and R, =(a? + b2 )%

If the viewing position (a’, b’, ¢) has a fixed
distance from the centroid, the z'' axis data
will always have constant values of R; after
the above perspective transformation. Then,
the moving position data of the feature points
can be represented by the two-dimensional
values, as shown in Fig. 1(d).

C. Local Epicardial Deformation and Strains

As the reference frame of the deformation
tensor, T, is given at the end-diastolic phase,
this tensor describes the time-varying ventri-
cular deformation during a heart cycle relative
to its end-diastolic shape and orientation. In
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this case, the matrix of the position data of
three feature points, W(t), can be expressed
in the observer coordinate (x”, y’', z'') as
follows;

W(t) = T(t)-Wed’ (5)
where
wn = [a @B ®ic " ®]

AL By (®)1CL®
Ay (01By" (0 1C" ()
Rl i Rl E R

Wed= [Aed Béc,l Ce:(ll ’

1

and A4, Beg, Cgq are the observer coordinate’s
position data of three feature points at the
end-diastolic phase. From Eq. (5), the de-
formation tensor, T, can be computed using
the least squares estimation technique as
follows ',

) =W -W I (W . W I)! (6)

ed ed” "ed

Then, T(t) can be uniquely represented by
the product of the R and D in Eq.(1), ™

T(t) = R(t)- D(t)
or[ Ty (1) T1p(1)]
Ty () Tpp(t)

|

where «(t) is the local twist angle.

!
]

By solving the above simultaneous equations,
one can obtain the numerical values of the
rotation tensor, R(t), and the stretch tensor,
D(t), from the estimated tensor T(t). Then,
the epicardial strains in the principal direction
can be computed from the eigenvalues (A (1),
A,(t) ) and the eigenvectors (p; (1), p,(t) )
of the tensor D(t).!"

cos a(t)—sin a(t)

sina (t) cosa(t)

Dy (8 Dyp®
Dl z(t) D22(t)
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D. Local Wall Thickness and Regional Wall
Stress

Under the assumption of the isochoric or
volume preserving deformation, the third
eigenvalue of the three-dimensional stretch
tensor ( A;(t) ) must satisfy the following
relationship 'V,

M)A (- A3(t) =1 (8)

The radial strain of regional myocardium
(A3(t)—1) can be estimated from the epicardial
strains (A; (t)—1, A,(t)—1). Then, the instant-
aneous regional wall thickness can be com-
puted as,

h(t) =h 4 A3 (D), &)

l\

P(x',y',2")

Ellipsoidal model of the thick-walled
left ventricle for the computation of
the regional longitudinal (0;) and
circumferential (¢ ) wall stress of the
cardiac wall segment at P (x’, y’, Z’).

Fig. 2.

where h4 is the wall thickness at end-diastole,

We used a thick-walled left ventricular ellip-
soidal model ' as shown in Fig. 2 for com-
putation of the longitudinal regional wall
stress (0;) and the circumferential wall stress
(o c) in the following equations. The derivation
of these equations is summarized in the Ap-
pendix,

Py'r
P1 = "h'(h+2y’
(ht2y’"), (10)
P [1 (2rth) y ' r 2R,
¢ h|'7 2Rr(h+2y’)] 2R+h
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where a = base-to-apex semiaxis, b=minor
semiaxis, P = left ventricular pressure, h =
regional wall thickness as computed in Eq.

9),

(a4y'2 + b4Z,2)‘/z

82
R =1 _ai
b4
r = 2 -
y' =4/ ~-f;)-b,and z —fz~a(—l<fz<l)
III. METHOD

A. Animal Preparation

The experiments were performed on four
mongrel dogs weighing 25-34 kg. Each dog
was anesthetized with intravenous pento-
barbital sodium (10 mg/kg) and after intu-
bation of endotracheal tube, ventilation was
kept constant with a volume respirator (BEN-
NETT PR-2) by oxygen and nitrous oxide.
While the electrocardiogram was derived from
the limb leads, the chest was opened through
the left fifth intercostal space, the pericardium
opened, and 4-8 markers were sutured to the
epicardium in the vicinity of left coronary
arterial bifurcations. The markers were made
from lead shots, 1-2mm diameter. Without
altering their relative position, we closed the
chest and recovered the normal intrathoracic
pressure with a water flask connected to a
chest tube.

B. Coronary Cineangiography

The present algorithms for the regional
myocardial motion were tested using the
biplane coronary cineangiograms obtained in
the marker implanted animal experiments and
in the diagnostic evaluation of a patient’s
coronary circulation. The left ventriculogram
and the left ventricular pressure waveforms
were obtained with a catheter located in the
left ventricle, used for injection of contrast
medium and pressure measurement by Statham
P23Db transducer. It was inserted through
the femoral artery by the Seldinger technique
and a bolus of radiopaque contrast media

(408)

(Telebrix 60®) was injected using a power
injector (Medrad, Mark IV) at an injection
rate of 15ml/sec for a total amount of 45 ml,
The electrocardiogram and left ventricular
pressure were recorded using HP’s 8-channel
recording system (8890B). Then the catheter
was located selectively in the coronary sinus
for coronary angiography with a hand injection
technique for total amount of 7ml, but in
animal experiments aortography was performed
After each
injection of contrast media, a plastic plate of
15cm by 15cm with 100 pieces of 1mm lead
shot was used for calibration of the biplane
views of the angiograms for lcm interdistance
between the lead shots.

The angiographic system used in the present
study consists of a X-ray generator (G.E., MSI-
1250/v, 1000MA), image intensifier (9 in.
circular, cesium iodide), plumbicon camera,
and cinematograph (ARRITECHNO 35) with
35 mm film at the rate of 60 frames per second.

due to difficulty in selection.

C. Data Collection

Using a vanguard 35 mm motion analyzer
(XR-35), a HP Graphic Tablet (9111A), and
DEC PDP-11/03 MINC microcomputer, each
view of cineangiogram was digitized, and cali-
brated. The three-dimensional coordinate
data were reconstructed to the fixed external
camera coordinate system based upon the
orthogonal projection. The three feature
points were selected using the image of im-
planted lead markers and branch points of the
coronary artery vessels as shown in Fig. 3.
All data were collected within the first four
beats after injection of contrast media.

Also, the recorded left ventricular pressure
waveform and the electrocardiogram were
digitized and used as input data for computa-
tion of the regional wall thickness and stress.

IV. RESULTS
A. Animal Experiment
Radiographic images of implanted markers
in a experimental dog are shown in Fig. 3(a)

and (b). Using these biplane angiograms, the
perspective transformation technique of Egs.
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(a)

(c)

Fig. 3. An experimental dog’s (# 4) cineangio-

grams with six implanted lead markers;

(a) RAO 30° view of the leaft anterior
descending coronary artery with six
implanted markers,

(b) LAO 60° view of the same vessel,
and

(c) RAO 30° view of the left ventri-
culogram.

(3) and (4) was applied to the selected three
feature points A ,B,C corresponding to the lead
markers or bifurcation points on the LAD
branch. The same dog’s left ventriculogram
was used to obtain its major and minor axes
during two consecutive heart cycle and wall
thickness at the end-diastolic phase.

After the present regional epicardial de-
formation analysis, the local twist angle, a(t),
was computed where the positive values of «
shows the counter-clockwise rotation in Eq.
(7). Using the stretch tensor’s eigenvalues, the
percentage changes of the epicardial strain
was calculated as follows ;

A()=@Qy () — 1) x 100 (%)
AL () = (t) —1)x100 (%)

(1)

(409)
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The local wall thickening was given as the
strain in the radial direction (A3(t) ), as it was
computed from the third eigenvalues of A3(t)
in Eq. (8) as follows;

Az(t) = (A3(t) — 1) x 100 (%) (12)
Then, using the least square error curve fitting
method, a smoothed curve of the wall thicken-
ing was obtained. These computed parameters
of local twist angle, epicardial shortenings, and
regional wall thickening are shown in Fig. 4.
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Fig. 4. The left column shows the changes of
the local twist angle, «. The right
column shows the percentage changes
of the epicardial shortening (A;, A,)
and the radial thickening (Aj3); A; at
the bottom. A, in the middle, and A
at the top of each figure in the right
column. Top four figures, (a), (b), (c),
and (d), are obtained using coronary
bifurcation points in L.V. base section
for dogs, #1, #2, #3, and #4, respec-
tively. These changes are also computed
in dog # 4 using the implanted markers,

as shown in (e) for base section and
the apex region in (f). The similarity
of the two methods can be shown in (d)
and (e).
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Using the measured left ventricular pressure,
the regional wall stress was computed in Eq.
(10) with fZ =0.2, 0.5, and 0.9 for its locations
of base, midwall, and apex section, respective-
ly. Fig. 5. shows that the computed regional
wall stress were greater for the circumferential
direction than the longitudinal direction for
all six cases.
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Fig. 5. Waveforms of the circumferential stress
(upper) and longitudinal wall stress
(lower) in LV. base section are shown
in (a) — (d) for dogs #1 — #4, respec-
tively, as computed using the coronary
bifurcation points. The stress com-
puted using the implanted markers are
shown in (e) for the apex region, and
(f) for L.V. base section in dog #4.
The similarity of the results can be
shown in (d) and (f) in the same region
for the same subject.

B. Clinical Application

Fig. 6(a) and 6(b) show a normal patient’s
biplane coronary cineangiograms in RAO and
LAQO direction, respectively, and the three
feature points were selected as the two bifur-
cation points and an inflection point on the
LAD branch as shown in Fig. 6(a) and (b),
with the same patient’s left ventriculogram in
Fig. 6(c). The time variation of the major axis,
minor axis, and the left ventricular pressure are
shown in Fig. 7(a), (b), and (c), respectively
during two consecutive heart cycles. The end-
diastolic pressure was 12 mmHg, and the peak
systolic pressure was 140mmHg. As shown in
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(410)

(c)
Fig. 6. A normal patienet’s cineangiograms
used for application of the present

algorithm;

(a) RAO 30° view of the left anterior
descending coronary artery with the
three feature points A,B.C,

(b) LAO 60° view of the same vessel,

(c) RAO 30° view of the left ventricular
chamber with major axis, minor
axis, and wall thickness.
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L.¥. PRESSURE, Plt)

i
° L \M‘-’ (meeo)

Fig. 7. Waveforms of the measured parameters
of (a) major axis, (b) minor axis, and (c)
left ventricular pressure.

(c)
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Fig. 8. Computed waveforms of the regional
epicardial deformation analysis;
(a)local twist angle, a(t),
(b) percentage changes of the epicardial
strains (A; (t), A2(t) ) and the radial
strain (A3(t) ) with its fitted curve.

Fig. 8(a), the computed negative angle indicate
that the local twist occurred with clockwise
rotation, and the the local segment was shown
to be rotated with its maximum value at the
peak systolic pressure, and return slowly to the
original position. In Fig. 8, the major shorten-
ing ( A ;(t) ) has a large change (22%) at the
peak systolic pressure phase, and its waveform
is shown to be similar to the measured changes
of minor axis of Fig, 7(b). The maximum per-
centage changes of the local wall thickness
was 37.8%.

The regional wall stress around the midwall
section was computed using Eq. (10) with fZ =
0.3 for its location. As compared with the
measured left ventricular pressure in Fig. 9,

CIRCUMFERENTIAL WALL STRESS, Jc(tj
(ayn/em?)

LONGITUDINAL WALL STRESS, O (1)
{dyn/em”)

(b) [

1666 (msec)

Fig. 9. Waveforms of the computed regional
stress around the midwall section (fz=
0.3);

(a) circumferential, and

(b) longitudinal wall stress.

The dotted curve shows the measured

pressure changes.

(411)
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the computed wall stress shows early diminu-
tion after its peak value while the left ventri-
cular pressure continues to rise during the
systolic phase. This observation is similar to
the other reported results, [71 (*1 01

The peak circumferential and longitudinal
stresses were 3.79x10° and 2.06x10° (dyn/
cm2), respectively.

C. Simulation
'Using Eq. (10), the regional stress at various

points of the truncated ellipsoidal left ventricle
was computed for the model of Fig. 10. In

Fig.10. Truncated ellipsoidal model of left
ventricle used to simulate the regional
stress at various points.

this computation, the measured left ventricular
pressure, the major and minor semi-axes were
used. Also, the wall thickness (h) was calculat-
ed by the following equation (14). For this
analysis, the changes of the wall thickness
were assumed to be same along the whole
ventricle with the isochoric deformation
at every instant during one heart cycle. Thus,
it follows from these assumptions that,

4
3 [a(ty+h(t), 2 1b(t)+h(t)) ]

constant. (13)

*%” [a(H)?b(D)]

Then, with the diastolic phase selected as
a reference frame at t=0, the wall thickness
h(t) must satisfy the following third order
equation with respect to the time-varying
constant parameters of a(t) and b(t) of the
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major and minor semi-axes,

[h(t)3+12a(t)+b(t)} h(£)*+ ta()+2b(t)f a()h(t)]

— [h(0)3+12a(0)+b(0)} h(0)2+

+1a(0)+2b(0){ a(0)h(0)] = 0O (14)

WALL THICKNESS

2.0 I {em)
0.95

Fig.11. Waveforms of the wall thickness ob-
tained under the assumption of the
isochoric contraction during two heart
cycles and used for the regional stress
simulation.

h(t)

[

1666 (maec)

A real solution of Eq. (14) was used as the
wall thickness and is shown in Fig. 11. The
distribution of the circumferential and longi-
tudinal stresses from the base to apex were
computed using these thickness data and
are shown in Fig. 12. The result are similar
to the previously reported distributions.!!

100107
tdyn/em? )
i1, (r,)

0.0
0.

A 0.6

e T ]

.9
0 9.2 0.k 0.6 0.8 (sec)

(b)

Fig. 12.Waveforms of the computed distribu-
tion of the (a) circumferential and
(b) longitudinal wall stress from the
base (fZ=0.O) to apex (fZ=1.0) of the
truncated ellipsoidal left ventricle.

V. DISCUSSION

A new mathematical method was developed
to estimate local epicardial deformation, wali
thickness, and the regional wall stress using
biplane coronary cineangiograms for four
experimental dogs and a normal patient.

(412)
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Overall, consistent experimental results were
obtained for the computed local twist angle,
the regional wall thickening, the epicardial
shortening, and the regional wall stress wave-
forms. There were some fluctuations and
unperiodicity in dog # 1 and # 2, as shown in
Fig. 4. These may be explained by the ab-
normality in ventricular function in these two
dogs as caused by temporary arrest during the
open heart surgery. Also, their regional wall
stresses were shown to be reduced, compared
with those of the dog # 3 and #4, as shown in
Fig. 5. '

The most significant results were obtained in
dog #4, where all the computed waveforms
obtained from coronary arterial bifurcation
points data are highly correlated with those
from lead markers position data, as shown in
Fig. 4(d) and (e). This result supports the
basic assumption of the present algorithm that
the coronary arterial bifurcation points can be
used as the landmarks of the epicardial motion.

Also, the results show that there are signi-
ficant difference in the computed stress and
strain depending upon the locations of the
three feature points. The apex section of the
left ventricle contracts in the earlier systolic
phase and rotate more than the base section,
as shown in Fig. 4(e) and (f). The regional
wall stresses in the apex are smaller than those
in the base region, as shown in Fig. 5(e) and
(.

Our study presents a new analytical method
of utilizing two previous studies; one is that
the bifurcations of coronary arteries can
provide natural landmarks of the epicardial
surface changes, and the other result showed
that the motion image of the markers can be
used for computing the regional wall defor-
mation,'V "'

Thus, the objective of the present study was
increase clinical utilization of coronary
angiography by providing myocardial infor-
mations including regional stress distribution.
Previously, due to the difficulties in measuring
the regional changes of wall thickness using
conventional left ventriculograms or echo-
cardiograms, it was difficult to calculate the
regional wall stress!''?! In the present study,
the biplane image analysis method was de-
veloped to estimate the regional stress with

to
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less complexities than the previous methods,
but the estimation results show its validity of
the present method, as compared with the
previous results !,

Because our model is based upon the geo-
metric assumption of left ventricle as an ellip-
soid of revolution, the calculated stresses
provides its values under the condition that the
same stress was developed at any point on the
cross-sectional plane perpendicular to the
major axis. Therefore, only one parameter,
fZ, in Eq. (10), which is a position factor of
a specific cross-section on the major axis, is
necessary to locate the region of interest on
the ellipsoid.

The present algorithm has several advantages

for the clinical applications: First, the regional
changes of deformation and wall stress of
myocardium can be achieved after elimination
of the global effects. These have been difficult
to obtain in the conventional methods. Second,
the data collection is relatively easy, and the
procedure is safer than any other method
including the marker implantation method,
which was thought to be the most reliable
technique for estimation of epicardial motion.
Third, the clinical evaluation of these regional
myocardial changes together with the deficien-
cy of the blood supply in one diagnostic pro-
cedure may be very useful for early detection
of the impaired region around the coronary
arteries. Also, it may be useful to evaluate
the clinical significance of the region with
normal wall stress while the region is supplied
with the narrowed blood vessels.

Our technique has the following possible
limitations: First, any sliding effects between
the bifurcation points and the myocardium
may exist depending upon the degree of coupl-
ing, and it must be considered. While a close
correlation was reported!® between the
position data of the bifurcations and the metal
markers points, other feature points, such as
inflection points, may affect the results. With
improved image quality of the biplane coronary
cineangiogram, these problems can be avoided
by using only the bifurcation points for analy-
sis. Second, when the blood supply is severely
obstructed due to arterial occlusion, the tracing
of the feature points around the region will be
difficult. Third we must also consider the
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effects of the contrast medium on the contract-
ility, while the previous results showed that the
diminsional changes of the epicardial segment
were not affected by intracoronary injection
of contrast medium less than 25ml in the first
5 to 6 cardiac cycles.!” "

In conclusion, the present method provides
a new technique of evaluating the regional wall
deformation and wall stress together with the
blood vessel conditions in a single coronary
cineangiography procedure.

APPENDIX

Calculation of the regional stress of a thick
ellipsoid of revolution.

Fig.13. A thick-walled left ventricular wall
segment with the principal radii of
curvature R and r.

Laplace’s law for a thick-walled shell as
shown in Fig. 13 may be written in terms
of two stress components, G, and g; U'Y;

+ 2r+h oy

2Rr

2R +h o

Al
= (A1)

L
h

where r and R are the principal radii of curva-
ture, g, and g; are the circumferential and
longitudinal stress components, respectively,
P is left ventricular pressure, and h is the
regional wall thickness. If the wall is thin,
Eq. (Al) reduces to the Sandler and doge’s
equation "';

Q

— C
T

“2)

In Eq. (Al), to determine absolute values
of each stress at a specific point, three para-
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meters (r, R, and o, (or ;) ) must be known
in addition to P and h. The principal radii
of curvature at any point on an ellipsoid of
revolution with the general form such as,

+ a222

b2x? + b2y? =a’b?, (A3)
where a and b are major and minor semi-
axial lengthes, respectively, and the major

axis is on the z axis, can be represented as
[13]

2 (a4y2+ b222 )1/2

—~_
b? > a?

(A4)

For a point at the equator of the ellipsoid,
Eq. (A4) can be redued to,

(AS)

From now on, we will consider the ellipti-
cal points on x=0 plane, i.e. y-z plane, for
simplicity of analysis without losing the gener-
ality because of symmetricity of the ellipsoid
of revolution. In this case, the ellipse on y-z
plane is represented as shown in Fig. 14(a),

F*.,’,g o ,\ 4
yd

{0 tmaginary

T Plane

B

Fig.14 Thick-we ed ellipsoidal model of left
ventricle;

(a) relationship between the stress com-
ponents in the two-dimensional
plane, and

(b) total force balance condition be-
tween the pressure in the cavity
and wall stress on the cross-section-
al imaginary plane.

(A6)

(414)
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and the coordinates of an arbitrary point Q
(y1,21) can be located with a fraction fZ,

(-1<1£,<1) (A7)

Then, using simple geometric calculations
of two-dimensional ellipse, one can determine
the longitudinal stress o, at a point Q. From
Fig. 14(b), the total force balance condition
between the pressure in the cavity and wall
stress on the cross-sectional imaginary plane
which includes the point Q and perpendicular
to the major axis, must be satisfied as ''*,

Pyl =ojml(y+hY?’-yi],
P y%
h(2y;+h)

, (A8)

or

H

where y; is given in Eq. (A7) and o} is the
vertical component of ¢, and other parameters
are as defined above. Using the equation of
normal line SQ at point Q in Fig. 14(a), the
geometric relation between o0; and 0] can
be represented as,

0y = 01/ cos@, (A9)

2

Ty

cosf = ———————
(a4y§ + baz%)/2 r

where

From Egs. (A8) and (A9), the longitudinal
stress at a point Q is given by,

_Pyyr (A10)
h(h+2y;)

Then, the circumferential stress o, ata point
Q(y31, z1) can be determined from the Eq. (A1)
and Eq. (A10),

(2r+h) y,-r
2Rr (h+2yy)

2Rr
2R+h |

(Al11)

p \1
o:—— -—
¢ h

where all parameters are defined previously.
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